
A POLYNOMIAL REDUCTION FROM MULTIVARIATE TO

BIVARIATE INTEGML POLYNOMIAL FACTORIZATION. *

Abs tract

We show that testlng r-varlate polynomlals wlth
lnteger coefflclents for lrreductblllty is m-
reductble ln polynomlal tlme of the total degree
and the largest coeff.lclent length to testlng
blvarlate polynomials for lrreduclblllty.
Factoring r-varlate polynomlals into irreduclbles
ls polynomlal tlme Turlng-reduclble to completely
factorlng blvarlate polynomlals. .

1. Introductlon

Algorlthme for factorlng multlvariate poly-
nomlals wlth lnteger coefflclents have been
studted extenslvely ln the literature. One

hundred years ago L. Kronecker lntroduced a

reductLon from multl-varl-ate to univariate
facrorlzation IxnOuf882, p. 11 ] whlch has slnce
become a popular devlce ln polynomlal arlthmetic.
In L969 H. Zassenhaus discovered the app11cabtllty
of Ehe Hensel lemma of p-adlc analysls to the
factorlzatLon problem whose multlvarlate counter-
part has been used successfully ln the past
decade (cf. IMUSD75], IWAUC78], IZrPI{81]). Thls
method also reduces the problem.to flrst
factorlng a unlvarlate polynomlal derived from
ttre lnput polynomlal by evaluatlng all but one
varlable at certaln lntegers. However, the
runnlng tlme of both methods suffers from the
fact that ln rare cases an exponentlal number of
factor candidates obtalned from the unlvarlate
factorlzatLon may have to be tested to determlne
the true factors. It appears natural to ask
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whether there exlsts any reductlon whlch works in
polynomial tlme of the slze of the lnpuE.

Before we can state our result we need to
clarify what we mean by lnput-slze. We w111
assume that our lnput polynomlals are densely
encoded thaE ls all coefflclents lncludlng zeroes
are llsted. Hence the slze of a polynomlal wlth
r vartables, glven that the absoluEely largest
coeff lclents has 9" dlgtts and the higtrest degree

of any variable ls n, ls of order O(l,nr).

Let r, the number of variables, be a flxed
lnteger. Then testlng r-varlate ln[eger poly-
nomtsls for lrreductbtLlty 1s pol"ynomtally
m-reduclble to testlng blvariate lnteger
polynomlals for lrreduclbillty. Moreover
determinlng all irreduclble factors of r-varlate
lnteger polynomlals ls polynomially Turlng-
reduclble to completely factoring blvarlate
lnteger polynomlals.

We wlsh to mentlon that ln [AD0D8].J a slmllar
reduclblllty was conjecfured from univarlate
polynomlals to lntegers. The reductlon from
blvarlate to unlvarlate polynomlals must also
remaln an open problem. Furtherrnore, wB remark
that there ls no known algorlthm wirlch fac[ors
unlvarlate polynomlals ln polynomlal Elme

IKAMSBI]. Our proof 1s based on Kroneckerts
reductlon and the ldea of using Pulseux serles
expanslons for a certal-n verslon of the Hllbert
lrreductbllity theorem [FRAW31]. We also trave to
estlmate the coef flclent growth of the usecl power
series expanslons.

We shall brlefly outline the organlzatlon of
thls paper. For the sake of clarlty we w111
present the proofs for tire trivarlate Eo blvarlate
reductlon only. However, ln sectlon 5 we will
brlefly sketch how our methods generallze [o ttre
r-varlate case. Sectlon 2 establishes our
notatlon and some well-known facts needed ln our
proofs. In sectlon 3 we introduce a prellmlnary
transforrnatlon on our lnput polynomlals. The
proofs of our maln theorems are contalned ln
section 4, Sectlon 6 concludes thls paper.

