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1922 A.K.LENSTRA, CAN FACTOR UN)-

H.W.LeNSTRA, VARIATE POLYNOMIAL
L. LOVAS®? IN TIME

O (A.j(j)'z + Jea (3)7&3 (norm ()‘))3

MY RESULTS:

THeRE IS AN ALGORITHM WHICH ReDUCES
FACIORIQATION OF A MuULTIVARIATE
POUINOMIAL wiTH A FIXED NUMBER OF
VARIABLES TO FACTORIZATION OFf
UN) VARIATE POLYNOMIALS IN TIME

POLINOMIAL IN THE TOTAL AND THE S|€
OF TRE COEFFICIENTS.



PREPROCESSING OF INPUT:
|. COMPUTE CONTENT AND PRIM|TIVe PART

cont (-g(u,'u,x)) @CD (Q:e%&x(.g(u Y x)))
P (5) - rrmes A
1. SQUAREFREE DECOMPOSE PRIM. PART §

TRICK :
F e g4t Twen 2% < A(GEA L 295)

HENCE aao@,%) IS NON- TRIVIAL

- Y

s |
§= T, g WK 9 SQUAREFREE
AND aw(;i,jj‘)q)aﬂ

PoLYNOMIAL GCD's CAN Be DoNe IN

TIME POLYNOMIAL IN -f ( G CO';.MSM)
W.S Row



3. MAKE SQUAREFREE FACTOR MONIC
Ler clu,v) = Lded, (glu,u,x)), THE
LEADING CotEFFIcieNT OF 3 IN x .

deglq)-
4\&“)'0)%)= C(‘A)V) 3%) | 8(“,“9, C:\(“)"’))
4 1s moNic (e, Ldo, (K)= 1) AND

IF A=A, Aw 1S A FACTORIZATION

OF /1 THEN "
3(“)0)X ) :6,1-': rrx (A‘L (u )Q? C(\A)’\)) X))

1S ONE FOR 9

& MAKE (u~)=(0,0) A REGULAR POINT
BIND INTEGERS o, b SUCH THAT

A (0,%,x) = AlGsa T+b, x)

IS SQWARE FREE AT U=0,%=D.
LEMMA: LET d = max (.nlcah(l\),&n.a,\,(‘&\).
THEN THERE EXIST |NTEGERS o,b
W\TH 0 <a bs 2d%d SUucH THAT
A (a, b, x) REMAINS S@UAREFREE.




T

LGwen {(,4)€ Z[x,y] THIS ALGORITHM
RETURNS AN 12R€DUCIBLE FACTOR §(xy):]

L. PrepProcess { ! [ makes £ mMonIC N
x WITh {(0,x) SQUAREFREE.]

F: FACTOR {(0,x). LT h(x) Be AN
\RREDUCIBLE FACTOR, P ONE OF ITS
ROOTS. |

N: ne dea, (§), d= deq, ({), m = deg (4).
K] (zi-\)/mlaw { K
CONSTRUCT o, (B)= P+ 3.()3%3 " :(K(F)gK
Suck THAT £( 4> (B)) = 0 wed y
BY NEWTON (TERATION.

L: FoR I« m,...,n-| Do
SolLVE %

cx,‘(p)l +.,=Z “L(j) uk(p);'s 0 mad ”K+'
FOR deg(u;)=d. THE FIRST SoLUTION

DETERMINES A FACTOR x +u, (9)x™4-+udy)
L (es)m EQU’S | (d+1)T uNkNOWNS.T]



$ /vc/mac/svaxima

Vaxima 1.00
Sun Nov 29 14:51:18 1981

(_cl_Ll showtime:true$
Time= O msec.
Lc_2_2 gcprint: false$
Time= O msec.

{c3) batch(red);

{cd) £:x76+x"5+(2%y+H4 ) *x "4+ (y+3 ) *x "3+ (y"2+3*%y+5) *x "2+ (2 y) *x-y " 2+4y+2;
Aol
Time= 183 msec.
2 2 2 4 3 6
(@) x (y +3y+5) -y +x (2y+4)+x (y+3) +y+x(2-y)+x
: 5
' + Xx + 2

(c5) factor(subst(0,y,f));
Time= 2233 msec.
2 2 2
(a5) (x +1).(x +2) (x +x+1)

