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Abstract

We show that the early termination algorithm in [Kaltofen and Lee, JSC, vol. 36, nr.
3—4, 2003] for interpolating a polynomial that is a linear combination of ¢ Chebyshev
polynomials of the first kind can be modified to use 2¢t+ 1 randomized evaluation points;
Kaltofen and Lee required 2t + 2 randomized evaluation points. Our variants work for
scalar fields of any characteristic. The number 2¢+ 1 of evaluations matches that of the
early termination version of the Prony sparse interpolation algorithm for the standard
basis of powers of the variable [Kaltofen, Lee and Lobo, Proc. ISSAC 2000].

Our interpolation algorithm can compute the term locator polynomial in O(#?) field
arithmetic operations while storing O(t) intermediate field elements by Heinig’s Toeplitz
solver with singular sections [Heinig and Rost, “Algebraic Methods for Toeplitz-like
Matrices and Operators,” Birkh&user, 1984]. We describe a slight modification for the
Levinson-Durbin-Heinig algorithm that mirrors the Berlekamp-Massey algorithm for
Hankel matrices.

1. Introduction

Early termination in sparse polynomial interpolation with the de Prony’s/BCH-decoding
technique uses randomization to determine the sparsity and to minimize the number of
polynomial values [Kaltofen and Lee 2003]. For a polynomial f of sparsity ¢ one evaluates
2t+1 points and recovers the interpolant with high probability, where the probability of failure
is O( tsd‘e%), and where S is a finite set with |S| scalar elements from which random values
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are sampled. If the probability of failure is to be guaranteed, an upper bound D > deg(f)
is required on input, t < D + 1, and S can be chosen sufficiently large. The big-Oh constant
can be lowered for a coefficient field K of characteristic # 2 [Hao, Kaltofen, and Zhi 2016,
Section 4.1]. The sparsity is with respect to the standard basis of powers of the polynomial
variable.

Sparsity with respect to Chebyshev polynomials is also studied, because a linear combi-
nation of ¢ Chebyshev-1 (1-st kind) polynomials

t
flo) = Ts(x), 0< 6 <0y <+ <6, ¢ #0forall 1 <j<t, (1)
j=1

can represent a periodic harmonic function by the Chebyshev-1 identity 7;,(cos(6)) = cos(nf)
(see (19) for the scalars ¢; vs. ¢;). Early termination by randomization for the sparse in-
terpolation algorithm in [Lakshman Y. N. and Saunders 1995] is analyzed for scalar fields
of characteristic 0 in [Kaltofen and Lee 2003, Theorem 14]. Chebyshev-1 polynomials are
defined for all scalar fields of characteristic # 2, and an analysis is given in [Arnold and
Kaltofen 2015, Theorem 4.3] by expanding the Toeplitz-plus-Hankel systems in [Lakshman
Y. N. and Saunders 1995; Kaltofen and Lee 2003] to symmetric Toeplitz systems of twice the
dimension. Both the [Kaltofen and Lee 2003] and the [Arnold and Kaltofen 2015] analyses
give early termination algorithms that in the worst case require 2¢ + 2 interpolation points.
In Section 3 we show that with techniques from [Hao, Kaltofen, and Zhi 2016], the analysis
in [Arnold and Kaltofen 2015] can be tightened to require 2¢ + 1 interpolation points and
match the Prony early interpolation algorithm.

Sparse polynomial interpolation in Chebyshev basis with the Prony algorithm is based
on the cosine identity: T, (5(y + %})) = (y" + yin), where the variable y represents the
transcendental complex function e*’. The resulting sparse Laurent polynomials are in the
subspace spanned by the inverse-invariant basis y" + yin (2,3,19) [Arnold and Kaltofen 2015,
Section 4]. If one chooses the basis polynomial 1 for n = 0 (3), sparse polynomials in
inverse-invariant basis are also defined for a coefficient field of characteristic 2. By using
the evaluation points from [Kaltofen and Yang 2024], whose algorithms can correct errors in
the values, we prove an early termination theorem for the inverse-invariant basis which uses
2t 4+ 1 evaluation points for all scalar coefficient fields K (Theorem 2.1). As in [Kaltofen and
Lee 2003] vs. [Hao, Kaltofen, and Zhi 2016], the big-Oh in the upper bound of the failure
probability is larger: see the Remarks 2.1 and 3.1.

