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PROBLEM : HOW FAST CAN INTEGER
POLYNOMIALS Be FACTORED ¢

SUBPROBLEM: HOW FAST DOES THE

BeRQLEKAMP- HENSEL ALGORITHM RUN
IN ITS WORST CASE ¢

ANSWER TO SuU3B PROBLEM:

norm (agaxs ...+ apnx") = |ao+ la,\ +...+|a.l
S\ze (f) = J.QS(J”-) ¥ 203 (hwu(-} ))

THE FolLowWING DoMINANCE RELATION
HouLDS FoR THe WORST TIME ComMPL.

OF THE BERLEKAMP-HENSEL ALGORITHM:

size ($) _
1{03 603 (size () < T (£)

worst




FACTOL.: d= d.csf ; L= &B nOVvM i
5"+ 10x 7- 10x3 +10% - 20x" 4 10x 2~ 20" 5x > 2owei

CONTENT=5 .
PP= x"+2x T-2x842x7- x4 2x°
—4x% +x>—4x-2

CONTENT)

(x2+\)?
(x7-2x%*+ x>-2)

PROVES X +! |RREDUCIBLE
(x®*+5) (x*¥+1) MoD 7

x*+l 2 (x*3x+1) (x%4+%x+) MOD7

768

(x3+5) ° ({-...3,«4) . (x"+4-x+l) MoD 7
(x3+47) - (x*+10x+1) - WNoD .47
(x3+ 2399)+( x‘}ZléQx+!)'(xz+l35!+|) MoD 240

) (3-2)- (x*+1)

& (2
2°- S 5 (A1) (x3-2) (x¥+1)







DEFINITION: Alv)
Sl(r)

= | (MOD_") FoR (S, F)=|
AND A(r) IS MINIMAL WITH
THIS PRoPeRTY.



THEOREM |:

Fripoap (0 AND (1oL () € ZLa]

AND

«) fr;p,.,p.(x) 15 1RREDUCIBLE AND
FoR. r%3  frip,..p. (x) HAS IRRED.
FACTORS OF DEGREE AT LEAST 2

L) IFre2,46 ot 00D THEN {)p o (x)
IS CoMPLETELY |RREDUCIB.LE.

THEOREM 2.
Fo ANY PRIME g 3
X

8) fr Py po (k) (mod 1)A”D'frjf,,...,‘>.(*)<"°1 7)
FACTOR INTO IRREDUCIBLE PoLY-
NOMIALS OF DEGREE AT MOST I Al-),
SPECIAL CASE: r PRIME AT MOST .,

L) Wlx) (mod 7_) FACTORS NTO PolLY-
NOMIALS OF DEGREE AT MoST I,




E.G.:
L O‘(?)=9, o‘(%)sg’fi) () = 9 3.

1\_0,-.:(«. oty ¢y ) (e, ooy “c) (ecq ey .,’>

2. t(?)gy") t("ﬁ):?!ﬁ., T Oﬁ‘.)-?'{@.
Trt= (°‘| dg\ ("z ‘(5) (“3 °<Q-) (‘<7 "9) (*3)

ALL PERMUTATIONS OF THE GALO'S
GerouP OF {s,2,2(x) HAVE CvcLes OF

LeNG@THS AT MoOST 3.
PROOF: .
a) 6"(?):9 AND o ()= f‘%:
oca (V)= yigi*/F, LT ASIE 73"%"3343
§) o(d=c AND (FF)= oo,
crlpl=gh=¢
0’0"(34?)-: yz.l gl ;/F= %-




THE SPLITTING FIELD O©OF A PoLyNoMIAL
g, mod. p+ @ modp x+...+aumodp X" IS A

Finite ("GALOIS") FIELD |F p IS PRIME.

E.G.: x*+ 2x>+ ¥+ 5

ROOTS ARE 3+3¢, 3-3¢, 3+t 3-¢
OF Z-, Li] = GFE(7%)

THE GALOIS GRouP ofF &F(p") |Is

1ISoMorPHIC To (Z,,+).

THEREFORE THE ABovE PouNOMIAL
MusT HAVe QUADRATIC AND LINEAR
FACTORS ONLY. [ (x4 x+¢) (x*¢x+3)]

LEMMA: Letr § € Z,0x1,p PRIME. { Does
NOT CoNTAIN AN JRREDUCIBLE FACTOR oF
DEGREE HIGHER THAN THE LONGEST

CYCLE N TS GALOIS GROUP.




LeEMMA: LET { Be A MONIC SEFARABLE

.POL‘INOMIAL IN Z[x] AND LET ;’ €
Z.[x] Be ITS NATURAL PRoJECTION

MoDuLo A PRIME NuMBER p. IF { IS
SepARABLE (ovee Z.) THE &ALols GROuP

OF ; over Z, IS A SUBGROUP (4S A
PERMUTATION GRouP ON THE SUITABLY
ARRANGEP ROOTS) OF THE GALOIS GRoUP

OF { OVER Q.




LEMMA: LET r Be AN INTEGER 22, S, B¢
A PRIMITIVE r-th ROOT OF uUNITY, AND LET
Piyeeey Po BE DISTINCT POSIT)IVE PRIMES:

Q) L Q(!VF-,{?F:) : QJ' r"'.

) 1Fr>3 TheN 2r"¢[@(5,,F,.,77): R«
S @(r) "

€) |F r IS oDD OR 2,4, 0R G THEN
Lels, 7T ): @1= ¢l r*.




PROOF THAT {s;2,3x) I IRReDUCIBLE:

Since [Q(32,%2): ®R]=9 IT 13 SUFFICIENT
To Show THAT @®(¥Z,¥5 )= ®(¥T+¥3),

We SHOW THAT ¥3 € @(¥z+ %)

CoNSIDER  x>-3 =0 |
(¥z+%a-x)>-2=0

BorH POLYNOMIALS VANISH AT 3
Butr HAVE No OTHER RoOOT IN CoMMON

(oTHeR WiSE Yi+ W3- Ma =g ¥, ivi2.
Hence Y3=('¥z-M)/0-5') € ®C J2))

THEQEFORE THE EUKLIDEAN ALGORITHM
N @ ¥+ ¥2)Cx1 PRODUCES x- Iz

WHOSE CoEFFICIENTS ARE |N G (2 432).




CoNJECTURE :
|F THE GALOIS GRouP OF § CONTAINS
A PERMUTATION WHOSE CYCLE | eNGTHS

REPRESENT ” SUFFICIENTLY FAITHFuwLy”
THE DeGREE VECTOR OF THE FACTORS OF f

THEN

t($) < p (size(£))
WHERE P IS A FI XED POLYNOMIAL.

E.G.:

§= 5 fa, deg(id=m

(l) ’u')(n.-\-l, TUR +nt) n+ R ,*‘, sy Pt 1’“‘)

\, e I \,_____—*_————-'
", We Ne

Is AN ELEMENT OF Gf-