(c6) gfactor(subst(0,y,f));
[autoload /vc/mac/rat/result]
[fasl /vc/mac/rat/result.o]
Time= 3616 msec.
2 2
(ae) (x - %1) (x +%81) (x +2) (x +x+1)

Lg_z ) al7]:-495741*3i*y"7/16+63729*3i*y"6/ 16-4291*%i*y"5/8+619*3i*y"1/2
—-25%gi*y"3/245%¢i*y"2/2-%i*y+%i;
Time= 300 msec.
7 6 5 4 3 2
495741 iy 63729 %i y 4291 %i y 619 %i y 25 %iy 5%iy
(a7) - + o + — +
16 16 3 8 2 2

e ——————— SN S— - . N— i o e v =

(c8) remainder(subst(al7],x,£f),y"9);
Time= 14700 msec.
8

‘ 31900851 %i y
(as)

64



(c9) asquare[7]:remainder(al7]"2,y"8);
Time= 533 msec.

7 6 5 4 3 2
(@) 74550y -9582y + 1290y -186y +30y -6y +2y -1

(cl0) acube[7]:remainder(a[7]*asquare[7],y 8);
Time= 550 msec. .

7 6 5 4 3
(d10) (2146743 %iy - 275713 %iy + 37074 8iy —5334 %iy + 856 %i y

2
—168 %1y +48 %iy —16 %i)/16

(cll) afourth[7]:remainder(al7]*acube[7],y"8);
Time= 600 msec.

7 6 5 4 3 2
(dll) - 214068y + 27456y - 3684y + 528y -84y +16y —4y+1

(c12) u[0]:u00+u0l*y+u02*y"2;
Time= 50 msec.

2
(a12) u02 y + u0l y + u00

(c13) ull]:ul0+ull*y+ul2*y”2;
Time= 16 msec.

2
(d13) ul2y +ull y+ ul0

(c14) ul2]:u20+u2l*y+u22*y"2;
Time= 33 msec.
2
(d14) u22 y + u2l y + u20

(c15) ul3]:u30+u3l*y+u32*y”2;
Time= 16 msec.
2
(d15) u32 y + u3l y + u30

(cl6) S2:remainder(asquare[7]+ul1]*al7]+ul0],y"8);
Time= 833 msec.
7

(d16) - ((8582 %i ul2 - 63729 %i ull + 495741 %i ul0 - 1192800) y

6
+ (- 1238 %1 ul2 + 8582 %i ull - 63729 %i ulo + 153312) y

5
+ (200 2i ul2 - 1238 %i ull + 8582 %i ul0 — 20640) y

4
+ (—40 %i ul2 + 200 -%i ull - 1238 %i ul0 + 2976) y

3
(16 %i ul2 - 40 %i ull + 200 %i ul0 - 480) y

+

2
(- 16 %i ul2 + 16 %i ull - 40 %i ul0 - 16 u02 + 96) y

+

(- 16 %1 ull + 16 %i ul0 - 16 u0l - 32) y - 16 %i ul0 - 16 u00 + 16)/16

+



(c17) for 1:u tiuwu 7 do
for j:0 thru 1 do display(s2[i, j]:ratcoeff(ratcoeff(s2,y,i),%i,3));
s2 =u00 -1
0, O

82 = ulo
0, 1

s2 = ull + 2
s2 = ull - ulo
s2 =ul2 - 6

2, 0

2 ul2 - 2 ull + 5 ulo

2,1 2

3, 1 2

s2 = - 186
4, 0

20 ul2 - 100 ull + 619 ulo

4, 1 8

s2 = 1290
5[ 0

100 ul2 - 619 ull + 4291 ulO

5 1 8

s2 = - 9582
6, 0

1238 ul2 — 8582 ull + 63729 ulO

6, 1 16

s2 = 74550
7, 0

8582 ul2 — 63729 ull + 495741 ulO

7, 1 16

Time= 16400 msec.
(da17) done

(clB) linsolve([s2[0,0],s2[0,1],s2[1.0],s2[1,1],s2[2,0],s2[2,1],s2(3,0],s2[(3,1],
s2[4,0],s2[4,1],s2[5,0],s2[5,1],s2[6,0],s2[6,11,s2[7,0],s2[7,11]3],
[u00, u0l,u02,ul0,ull,ul2]);

Deperndent equations eliminated: (16 12 10 14 8)

Treamet ctont omniat s oana . (7 O 12 11 12T ime= 20072 mear~ o~ Fave



(c19) batcon(16);