In practice, one sets a threshold value ( > 1 and requires the termination condition to
be valid for ¢ new evaluation points (48). For dense interpolation, the lowering of the failure
probability is analyzed [Kaltofen and Lee 2003, Theorem 1], but for sparse interpolation
the case ( > 2 is not analyzed. Nonetheless, look-ahead can avoid sporadic false early
termination conditions; see (49), Example 4.1 and [Imamoglu, Kaltofen, and Yang, Z. 2018].
False early termination may also be discovered when the term locator polynomial does not
yield term values [Kaltofen and Yang, Z.-H. 2021, Algorithm 2 Try Prony’s algorithm]. The
algorithmic problem arises how to efficiently compute the next candidate for the sparsity ¢. In
the Prony algorithm for standard powers basis the jump-ahead can be handled by the 1969
Berlekamp-Massey algorithm. Our early termination algorithm with thresholds for sparse
Chebyshev interpolants can use Heinig’s 1983 extension of the Levinson-Durbin algorithm
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for Toeplitz matrices with singular sections [Heinig 1983], [Heinig and Rost 1984, Part I,
Chapter 6]. Both the Berlekamp-Massey and the Heinig algorithms are quadratic-time and
linear-space. We describe the Heinig algorithm in Section 4 and note that the asymptotically
fast Toeplitz/Hankel solvers seem not applicable in our setting if one restricts to 2t + ¢
evaluation points (see Remark 4.3).

2. An early termination theorem for Laurent polynomi-
als in inverse-invariant basis

Let
‘ 1
g(y) = chM(;j(y) € K[y,;], 0<01 <P <<, ¢c;#0foralll <j<t, (2
j=1

where K is a field and

M;s(y) = Yo iideg(g) = 0, t, = ]
1 if =0, g 2t if 6, > 0.

def | y° + L oifss 0, def def {Qt —1 ifé = 0,} 3)
The Laurent polynomial ¢ is inverse-invariant: for all £ € K, & # 0: ¢(§) = ¢(1/£). The
reverse is true for infinite fields K, for instance, the algebraic closure K of K: if h(y) —h(1/y) #
0 for an h € K]y, %] then there exists a & € K, & # 0 such that h(¢) # h(1/€). Therefore
the inverse-invariant Laurent polynomials form a subring of the ring of Laurent polynomials
Kly, %] with a vector space basis (M,,),>o. In (2) t is the sparsity in basis (M, ),>o and ¢, is
the sparsity in power basis (y"),ecz.
Let o; = g(y'); note that o; = a_; for all i € Z. We will show that the following Hankel

matrix H2! in (4) is non-singular for all 7 with ¢, = 1,2,... ¢,
O_(2r—3) d_(2r—5) "~ Q_1 an
a_(2r—5) Q_(2r—7) "~ 1 a3 1
Hyd = . . . | €Ky, -7 (4)
. R . . y
(€51 ce Qor—1

We denote the power basis terms of ¢g(y) (see (2)) in degree order:

/61 = y_6t7 /82 = y_étfl, e 7/8759_1 - y6t717 615,] - yétu deg(ﬁj) - - deg(ﬁ%—(j—l))? (5>
and let
m = =0t N2 = —04—1,... y Mg—1 = 5t71777tg = 0. (6)

Note that a term j3; with j < ¢,/2 has a negative degree if §, > 0. The matrix H° has a
factorization

Ho = B.CB,,

where B,, C, and B, are matrices as shown in Figure 1.

3



Figure 1: Factorization of the Hankel matrix 2

o B2 Bt,
3 3 3
i By B 1
BT - . . tf! € K[y7 _]Tth7
: : )
%T*l 227’*1 /827’ 1
_Ct 0 R 0_
0 Ct—1 0
C = Ethth,C[tgg_l,tgg_l]:Cl 1f51:0,
Ct—1
_O 0 Ct_
50
2(1—71 -2
B.=|". 7 | €Ky (0)
: : Do Y
FOD g 1
Theorem 2.1. The determinant of H in (4) is non-zero for T =1,2,...,t,.

Proof. Let J, L be subsets of {1,2,...,t,} with cardinality 7 and J = {j1, j2,...,jr}. We
use the following notation: for a matrix A we denote by A;; the submatrix of A consisting
rows in J and columns in L. Let

7} and Py =[] CUk s, (8)

I={1,2,...

where C' is the diagonal matrix in Figure 1 and C'[ji, jx] is the value in the j,-th row and
Jr-th column of C. By the Cauchy-Binet formula, we have

det(H2) = Z Z L(Br)rr = Z(BT)LJ<C>J,J(BT)J,I
J
1 1 1
2 2 2
. 1 2 jr
=S P (BB B )T et (| : : S DR ()
' FUON G L g
= ZPJ (ﬂjlﬁJQ i 'ﬁjT)Q(l_T)—i_l H (/B.?u - 6§v)2'
J 1<v<u<rt

> j, and denote

IT & -5 (10)

1<v<u<Tt

We fix the order of the indices in J as j; > jo > - -+

Sy = Ps(B;.B .- B )