2. No_taElon and_ Mathema.tlcal BacSFro.]:ni

By Z we denoEe the lntegers, bY a the
ratlonals and by Llt Z those ratlonals wtrose
denominator dlvldes the j-nteger r; C denoEes the
complex numbers. If D ls an lntegral domaln,
D I u, v, x ] denotes th e rlng of polynomlals ln
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u, v, and x over D; deg,r(f) denotes the hlghest
degree of u ln f € D[urv,x], dugrrrr(f ) the hlghest

total degree of monomlals ln u and v ln f, and
deg(f) = Osgu,v,x(f) the total degree of f. The

coeff lclent of the hlghest povrer of x ln t ls
referred to as the leadlng coefficlent of f ln x,
.tc*(f ). We eall f monlc ln x lf l,c*(f ) ls the

unlty of D. As ls well-knol^rn, D[urvrx] ls a
unlque factorlzatlon domatn (Ul'O) provlded that D

ls a UFD. In thls case the content of
f € D[urvrx] ln x, contx(f), ls the greatest

comrnon dlvlsor (GCD) of all coefflclents of f (x)
as elements ln D[urv]. T]re prlmltlve part of f ln
x ppx(f) = l/cont*(f) f and we call f prlmltlve

ln x lf t = ppx(f). We also note that the Eotal

degree of any monomlal in a factor of f ls less
than or equal to the total degree of that monomlal
ln f , The lnf lnlty norm of t € Q lurvrx] , the
maxlmum of the absolute values of the ratlonal
coefflclents of f, w111 be denoted by ltl.

Let f(x) = ^u*n 
+ ru-l*u 1*...*"0, g(x) =

b*xm+...*b0 wlth ,irbj € D[urv]. By Sylx(frg) we

denote the Sylvester matrlx of f and g

ug"-L "' uo

^g" 
tr,-l "' "o

a'L "[-l
b*-l " ' bo

b* b*-l ..' bo

lnequallty then glves the bound. Ll

In theorem 2 of secElon 4 we w1.11 need the
algebralc closure of polynomlal domalns and we

sha1l lntroduce the ttreory nor^I. Let K be a fleld
of characterlstlc 0, K lts algebralc closure. By
K(t) * we denote the fractlonal power serles domaln
ln t over K, any element of whlch ls of the form

I?=-u "rtl/l

a classical result ln complex analysls that every
algebralc functlon admits a fractional power
serles expansion whlch converges ln a nelghborhood
of zeto. We state thls theorem ln lts algebralc
version as a lenuna.

Lemma 4 (Pulseuxr s Theorem) : KfT] , the algebralc
closure of K[t], can be embedded lnto K(t)*.
Proof: See [VdWA39, pp.50-54 ] . !

We wrlte K(u,v)* for (K(u)*)(v)* and notlce
that K(urv)* contalns the algebraic closure of
KIu,v].

3. Inlt ial Transf_orrga-tlons

In thls sectlon we w111 revlew some well-
known methods whlch w111 make the input poly-
nomlals monlc and squarefree. We first notice
that all arithmetlc operatlons on Zlurvrx]
lncludlng substltutlons and GCD computattons take
tl.me polynornlal ln the lnput stze (cf . IKNUD8l,
pp.399-416]). Let f € Zlurv,x] be our lnput
polynomlal whlch we want Eo factor or prove
lrreducible.

Flrst we separate the content and primitlve
part of f by calc.ulatlng the GCD of all
coefflclents of f(x). We_then squarefree decompose
the prlmltlve part of f, f = ppx(f), by repeated

multlvarlate GCD computatlons of the tyPe
GCD(T, aI/ax) [YUND76] . we now proceed wlth
factorlng all squarefree factors of f. Let I be
such a factor.

A standard technique makes g monlc ln x. Let
n = OsBx(g) , c(u, v) = l,c*(S) and let

h(urv,x) = c(urv)n-l 8(u, Y rx/c(urv) ) '

Then h ls monlc in x and a complete factorlzatlon
of h = h, ...h glves a complete factorlzatlon of g

I mv

8(u,v,x) = [I=r PPx(ht(u,v,c(u,v)'x))

IKNUD81r p.438, exercl-se 18].

Flnally we Eranslate the varlables u = il+a
and v = i+U wlth 8,b c Z such that

fr(i,i,x) = h(I+a,S+b,*)

ls squarefree at ; = 0 and ; = 0. To show that we

can flnd such lntegers a and b ln polynomlal time
we prove the followlng lemma.