(c20) S3:remainder(acube[7]+ul2]*asquare[7]+ul1]*al7]+ul0],y 8);
Time= 1533 msec.
(d20) ((20640 u22 - 153312 u2l + 1192800 u20 - 8582 %i ul2 + 63729 %i ull

’ ' 7
- 495741 %i ulO + 2146743 %i) y + (- 2976 u22 + 20640 u2l - 153312 u20

6
+ 1238 %i ul2 - 8582 %i ull + 63729 %i ul0 - 275713 %i) y

+ (480 u22 - 2976 u2l + 20640 u20 - 200 %i ul2 + 1238 %i ull - 8582 %i ulod

5
+ 37074 %i) y + (- 96 u22 + 480 u2l - 2976 u20 + 40 %i ul2 - 200 %i ull
4
+ 1238 %1 ul0 - 5334 %i) y + (32 u22 - 96 u2l + 480 u20 - 16 %i ul2
5 .
+ 40 %i ull - 200 %i ul0 + 856 %i) v + (- 16 u22 + 32 u2l - 96 u20

‘ 2
+ 16 %i ul2 - 16 %i ull + 40 %i ul0 + 16 u02 - 168 %i) y

+ (- 16 u2l + 32 u20 + 16 %i ull - 16 %i ul0 + 16 uOl + 48 %i) y - 16 u20

+ 16 % ul0 + 16 u00 - 16 %i)/16



(c21) for 1:0 uwu 7 do
for j:0 thru 1 do display(s3[i,j]:ratcoeff(ratcoeff(s3,y,i),%i,3));

s3 = u00 - u20
0, 0
s3 =ul0 -1
0[ 1
s3 = - u2l + 2 u20 + uol
1, 0
s3 = ull - ul0 + 3
1, 1
s3 = - u22 + 2 u2l - 6 u20 + ul2
2, 0
2 ul2 = 2 ull + 5ul0 - 21
s3 =
2,1 2
s3 =2 u22 - 6 u2l + 30 u20
3, 0
2ul2 - 5 ull + 25 ul0 - 107
s3 = -
3, l 2
s3 = - 6 u22 + 30 u2l - 186 u20
4, 0O
20 ul2 - 100 ull + 619 ul0 - 2667
s3 =
4, 1 8
X = 30 u22 - 186 u2l + 1290 u20
5, 0
100 ul2 - 619 ull + 4291 ul0 - 18537
s3 = -
5 1 8
s3 = - 186 u22 + 1220 u2l - 9582 u20
6, O
1238 ul2 - 8582 ull + 63729 ul0 - 275713
s3 =
6, 1 16
s3 = 1290 u22 - 9582 u2l + 74550 u20
7[ 0
8582 ul2 - 63729 ull + 495741 ul0 - 2146743
s3 = -
7,1 16

Time= 24650 msec.
(a21) done

(e22) linsolve([s3[0,0],s3[0,1],s3[1,0],s3[1,1],s3[2,0],s3[2,1],s3[3,0],s3(3,1],
s3[4,0],s3[4,1],s3[5,0],s3[5,1],s3[6,0],s3[6,1],s3[7,01,s3[7,111],
[u00,u01,u02,ul0,ull, ul2,u20,u2l,u22]);

Dependent equations eliminated: (13 11)

Tacoanel etent emia++iAanee (] 16 10 14 12T ime= Q816 meec. <o far



(c23) batcon(19):

(c24) S4:remainder(afourth[7]+ul3]*acubel7]+ul 2]*asquare[7]+ul1]*a[7]+u[0],y"8);
Time= 1966 msec.
(d24) ((37074 %i u32 - 275713 %i u3l + 2146743 %i u30 + 20640 u22 - 153312 u2l