It follows from (5) that deg(/3;,) > deg(f;,,,), and therefore the highest degree term of S is

high —97 p4(T—1) H4(T—2
SHE = (8,8, - 8, )BTV gt (11)

Let Dy = deg(S}®"), then by (5) and (6)

T 7—1 T
Dj = 2(3 — 27)n;, + 24(7' — ), = 2(27 +3 —4i)n;,. (12)
i=1 i=1 i=1

We maximize D; by choosing the largest positive term degrees 7;, for the largest positive
integers (27 + 3 — 47) and the smallest negative term degrees 7);, for the smallest negative
integers (27 + 3 — 41), that is, let

{tg,(tg—1),...,(tg—g+1), % (%—1),...,1}, if 7 is even,
Jmax = F—1. 7—1 1 (13)

T T — . .
{tg,(tg—l),...,(tg— ) ),( 5 ),( ) —1),...,1}, if 7 is odd.

We claim that Dy, > Dj for all J # Jy.x. Therefore, ngi is the leading term of det(#H29),
which concludes the theorem.

Proof of the claim: Since t; > ji > jo > --- > j; > 1 and ji, jo, ..., jr are all integers, we

have
T—i1+1<j5 <t,—i+1, (14)

and
Nr—itl < Mgy < Npg—it1- (15)

If 7 is odd,
(r+1)/2 -
Dy = Dy= > @r+3—=4i)(my—1y—m)+ >, (21 +3—4i) (51 —n;,) (16)
i=1 i=(T+3)/2

which is non-negative by (15). If J # Jyax, then there is at least one positive summand in
(16) because 27 + 3 — 4i # 0. If 7 is even.

7/2 T
Do =Dy =D 27 +3—4i) () —mi) + > 27 +3—4i) (i1 —m),  (17)
i=1 i=1/2+1

which is non-negative by (15) and the equality is attained only if J = Ji,.x because 27 + 3 —
47 #£ 0. O

Remark 2.1. We have the upper bound for the inverse-invariant degree (as defined in (3))

1 1 1 1
lideg(G) < t,(ty +1) <§tg O+ 500 = ﬁtf] + 3t

t
1 : : odd
— E) with G = Hdet(HT )
for the interpolant ¢g(y) in (2) and ¢, in (3). We note that for a finite set S with |S| scalar
elements and 0 ¢ S, the probability Prob(G(w) = 0 | w € S) < iideg(G)/|S| provided that
YVweS=1/wgs. 0O



3. An early termination theorem for Chebyshev-1 basis
over fields of characteristic # 2

If the coefficient field K does not contain Z,, which are the integers modulo 2, as is the
case for the recurrence that defines Chebyshev-1 polynomials, one can use the standard
Prony evaluations a; = g(w?) for some w € K. The entries of the matrix H2 in (18) are
oy = g(y* ™) for i = —7 4+ 1,—7+2,...,7 — 1, where g(y) is the Laurent polynomial in
(2). In this section, we consider the symmetric Hankel matrix with entries o; = g(y') for
1=—-7+1,—74+2,...,7— 1. Let

-al—T R a1 Qo |
Qor Q3 - Qp 031 1
He=| 0 | €Ky, E]T”, 7> 1 (18)
Qg Qr_9
L Qo e Qr_o Qr_q |

We have for f in (1) and ¢ in (2):

1 1 ~ ~ :
f<§ (v + y_5a)> =g(y), with ¢; = 2¢; except ¢, = ¢ if ; = 0. (19)

Theorem 4.3 in [Arnold and Kaltofen 2015] states the following:
(a) If 2 <7 <t, and 7 is even, then det(H,) # 0.

b) If 1 <7 <t, 7is odd, and SX-"V/2% £ 0, then det(H,) # 0.
g =1

By the relation between ¢; and ¢; in (19), we write the sum 25;57_1)/2/0} as
t—(r—1)/2
t—(r—1)/2 Z 2¢;, if 01 > 0,
i = Z':1t7(771)/2 (20)
= c + Z 2¢;, if 6; = 0.
i=2

With the technique in the proof of [Hao, Kaltofen, and Zhi 2016, Theorem 4.1], we show
that in the Case (b), where 1 < 7 <t, and 7 is odd, the condition ZZ;Y*W”@ # 0 can be
removed for all 3 < 7 < {,, except in one case when the determinant of H, is always = 0
(Theorem 3.1, Item (iii), when 7 is odd).

Theorem 3.1. The matrices H, in (18) satisfy the following singularity properties.

(i) Let K be a field of characteristic # 2 and let T be an integer with 2 < 7 < t,. Then
det(H,) # 0.