Lemma 5: Let h(urvrx) € Z[urvrx] be squarefree
G-d "r,a 

let d = max(OuBu(h),Oggv(x)). Then

such that h(a,brx) € ZIx] ls also squarefree.

0

.."o

0

rowg

lm

l
Sylx(f , g)=

81' ' 'Rro

Then,

b* b*-l ..' bo

Ite determlnant ls the resultant of f and I wlth
respect to x and w111 be denoted by resx(frg) =

der(Sylx(f,g)).

Leurna 1: Let f and g be glven as above. Then

t = u or v. n

The next lemrna es tablishes coef f iclent bounds
for the factors of multlvarlate polynomials.

Lemrna 2'. Let B1r...rBm € C[urvrx], let f =

and let n E! UgBu(f )+degv(f)*deg*(f).

Proof : See ICumOOr pp.135-139 J . f]

We nosr can bound the resultant of a factor
and the cofactor of a polynomlal ln one variable.

Lemma 3: Let f(x) = B(x) h(x) be a non-trlvlal
f actorlzatlon of f € C [x] of degree rL Then lf M

ls any (n-1) by (n-1) submatrlx of Syl(B,h), lts
determlnanE satlsfles

det(M) s (6-{ 3n lrll"-1 o

Proof: By lemma 2 we know that each entry in M ls

bounded by 3'lf l. Hadamarclts determlnant



Proof: Slnce h ls squarefree lts dlscrlminant
O<","1 = resx(h,Ah/Ex) # 0 IVdWA53, p.861. By

lemma 1 the hlghest degree of any varlable ls

Za?-a. If we wrlte D (u, v) ab a polynomlal ln
(Z [u] ) [v] not all coef f lclents ln Z [u] can be
zeto. Slnce thelr degrees ln u are bounded by

2d2-d,, not all of the za?-a+t numbers 0r1r...'Zaz-a
can be roots of one partlcular non-vanlshlng
coefflclent. Therefore there exlsts an'lnteger a

argurnent shows the exlstence of a proper b. n

The above lenmra shows that we at mos t have to

test (2 deg(h) ) 
2 palrs of polnts a and b. Testing

whether h (a, b , x) l-s squaref ree ls again a GCD

computatlon as mentloned above.

4. Main Theorem

In the nexE leuuna and theorem the following
predlcate repeatedly apPears under a sunrnatlon
slgn and we shal1 therefore lntroduce a separate
symbol for tt, namelY

tr(1,J,s,t) = O<ssl and 0<tsi and lss*tsl+J-L .

The followlng lemma estlmates the slze of a
general verslon of Calalan numbers.

I-emma 6: Let dOt =, dtO = 1 and let OrJ =

Then

lj i*j t i+3-1 ' 1r3r

with tll denotlng the usual blnomlal coefflclent.

Proof : Let G (u, v) = Ir*3 
=, 

d, . ,r1tj be a generatlng

functlon for Orj. Then G(rrrv)2 = G(urv)-(u*v)

and rhus G(u,v) = L/2(L-/(1-4(utv))) =

Ii=, Llk ('l:f I t,r*r)k whlch yietds one formula.

Our ftrsE theorem estimates the coefflclent
growth of a power serles expanslon for our trans-
formed lnput polynomial.

Theo,Jem 1: Let f (urv rx) € ZlurVr x] be monlc of
degree n ln x such that fOO(x) = f(0,0,x) ls

squarefree. Let sg, (x) hOO (x) = fOO (*) be a non-

trlvlal factorlzatlon of fOO(x) ln Z[x) 1.e.

Then there exlst unlque polynomlals err(x), htr(x)

deg(hi, ) < deg(hOO) such that

f(u,v,x) E (Ii,:=o er, (*),',lrj) ([,J=0 nr, (*).,l'rj) .

Furthermore, let R = res(g,'rhOO) and let T be an

upper bound for any (n-1) by (n-1) subdetermlnant
of Syl(B,.,hOO) (see lenuna 3)' Let N =

max( tz ,nl r I I and let OrJ be as deflned ln lemma 6.