7
+ 1192800 u20 - 8582 %i ul2 + 63729 %i ull - 495741 %i ul0 - 3425088) y

+ (- 5334 %i u32 + 37074 %i u3l - 275713 %i u30 - 2976 u22 + 20640 u2l

6
- 153312 u20 + 1238 %i ul2 - 8582 %i ull + 63729 %i ul0 + 439296) y

+ (856 %i u32 - 5334 %i u3l + 37074 %i u30 + 480 u22 -- 2976 u2l + 20640 u20

_ 5
- 200 %i ul2 + 1238 %i ull - 8582 %i ul0 - 58944) y

+ (- 168 %1 u32 + 856 %i u3l - 5334 %i u30 - 96 u22 + 480 u2l - 2976 u20

4
+ 40 %i ul2 - 200 %i ull + 1238 %i ulO + 8448) y

+ (48 %1 u32 -- 168 %i u3l + 856 %i u30 + 32 u22 - 96 u2l + 480 u20 - 16 %i ul2

‘ 3
+ 40 %i ull - 200 %i ul0 - 1344) y + (- 16 %i u32 + 48 %i u3l - 168 %i u30

;-

- 16 u22 + 32 u2l - 96 u20 + 16 %i ul2 - 16 %i ull + 40 %i ul0 + 15 u02 + 256)

2
y + (- 16 %1 u3l +48 %i u30 - 16 u2l + 32 u20 + 16 %i ull - 16 %i ulo

+ 16 u0l - 64) y - 16 %i u30 - 16 u20 + 16 %i ul0 + 16 u00 + 16)/16



(c25) for i:0 thru 7 do

for j:0 thru 1 do display(s4[i, j]:ratcoeff(ratcoeff(s4,y,i),%i,]));

sd

- u20 + u00 + 1

0,0

0, 1

ul0 - u30

- u2l + 2 u20 + ull - 4

— u3l + 3 u30 + ull - ulo
u22 + 2 u2l - 6 u20 + u02 + 16

6 u3dl + 21 u30 -~ 2 ul2 + 2 ull - 5 ulod

2
2 u22 - 6 u2l + 30 u20 - 84

w3l + 107 u30 - 2 ul2 + 5 ull - 25 ul0

2

6 u22 + 30 u2l - 186 u20 + 528

u3l + 2667 u30 - 20 ul2 + 100 ull - 619 ul0

s4 = 30
5, 0

8
u22 - 186 u2l + 1290 u20 - 3684

428 u32 - 2667 u3l + 18537 u30 - 100 ul2 + 619 ull - 4291 ulO0

- 186

5334 u32 - 37074 u3l + 275713 u30 - 1238 ul2 + 8582 ull - 63729 ulO

s4

—

8
u22 + 1290 u2l - 9582 u20 + 27456

sd
7, 0

s4
7, 1

37074 u32 - 275713 u3l

16

= 1290 u22 - 9582 u2l + 74550 u20 - 214068

+ 2146743 u30 - 8582 ul2 + 63729 ull - 495741 ulO

Time= 34033 msec.
(a25)

16

done



- (c26) linsolve([s4[0,0],s4[0,1],s4[1,0],s4[1,1],s4[2,0],s4(2,1],s4[3,0],s4[3,1],
‘ s4[4,0],s4[4,1],s4[5,0],s4[5,1],s4[6,0],s4[6,1],s4[7,0],s4[7,1]],
[u00,u01,u02,ul0,ull, ul2,u20,u2l,u22,u30, ull, u32]);

Dependent equations eliminated: (14 16 13 15)

Solution

(e26) . ulo = 0
(e27) uo0 = 2
(e28) . ull =0
(e29) ul = - 1
(e30) ul2 =0
(e31) u30 = 0
(e32) u3l = 0
(e33) u32 =0
(e34) u22 = 0
(e35) | u20 = 3
(e36) . u2l =1
(e37) ' uo2 = 0

Time= 13466 msec.
(a37) [e26, e27, e28, e29, e30, e31, e32, e33, e34, e35, e36, e37]

Time= 53933 msec.
(d38) | BATCH DONE

(c39) factor(f);

Time= 3683 r\nsec

2 2 4 2
(as9) (y+x +x+1) (x y-y+x +3 xﬂ-l-ﬂz)~

T L O T T NI LA YN 2 e

(c40)



Ceés) 70 Pinally e2 demonstrate shat happens {f K is toe small (L), W

alaliromainger(alnloy*s)ds
o

3 - S
610 X2 y = 100 % y ¢ 20U y - % W y ¢« 8 N4
( “‘ ) Pyt Y YT YYYY YY T X Y R LR LY LR L L DL R L L R L L L L]
g -
(c4S) oseuorot6]:raastao.r(aoauovotl)og‘S)t
6 e
(es$S) - 1% y *® 30y =6y *¢2y-<1?