(i) Let K be a field of characteristic = 2 and let T be an integer with 1 < 7 < t, and let
01 = 0. Then det(H,) # 0.



(iii) Let K be a field of characteristic = 2 and let T be an integer with 1 < 7 < t, and let
01 > 0. Then det(H,) # 0 if 7 is even and det(H,) = 0 if 7 is odd.

(iv) Let K be an arbitrary field and let 7 be an integer with T > t,. Then det(H,) = 0.

Proof. Case (i). According to [Arnold and Kaltofen 2015, Theorem 4. 3] it remains to prove
that for an odd integer 7 with 3 < 7 < t,, det(H,) # 0 even if > _| (D25 = 0 (20). By
[Arnold and Kaltofen 2015, Eq. (24)],

det(H,)= > P38 JI B —8.)% (21)

J={j1,--.dr} 1<v<u<rt
where the s are defined in (5) and Py =[]’ _, C'[j,,j,] is defined as in (8):

C = diag-matrix(c;, ¢—1, ..., C1—1,¢) € Klo*ls with C’[t“q;l, t";l] =c if 67 =0.

Note that the diagonal of C' is the coefficient vector of ¢ in (19). We order of the elements
inJasj >jgo>--->7j;. Let

Sy=Pr BB 1 B =8> (22)
1<v<u<Tt
For odd 7, the highest degree term of S} is
high 1—7 p2(7—1) p2(7—-2) (m—1) 4 2
SJg - (/le"./BjT) /le /BJQ /BJ(T+1>/2 j-er jT*l (23>
_ T7—107—3 2 2 3—7 pl—7
- 6j1 63'2 P2 J(T+1)/2ﬁj(7+3)/2 '5‘7771B‘j7 :
Then deg(S4¢") = S°7_ (7 + 1 — 2i)n;, where n;, = deg(f;,). Let
hlgh high
S§2) _ 5J(T+1>/27 SSS) _ SJ /Bj(‘r+3)/27 (24)
ﬁJ(T—n/z Bj(7+1>/2
and
T—1 T—1, ,/—1, ,7—1
J ={tg.ty—1,..., (t 1), (ty — ) ( ) ( —1),...,1},
2 2 2 2 (25)
T—1 T+1 T—1 T—1
= {tyty =1 (1= 5 1), (), (), (= = 1))
By the degrees of (3}, in y (5), one can verify that
(r—1)/2—1
deg(ST) = deg(ST)) = 30 (r-vyjos1 + 0oy + D 2T +1—20)6 1. (26)
i=1

Moreover, since C'[7,i] = C'[t, +1 —1i,t, +1 —14] for all 1 <14 < t,, the coefficient of 5’52,)
equals to that of Sf,?fl) :

(r—1)/2

PJ/ = [T+1 T+1] H C[Z Z] PJ//. (27)
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Let Dy = deg(SE%)). We prove that if S0 (T=D/2% = 0 then yP2 is the leading term of
det(H,), and the coefficient of 2 is —(2PJ/ + 2P;») = —4Py, which is non-zero since the
characteristic of K is # 2.

Claim 1: Let J' = J'\ {t, — %532} (25) and J = {j1,...,j.} with ji > jo > --- > j.. If
T\ AJrs1yj2} # T, then deg(Sy) < deg(S%).

Proof of Claim 1. Since J \ {jr+1)2} # J', there exists an index o such that either 1 < o <

(1 —1)/2 with j, #t, —o+ 1, or (1+3)/2 <o <7 with j, # 7 — 0 + 1. Assume that the
first case occurs. Let

Gin = min{o | 1< 0 < (7= 1)/2, Jy £t~ 0 +1}.

Since j, < t,—o+1 (14) and j,11 < jo, by the definition of oy, we have j, . < t;—0min+1.
Therefore
Jr <ty —rkforall oy <k < (1-1)/2,

which implies that for the n’s in (6) that
N < Mty for all oy < kv < (7 —1)/2.

In particular, taking x = (7 — 1)/2, we have Mitroyje < Mty—(r—1)/2- Therefore, it follows from
(15) that

deg ( Shlgh) deg ( Shlgh>

’T 1)/2 T
= (T +1—=20)(nj, — My—ot1) + Z (7 +1=20)(nj, = Nr—ot1)
o=1 o=(r13)/2

< 0+ 25,1y — Mg—(r-1)7241) + 0 < 2Nty —(r-1)/2 = Nty (r—1)/241);

Then ,
deg(Sy) — deg(S})

= deg(*ggigh) - (deg(sgigh) + deg(ﬁtq (-1 /2) deg(ﬁtq (r—1 /2+1))
< 2(Mty—(r—1)/2 = Mtg—(r—1)/241) — (Mty—(r—1)/2 = Ntg—(r—1)/241) < 0.