Sr, (x) and nr,

and both

lsrrl, lnr:l = ori(Nr)2(l+i)-1 '

P.roof : The exlstence of gf, and ,rr, follows f rom

lemma 4 or from the Hensel lemma whlch we w111

also use Eo obraln our esLl-mates. Let tr:l"J

denote the coefficlent of the monomial .r'rJ ln t'

as an element of (Z [x] ) ["rV] . Slnce f ls monlc ln

unlquely determlned by the glven degree bounds,

(1) 869 (x)hr, (x) + hoo (*) erJ (*) E'! br, (x)

wlth bo, (x) = fo, (x) , bro (x) = f ,o 
(x) and for

(2) br, (x) = fr, (x) Ir(r,J,s,r)Bs.(x)hi-",i-r(x)'

Now tec .rJ E! max( lsr: | , lr,tJ | , lrll and let

(n-I)C"aCl_r,J_r. 0bservlng that any Cra ls at

least of size I r I we obtaln from (2)

If we solve (1) by undetermlned coefflcients for
gf, and nr, vIe encounter Syl(800,h00) as the

coefficlent matrlx, namelY

By i ," mean the coefflcient vector
(P*, Pm-l ' 

. . ' , P6) of the polynomlal p (x) =

prxm+. ..+p0. Uslng Cramerrs rule for (4) and the

f acr thar det ( Syl (900 ,trOO) ) = R ls an lnteger not

equal to zero (fOO ts squarefree) we get the
estlmate

Our clalms noIA/ follow by tnductlon on l+J.

Case 1:f!-= 1: Since b0l,b10 € Z[x], Cramerrs

rule applled to (4) ylelds 801,810,h01,h10 €

Case l+j > 2: Applytng the hypothesls to (2) we

obraln orJ € (1/R2 
(l+J )-22) [x] . Agaln by

Cramer's rule we conclude from (4) that 8tJ'lrt, €

e/Rz( 
l+j ) -Lz) [x] , By the hypothesls s/e get f rom

(3) that



= n(Nr) 2 ( l+i ) -2 or, :

By (5) we flnally obtaln

Our second theorem ls the essence of our
paper and states that lf the above polynomial
f(urvrx) ls lrreduclble then for any lnteger

exponent s the polynomlal f (u, c,rs , x) remalns
lrreduclble for almost all lntegers c. The
dlfflculty ls to show that c can be ehosen poly-
nomlally large.
Theorem 2: Let f (urvrx) € Zl,urVrx] be monlc of
degrge n ln x such that f(0'0rx) ls squarefree.
Let R Ue the maxlmum of all R = res(8.'rhOO)

derlved from any non-trlvlal factorlzatl-on
f (0,0, x) = goo (x) hOO (x) ln z [x ] and let i be an

upper bound of any (n-1) by (n-1) subdetermlnant
of all Syl(800rhOO). Furthermore assume that

f (urvrx) ls lrreduclble. Let d = OeBurr(f).

Then for any glven posltlve tnteger s and for any

f ( u, crrs , x) ls lrreduclb le ln Z Iu, x ] .

Proof: By lemma 4 and the subsequent remark the

polynomlal g"r"(urx) = f(urc,rsrx) has n roots ln

Q(u)* and f(urvrx) has n rooEs ln Q(u,v)*. Each
of the roots of 8"." corresponds to a root of f

wlth v = 
",r". 

Hence each factor of 8"r"(urx) €

Q(u) * [x] corresponds to a f acto.r of f (urv, x) €

Q (u ,v)* [x] wlth v=s1rs . We w111 show that for an
lnteger c of the stated sLze no factor derived
from f ln such a way can be an integral poly-
noml-al dlvldtng g", 

". 
Our plan ls the f ollowing:

We flrst show that any candldate factor h(urvrx)
of f (u,v,x) € Q(urv) * [x] contalns at least one

monomlalb ,Pr9**wlthb * 0andpqm Pqm

t ( c).rP*"9** ln h (u, cus , x) where t ( c) ls a non-

polynomlal faetor of B"r" has a hlgher degree In

u. By chooslng c larger than the absolute value

nomlal dlvtdlng B"r"(urx). Theorem I w111 asslst

us to estlmate the slze of any root of t(c).

