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This examination consists of 5 problems, which are subdivided into 10 questions, where each
question counts for the explicitly given number of points, adding to a total of46 points. Please
write your answers in the spaces indicated, or below the questions, using theback of the sheets
for completing the answers andfor all scratch work, if necessary. You are allowed to consultone
8.5in× 11in sheet with notes, butnot your book or your class notes. If you get stuck on a problem,
it may be advisable to go to another problem and come back to that one later.

You will have75 minutes to do this test.
Good luck!
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Problem 1 (19 points)

(a, 2pts) Please give the complete integral solution (with an integer parameterλ1) for the diophantine
linear equation 4u+3v = 1 in the integer variablesu andv. Please show your work.

(b, 9pts) b1. Please give the complete integral solution (with the integer parametersu,λ2) for the
diophantine linear equation 12x+8y = 4u in the integer variablesx andy.

b2. Please give the complete integral solution (with the integer parametersv,λ3) for the
diophantine linear equation 9z+6w = 3v in the integer variablesz andw.

b3. Then substitute the solution from Part (a): foru in (b1) and forv in (b2), to obtain the
complete integer solution (with the integer parametersλ1,λ2,λ3) for the diophantine linear
equation 12x+8y

︸ ︷︷ ︸

4u

+9z+6w
︸ ︷︷ ︸

3v

= 1 in the integer variablesx,y,z,w. Please show your work.

(c, 4pts) Please find two Gaussian (complex) integersα,β such thatα,β 6∈ {1,−1, i,−i} (i=
√
−1)

andα β = 37.

(d, 4pts) Please computeπ(127). You may assume thatp30 = 113 (the 30-th prime number).
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Problem 2 (8 points): Please prove for all integersn ∈ Z:

GCD(n3+2n−3, n2+1) = GCD(n2+1,n−3),

where both GCD’s are defined becausen2+1 6= 0.

Problem 3 (8 points): Consider the sequenceFn(x) of polynomials inx that is inductively defined
for all integersn ≥ 0 by F0(x) = 0, F1(x) = x andFn+2(x) = 2xFn+1(x)− x2Fn(x). Thus the next
elements areF2(x)= 2x2, F3(x)= 3x3, . . .Please prove by induction thatFn(x)= nxn for all integers
n ≥ 0 (with x0 defined= 1).
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Problem 4 (6 points): Please place check marks in the following table.
Statement Proved to Proved to conjectured conjectured

be true be false to be true to be false

The sequencen2 + 1,n ∈ Z≥1 contains in-
finitely many primes.
The sequence 100n+99,n∈Z≥0 contains in-
finitely many primes.
The sequence 22n

+ 1,n ∈ Z≥0 contains in-
finitely many primes.
There existd > 0, p such that allp, p+d, p+
2d, p+3d, . . . , p+1000d are prime.
The gap between two consecutive primes,
pn+1 − pn can be arbitrarily large, that is,
∀G ≥ 2∃n ≥ 1: pn+1− pn > G.
The gap between two consecutive primes,
pn+1− pn is equal 2 infinitely often.

Problem 5 (5 points): Please state the theorem on prime numbers whose proof was first given by
Charles de la Valĺee Poussin. Please also give the name of the second number theorist who proved
it at the same time independently.
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