For the second case, where there exists an index o such that (7 + 3)/2 < ¢ < 7 with
Jjo T —0+ 1, we let

Omax = max{o | (T1+3)/2<o0<7,j, #7 — 0+ 1}.

Since j, > 7 —0o+1 (14) and j, > j,+1, we have j, > 7 —o+1 for all (74+3)/2 < 0 < opax,
which leads to
Njo = Nr—o2 for all (74 3)/2 < 0 < opax.

In particular, ;.. , = Nr—(7+3)/2+2- Therefore,

high high
deg(S;*") — deg(S;*") < =2 (M yay 0 = Mr—(rr3)/211) < =2 (Nr—(r43)/242 = Nr—1)/2)5



where the first inequality is due to (15). Then

deg(S) — deg(S5)
= deg(S55™") — (deg(85") + deg(Br1y2) — deg(Bir11)/2))

< =2(Nr—(r13)/212 = Nr—1)/2) — Mr—1)/2 = Nrr1)/2) < 0.
The proof of Claim 1 is concluded. It remains to consider the summand S; in (22) where
I\ ey} =T
Claim 2: Let J = J'\ {t, — ;1} (25), and let J = {jy,...,j;} with j1 > jo > --- > j; and
J\ A +1)/2} J'. Let Wy = B3t By be a term of Sy with W; not equal SJ/ and Wy not
equal SJ,, (24), as a monomial in the variables By, ..., B;,. Then deg,(W;) > deg, (S} 2)) =
deg, (S51)) (26) = w12 = 0.
Proof of Claim 2. We prove the claim by showing that
(1) if w TH)/Q > (), then degy(S’ ) > deg, (W), and degy(S ) deg, (W) <= W is equal

to St 7 as a monomial in the variables 3,..., f,;

(2) if wirg1y2 < 0, then degy(Sﬁyf)) > deg, (W), and deg(SS?f)) = deg(W;) <= W is equal

to S’Ff,’) as a monomial in the variables 31,..., (.

Note that (8, -~ 8;,)7" "W, is a term of the product [, .., (8;, — 8;,)%. As shown in
the proof of [Hao, Kaltofen, and Zhi 2016, Eq. (45)], the following two inequalities hold for
all 1< pu <

Y (wo+T—1) <Y 2(r—0),
> (Wrgp+7-1)2> 2(c—1),

which are respectively equivalent to

iwa < i(7+1—20), (28)

p p
Z Wy i1 > Z(—T — 1+ 20). (29)
o=1 o=1

Taking = (7 +1)/2in (28) and p = (7 — 1)/2 in (29), we obtain
(r—1)/2 (r—1)/2

7—+1)/2 -+ Z — w7_0+1) S Z 2(7' +1-— 20') (30)
o=1



Since jy > jo > -+ > jr and J\ {jrq1y2} = S\ {ty — (1 —1)/2} (25),
. - (r—1)/2
degy(SJ}g ) — degy(WJ) = ( Z (2(7 +1—20) = (w, — wT—o-i-l))(St—o-l-l) — W(r+1) /2741y 2°

o=1
(31)
Then using the right-hand side of (31) and combining (44) in Lemma 3.2 and the inequalities
(30) and (15) we have

=

deg, (S3%") — deg, (W)
(agy ,ZD/2

= ( (2(r+1=20) = (w, — wT—a+1))5tf(rfl>/2+1> = Wi t1)/2Mjr 4172
o=1 (32)
(30)
> Wrt1) /20t (r—1) /241 — W(r+1) /2101y
(15) 6)

(
> w(T+1)/25t—(T—1)/2+1 = W(r41)2Mtg—(r41) /241 = w(T-‘,—l)/Q((St—(T—l)/Q—‘rl - 575—(7—1)/2)-

As 0y > 0p—1 > -+ > 04_(r—1)/241, by Lemma 3.2, the first equality in (32) holds if and only
if the coefficient of 0,41 in (31) is zero for 0 = 1,2,..., (7 —1)/2 — 1, that is,

Vo,1<o<(1—1)/2—1: Wy — Wy—py1 = 2(T + 1 —20). (33)

The second equality in (32) holds if and only if

(r—1)/2 (r—1)/2
Wz + Y (We —Wrgrr) = Y 2T +1-20). (34)
o=1 o=1

The third equality in (32) holds if and only if
Jrsnye =tg— (1+1)/2+ 1. (35)
Assume that w(;41y/2 > 0, then wi-41y,2 > 1. By (32), we have
deg, (S5) — deg, (W)
= deg, (S5E") — deg, (W) + Thy—(r—1)/2 = Mhty—(r—1)/241
> Wir1)/2(0—(r—1)/241 — Ot—(r—1)/2) + Ot—(r—1)/2 — Ot—(r—1)/241 = 0. (36)