(e é8) aecbotbl:ro.ixndor(oeubotliov‘;)3
- . 2
26067 Ta y =~ 423 Xty ¢ B0 Rty -2 XLy *B X4

(‘“) ® VOO VOOV OOOO VOO VPOV CPIPYOVP OOV TV OPP POV OO VOO RO®

o 8

ted?) o'ovrtntbi:ro.atndor(a'ourthtlgov‘333
&
(1%2) S28 y =84y * 16y ~4ye?

(c48) /¢ Compute equatien (3.1) feor 1sé, o/

Léirenainger (afourtnlaleullleacudeleloul2casquareleloul1)ealedeul0doy 3}
Ce48) = CL2687 X1 @3 ¢ 1488 2 = 619 X4 w? = 428 X4 v3 - 240 v2 ¢ 100 %% v

¢
86 %1 w3 ¢ 68 w2 = 20 X1 vY = K220) y

(= 428 Ti ®3 = 200 @2 * 100 Xi o1 ¢ 86 X4 v3 ¢ 48 v2 = 20 X4 v1 = 26 ¥4 43

L

L g

3
10 v2 © 8 Zi ul © ¢72) y ¢ (84 X4 @3 ¢ 48 02 = 20 %4 wl = 26 Xi v3 = 16 W2

2
8 %4 vl © 8 Xi w3 ¢ 8 w2 =838 vl -840~ 1200y

® (=26 24 0 18 02 ¢ 8 %4 ot ¢ 8 XL v ¢ B w2 =0 3% vle8 w03y
6§ 3 o3 * 8 02 9% @t =8 o0 -~ 8)C
(cé9) ¢463C18

L 2

*



(eS50) /¢ Retrieve lanear ezuations for the ceefficients., ¢/

for 133 thew & @0
for J20 thew 1 g0 ¢
displaylséiiorjliratecoattlratecont tlLbnyridolindd)d,

tésconssélinjdoté)
3 .
ol = g2 ¢ 90 ¢
0, O
sé s g = @3
0, 1
sé s 292 =vd ¢®v0 -4
.0
sé s 3 93 =9l = vl ¢ Y
. 1
26 2 e w2 ®*2 w2 =ud®ud*
20 0 .
2V 03 = S et = 6 w3 ¢ 2 vt ¢ 2 el = 2 W
“ ‘8 e SO TTTOTTTC TS STCCITIO Pe Sa S 3
TN R 2
sé s 30 .2 -0 v! ¢ 2e2 -8
3 0
. 107 w3 = 25 ot = 21 v3 ¢ 3 vl ¢ 6 ul = 2 oY
. 2 e (1 1 1 eoe ovo® . 2 I I 1 ]
3, 1 : 4
sé s = 186 w2 ¢ 30 v2 = 6 w2 ¢ 328
%o 0 y
2667 w3 - 01’ ol = 620 v3 © 100 v? ¢ 84 o3 - 20 ") |
" Q © 0VUCOCTCAT VOO VDG T OO S0 OO0 SO TS SOD oo ow
o ¢ ‘ |
(1) doao
(e$51) /e Tey te selve the systes. o/
linselvelté, -

CalovBouloulovioutlondovondsnloviavild}

..- -. g — L] ‘ .

te



Selution

te

s e o & &
CeS) vl & sece

teS3) L el emgeess
(e34) ‘ , U2 & e<eesece
Ces$) o2 & umevess
(e30) : ) 8 * ccceece
o3 v0 8 ccccceece
tesed i : ot oo o=

te39) : ) el 8 o=

Gos0d - <Ry w3 = ’;” .
tesl) CeS1s 0520 @53, 0354, @350 0360 057, 0358, 039, 060)

(e61) /¢ We now specialize u3=0 ang leo in the above selutien. */
....CO'(I‘COGCS)0-‘300(§)0i9200(1)0100t23083003.00vl'ﬂ” .
1 4 2 23 9y Ty 4 13

teeVd e ¢ g (== © eo9c) o wce ¢ ' @ oo
. 8 L | 8 . 4 - 8




.1

te62) /¢ g daes not divide f, hosever o/

resultant(togox)s

lusorivanisa/rat/result deing loaded.
Ctasl fuser/vauima/rat/rasult.ol
10 é S ) 3 ]
(d62) S%186 y (81 y ¢ 324y =135y =806y * 865y =~ 93y ¢ 169)

€c63) #¢ ohich is divisidle oy y*4 explaining the prebles. ¢/ /N
r o

A B A G A