Ler h(u,v,x) = Il=o [l,r=o or,ur'rj*k be the

product of 9" llnear faetors of f(") wlth
coefflcients ln Q(u,v)* and let fr(",v,x) =

I[=3 I? ,, =o 6 rJ urtrj *k be lts co ractor ' I . e .

t = hh. We flrsE can assume that h(Or0rx) c Z[x].

Otherwise h(urc,rsr*) could not be an lnueger poly-
nomial at all. Now there must exist at least

or 5,., + 0. To see thls assume the contrary.lJK
Then

([l=o Ir*3="0 br.u,rlrj*k)

(Il=3 Ir+Js"a f :u,rlrj*k) = r(u,v,x)

the left product could be canceled by hlgher terms
ln the product of the complete expanslons h and f,.
However, f was assumed to be lrreduclble.
Wlthout loss of generallty we now can assume the
exlstence of pr q and m such that OOo* # 0 wlttr

wlth l+sj E p+sq and select among them Orr* wlth

z maxlmal. Then the followlng lnequalltles are
easlly verlfled

we now conslder the coefflclent t(c) of trP*"Q**

in h (u, cus rx) , namely

t (c) !B byr^"'+. . .*onor"o*. . .*bp+sq 
r0 rm

It ls well known that the absolute value of any
root 0, of a polynomial f (x) € C [x] ls bounded by

By Theorem 1 wlth s66 ( x) = il=O u,Ot<xk and

hoo(x) = Il=3 500kxk lt follows that orr* €

L/R2(y+z)-Lz, slnceb,- *0u,reconcludefrou

la I s *+lli'. or"" f rom theorem 1(1) rhat lt yzm,
and lemrna 6 *l'*u. lor:*l s Bt+i (NT) 2 (l+i ) -1

lb,-5*l 'and agaln by (1) lt follows that)')
u2s'd (NT) 4s-d-1 for l+sJ = p+sq . Finally uslng
(1) once more we obtain

(z) 2 d.g(t)lrltlsc(r)l s

4sd ,2r2a (NT)4r2d-1 *4sd-1

Thus for any lnteger c absolutely larger than the
RHS of (2) we know that t(c) * 0 and therefore

h (u, crrs , *) contalns a non-zero monomlal

t (c) rrP*sQ*m and cannot be a polynomlal f actor of
*", 

",(u; 
x) as argued above . Our glven bound then

obvlously works for any facEor candidate h. n

We shall provide a corollary to make theorem 2

more palatable.

Corollary: Let f(urv,x) € Z[urvrx] be monlc ln x'
rrrea"clble and such that f(0,0,x) |s squarefree.
Let s be a glven posltlve lnleger. Then there
exlsts an lnteger bound n(lrl,aue(f),s) of length
polynomlal ln 1og(lfl>, deg(f) and s such that

4



f (u, crrsrx) ls lrreductbl-e ln Z Iurx] . Moreover
B( I f L d"g(f), s) can be chosen to grow monotonously
with I t I , deg( f) and s. 

.

Proof: Slnce all posslble BOO and hOO (a" deflned

ln Theorem 2) are monic we can bound R =

not larger than D = deg(f) we obtaln the followlng
bounds.

)

))

by Theorem 2, The statement lncludlng monotonl-
clty norrT lmmedlately f ollows f rom ( 1) - ( 3) . n

We nor{ state and Prove our maln result for the
trlvarLate case.

Theorem 3: Let f (urvrx) € Z[urvrx]. Then there
is an algorlthm whlch constructs a polynomlal
g(y,x) ln tlme polynomlal ln deg(f) log( I f I ) such
that g ls Lrreduclble over the lntegers lf and
only lf t ls lrreduclble over the integers.
Furtheruore assume that we Possess an t'oraclett

algorlthm whlch spllts any blvarlate polynomlal
h(y,x) € Zly,x) lnto lrreduclble lntegral factors
ln- tlme polynomlat ln dee(f) loe( I f I >. Then there
ls an algorlthm uslng thls oracle which completely
factors f lnto lrreduclbles over the lntegers ln
tLme polynomlal ln deg(f) loe( l f l l .

Proof: Flrst we treat the lrreductblllty test.
fGFt"r the lnltlal transformations descrlbed ln
sectlon 4 t turns out to be non-prlmlttve or non-
squarefree then f. ls composlEe and we can set
g (y, x) to any compos lte b lvariate po1-ynomlal .