If degy(Sgg))—degy(WJ) = 0, then w(,11)/2 = 1 and all equalities in (32) must hold. Therefore,
the equations (33), (34), and (35) hold. Together with (28) and (29), we have w(_1y/2 —
Wry3)2 = 3and wy = —Wr_g41 = T7+1—-20 forall1 <o < (7—1)/2—1. On the other hand,
22:1 we = 0, which leads to wi;_1)/2 + W(ri3)/2 = —w(r41)/2 = —1. Therefore, wi,_1)/, =1
and w(,43)/2 = —2. In that case, W is the same as Sﬁ as a monomial in 3y,..., B, which
concludes Claim 2, Part (1).
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We now prove Claim 2, Part (2), which assumes that w;41)/2 < 0, namely, w11)/2 < —1.
Taking ¢ = (7 —1)/2 in (28) and p = (7 + 1)/2 in (29), we get

(r—1)/2 (r—1)/2
W(r41)/2 + Z — Wr—gt1) < 2(1 +1—20). (37)

o=1
Since —w(;4+1)/2 > 0 and, by (15), Nirsnyye 2 Mr—(r+1)/241 = —Ot—(r—1)/2 (see (6)), we have

—Wr1)/2Mj(r 1y 2 Wr1) /206 (r-1)/2- (38)

Again, because ji > ja > -+ > jr and J\{jir41)2} = S\ {t, — (7 —1)/2} = J"\{(r +1)/2}
(see (25)), we have

(r—1)/2
( Z 2(r+1-20) = (w, — w7—0+1))5t—0+1) = Wr+1)/2Mj(r 41y 2

o=1

(5)

deg, (S?ffgh) deg, (W. J)

Then it follows from (44) in Lemma 3.2 and the inequalities (37) and (38) that

degy(ng,gh) — deg, (W)
(44) (r—1)/2
> Z (2(1 +1—20)(wy — w770+1))5t_(7_1>/2+1) = Wr41)/2Mj(r 11y 2

o= 39
(37) ! (39)
> = W(r1)/20t—(r—1)/241 — W(r+1)/2Mj(r 1) 2
(38)

> Wry1)2(0—(r—1)/2 = Ot (r—1)/241)-

By the same argument below (32), the first equality of (39) holds if and only if (33) holds.
The second equality of (39) holds if and only if

(r—1)/2 (r—1)/2
Wry1)/2 + Z — W) = Y 2T +1-20). (40)
o=1
By (15), The third equality of (39) holds if and only if
Jee+ny2 = (T+1)/2. (41)
Then using (39), we have
degy(SJ,/) deg, (W)
= degy(SL}}},gh) deg, (Wy) + ne-1y/2 = Nr41)/2
> Wirt1)/2(0t—(r—1)/2 = Ot—(r—1)/241) — Ot—(r—1)/241 + Ot—(r41)/241 = 0. (42)

If degy(SJ,,) deg, (Wy), then w(;11)/2 = —1 and all equalities in (39) must hold. Hence (33),
(40), and (41) hold which leads to w(-—1)/2 — W(r43)2 = 3. Moreover, w_1)/2 + Wiri3)/2 =

—W(r41)/2 = 1. Then w_1y2 = 2 and w(;43)2 = —1, and therefore W is equal to SF,%) as
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a monomial in f3i,...,f,, which concludes the proof of Claim 2, Part (2) and finishes the
proof of Claim 2.

Let J = {ji,...,j-} and Wj = B3 3> - - - B;7 be a term in the expansion of det(#,) (21).
Assume that deg, (W) > degy(S((f,)) and W} is not equal to Sg%) or Sff) as a monomial in the

variables f, ..., 3;,. By Claim 1 and Claim 2, we have J \ {jr11)/2} = J' and Wr41)/2 = 0.
Let yP" = W, namely, D' = 37 _ w,n;,, by (14) we have

(T+ 1)/2 S j(T+1)/2 S tg — (7‘ — 1)/2
Then the coefficient of y”’ is

T

tg—(t—1)/2
Q=Y P=( Il Clnid) ¥ Clijd.

Nigranyjs=T" o=LoA(r+1)/2 o=(rt+1)/2
We write Qp/ in ¢y, ..., ¢:
t—(r—1)/2
i - 0?7(771)/2“ Z 2¢;, if 61 > 0,
Qp = Z}:lt_(7_1)/2 (43)
i - c?_(T_l)/QH (61 + Z 201-), if 91 = 0.
=2

Therefore, by the assumption that EE;ET_I)/ 2% =0 and (20), the coefficient Qpr = 0, which
implies that the degree of det(H,) in y is < degy(Sgg)) = D (see (26)). Since the coefficient
of yP2 is —4 Py # 0 (27), yP? is the leading term of det(H.,).

Case (ii). The proof in [Arnold and Kaltofen 2015, Theorem 4.3] for the case where 7
is an even integer with 2 < 7 < t,, showing that det(#,) # 0, does not depend on the
characteristic of K, and applies when the characteristic of K is = 2. Now let 7 be an odd
integer with 1 < 7 < t,. The determinant det(#,) has a term y” = S (see (23) and
(25)) whose coefficient is Qps (43). Since 6; = 0, (Qp mod 2) = ¢ HZ:t—(T—1)/2+1 c? # 0,
we conclude that det(H,) # 0.

Case (iii). If 7 is an even integer with 2 < 7 < t,, as in Case (ii), det(H,) # 0 because
the proof in [Arnold and Kaltofen 2015, Theorem 4.3] for even 7 remains valid when the
characteristic of K is = 2. Now let 7 be an odd integer with 1 <7 <t,.

Let J = {j1,J2,. ., Jr} With j1 > jo > .-+ > j; and let W; = ;3> --- 3" be a term
in the expansion of det(#,). We set L = {{;,l;_q,..., 05,01} with ¢, = t;, + 1 — j,, then
by >l 1> > Uy > . Let Dy = deg, (W;) and Wy, = 3, 3,**--- 3,“", we have

T T T

D; = ngnjg = Z<_w")<_m0) = Z(_wcr)ntfrlfjg = Z(_wa>77€oa

o=1 o=1 o=1

which implies that W; and W} have the same degree in y. Moreover, W is also a term
in the expansion of det(#,), and Wy, is uniquely determined by W) from our setting. The
coefficients of W; and W, are also equal:

Py =]ClUojocd =[] Clty+ 1= oty +1— 34,1 = [[Clls. t,] = Py

o=1 o=1 o=1

12



Finally, 6, > 0 implies ¢, = 2¢, and thus {(;11y/2 = tg+1—Jr41)/2 # J(r+1)/2, Which shows that
L and J are two distinct sets. Therefore, W; and W, are two distinct terms in the variables
B, Bay ..., By,. Consequently, P;W; + PLW, = 2P;y”7, which concludes that det(H,) = 0
when K is a field of characteristic = 2.

Case (iv). det(H,) = 0 for all 7 > t, because («;);ez is linearly generated by a polynomial
of degree t,. [

Lemma 3.2. Let k> 2, dy >dy > -+ >dp >0 and Y1 w; > > wl for all2 < p <k,

then
I

m
Z(wi —w;)d; > Z(wz —wi)dy,, Y1 <p <k, (44)
i=1

i=1
and the equality holds if and only if w; = w} for all 1 <i < pu—1. In particular, Y ', w;d; =
P wid; if and only if w; = w) for all 1 <i < p.

Proof. We prove the lemma by induction on p. For = 2 we have
(w1 — wy)dy + (we — wh)dy > (w1 — W} + wy — wy)dy

and the equality holds if and only if w; = w, because d; > dy > 0. Assume that (44) holds

for p — 1, then
o

pn—1
Z(wi —w))d; = wyd, — U)Ldu + Z(w’ — w})d;
i1

i=1

v

pn—1
wudy — wy,dy, + Z(wz — w;)dyu—1
i=1
I

> Z(wz - wé)duv

i=1
where the equality in the second line holds if and only if w; = w} for 1 < i < — 2 by the
induction hypothesis. Assuming that w; = w, for 1 < ¢ < p — 2, the equality in the third
line holds if and only if w,_; = wL_l since d,,_1 > d, > 0. O

Remark 3.1. If det(#,) # 0 for all 1 < 7 <t,, we have the upper bound for the inverse-
invariant degree

i 1 1, 1 1>

, 1
iideg (Hdet(HT)) <ty(ty + 2)<6t9 R TR e
T=1

for the interpolant g(y) in (2) and ¢, in (3). The bound is asymptotically 1/2 of that in
Remark 2.1. 0O
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4. The Levinson—Durbin—Heinig Algorithm

For a Hankel matrix H,,

A1—+ QAo—1+ ... Qo
a7 a3_; - @y T .
H; = . . ) €K , Hli gl = Aitj—(74+1); (45)
aop ap P ¢ e |

0.1
Do :} € K™7 is a Toeplitz matrix:

the matrix A, = H.J. with J. = [ :
1.0

aop a_q a_o a
an ap a—1 ... G_(r-2)
a

A =H.J =| @ @& a ~r-3) | € KT ALl ] = a;_;.t (46)