Otherwlse we can assume that t ls monlc ln x and
f(Or0rx) ls squarefree. A11 there is not left to

wlth B from the prevlous corollary and to set'
g(y,x) = f(y,cyrx). If f = tf, then g(y,x) =

rr(r, cYrx) tr(v, cYrx) , whlle lf f ls lrreduclble

then by our corollarY so must be g.

The full factorlzatton part requlres
Kroneckerts trlck. Agaln we flrst compute
cont*(f) and the squarefree decomposltlon of

ppx(;) = ,rrtr . .f:. stnce cont*(f) tnvolves at

mosE 2 varlablee our oracle can be called dlrectly
ln order to factor lt. We proceed to factor all

nomlally many appllcatlons of the followlng
procedure necessary. Let g be derlved from an ft

as at the end of sectlon 4 such that g ls monlc
and g(0r0rx) ls squarefree. Let

and let G be the factor coefflclent bound for g

glven ln lemma 2. We now compute an lnteger

call the oracle wlth

h(y,x) = g(y,cyDrx)

-1By Sr* we denote a modlfled lnverse of the

Kronecker reductlon performed on the varlables u

and v only, taklng also lnEo accounE the

multlplter ct t;t ls addlEtve and lf rrl+o1 ls a

).rlrj /"i . We now clalm that lf ht ls a factor of
-1h then S-'(h1) divldes g. Slnce the transformatlon

-1 
u

tr- can be executed ln polynomlal time a full

factorizatlon of h w111 yleld one for g and
applylng our method for all ft flnlshes our
proo f .

We f lnally show our clalm. Assume Srl <t rl
not dlvlde g. There exlsts an irreduclble

g1 of g such that ht dlvides sr(r,cyD,x).

remalns lrreducible by our corollary, ln
contradlctlon to its dlvlslblllty by hl.

5. The r-Variate 9ase

does

factor
But
D\

rX)

u

A complete proof for the general case w111

appear ln [KALE$2] but the ideas are very slmllar
to the trlvariate case. Lemma 6 and Theorem I
generallze wlthout dlfflculLy. Theorem 2 and lts
corollary can be generallzed as follows. If
f (ulr. i. rurrx) € z[ulr... rurrxJ ls monlc ln x,

lrreductble and such that f(0, . , o 
'0,x) 

ls
squarefree then there exLsts a bound
B1l fl,a"e(f),s) of lengrh polynomlal ln loe( I tl I,

deg(f) and s such that f(ul,",ri,t3r...rur,x)

remalns lrreduclble ln ZluLrt3r... r*] 'for

proof follows the main llne of the proofs for
Theorem 2 and lts corollary with but one
eomplication. The generallzation of the maln
theorem then ls shown by a simple lnductlon on f.
Nottce that our reduction can be viewed as to
factorlng (after t,he lnitlal transformatlons) a

bivarLate polynomlal

r(xt, 
"r*f ,"2*1, . . ., cr-r*lt',*r)

wlth sultably large lntegers cl, . . . , cr-2 and D

larger than any slngle degree of f. Thls
reductlon appears to be a hyprld of Kroneckerts
devlce and the evaluatlon process.

6 . Conclus ion

An effectlve verslon of Hllbertts
lrreduclblltty theorem together wlth Kroneckerts
ldea lead to our result. Slmllar approaches Seem

not to work for the reduction from bivarlate to
unlVarlate factorLzation. The dlfflcultles whlch
arise are twofold. Flrst there seems to be no

effective way to comPute an evaluatlon polnE
t0 € Z for an lrreduclble polynomlal f(t,x) €

ZIt,x] such that f(torx) remalns lrreduclble ln

Zlxl. We conjecEure that such a polnt of length
polynomlal ln deg(f) 1og( I f I > must exlst yieldlng
at least a succlnct certlftcate for f. 0n the

other hand substltutlng "*" 
for t into a root

,,':..5



q(t) € Q(t)r, of f (trx) maps the correspondlng
llnear factor x o(t) lnto a serles domaln ln x
whose factorizatlon propertles are unclear. As to
the author t s knowledge these dlfflcultles are yet
to be overcome. r
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