Qr—1 Qr—2 Qr-3 ... Qo

Notation: By A.[iy...i3,71...j2] we denote the submatrix of A, (46) formed by rows
i1 <1 <1y and columns j; < j < jo; by A, [, *] we denote the i-th row and by A, [*, 7] we
denote the j-th column; (-, -) denotes the scalar product of two vectors. In (45,46) a; denotes
the Hankel /Toeplitz entry, which for our sparse interpolation problem is f(w’) or f(w**1).
Our early termination algorithm samples until a Toeplitz matrix A,,; becomes singular,
in which case the Laurent sparsity is ¢, = r with high probability. At this point all A, for

7 =1,...,r are non-singular and one has vectors
1 Ary1 [1,r41] a_p
A, o™ = [0] _ egr) eK, AN = Arga [?,H—lj _ [ ‘(’;‘U] c K. (47)
0 Arg1 [.7“,T‘+1] a1

In (47) ¢ is the first column of A;! and is called the forward vector and the vector y"
generates the next column, which are called the Yule-Walker equations. In order to increase
the probability that one has determined the sparsity t,, and to skip over a sporadic false
singular submatrix, we shall sample further until

(Avyelr +1 4k 101, XY = A, I+ 14+ kr+1] forallk=0,...,¢ —1,  (48)

where ¢ > 1 is an input look-ahead count. If in the range of (48) one discovers for ( > 2 a
discrepancy

<< =1 (A lr 140101, X)) # Ay Ir + 14+ 0,7 + 11, (49)

the matrix dimension r cannot be the sparsity ¢,, and the interpolation algorithm computes
the next non-singular A, .

We use the letter A for the Toeplitz matrices because T, is the n-degree Chebyshev-1 polynomial.

14



Figure 2: The matrix A,,; € K"TDX0H) with n + 1 =r + £ +m
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A false column relation y") may be discovered in subsequent steps in the Prony algorithm
even if there are ( discrepancies = 0 (48). In [Kaltofen and Yang, Z.-H. 2021] we explicitly
describe in Algorithm 1 Try Prony’s algorithm how one can diagnose that a sequence of
values does not yield an interpolant. Again, the algorithm jumps forward to the next non-
singular A, .

The classical Levinson-Durbin algorithm computes the first singular A, and Georg Heinig’s
1983 algorithm computes the subsequent non-singular A, ;’s [Heinig 1983], [Heinig and Rost
1984, Part I, Chapter 6], both in quadratic time and linear space. The algorithm for symmet-
ric Toeplitz matrices is also in [Delsarte, Genin, and Kamp 1985, see Note in I. Introduction
for the relation to Heinig’s algorithm|. We define the Iohvidov indices and the corresponding
discrepancies as

¢ = min {z |1 >0,a; # Zarﬂﬂ-,kxg)}, Ayt = (ZaHlJrg,kX](:)) —ap #0, (50)

k=1 k=1

where / is as in (49), and
m — min {@ 1> 1, a4 % Za—(i+k—1)x§j)},
k=1

Btop = (Z a-<m+k_1)x§f)> — O (m+r) 7 0. (51)

k=1

In Figure 2 (compare with [Heinig and Rost 1984, p. 105, Picture 6.1]) we display the
matrix properties of £ and m: The second purple submatrix from the left is A, which has slid
down the diagonal to start at row m and column m. The vector (") generates column m-+7 of
A1 for all except the last entry: A, 1 [1...n, m...(m+r—1)1x" = A, [1...n, m+r],
which is indicated by the purple-dashed column. There is a discrepancy in row n + 1:
(Apiiln+1,m...(m+r—1)1, x") = Ay In+1, m+7r] +Ape (50), and a discrepancy in
the row above the first row, which diagonally shifts down to row 1: (A, 1 [1, (m+1)...(m+
1, XY = A, [1,m + 7+ 1] + Ay (51). Those segments in the rows are highlighted
by a thicker black border. That purple-dashed linearly dependent column, which can be
diagonally shifted up, proves for £ > 1 that all A,,q,..., A, are singular. If / = 0 the matrix
A, is non-singular because its last column is linearly independent of its first r columns and
the index m is not computed.

The index ¢ may not exist, which means A, ; is singular for all ¢ > 1. If the index ¢ exists,
the index m may not exist and again A, ; is singular for all ¢« > 1. The crucial property is that
the elements ayq, and a_(y,4,), which cause the discrepancies, make the matrix A, ,; non-
singular no matter what are the values of the remaining elements agrq1,. .., G—(mirs1)s - -
[Heinig and Rost 1984, p. 103, Lemma 6.1]. As proof we give in Figure 3 the matrix product
An+1Vns1 = Wiy and show that W, is non-singular. In the matrix W1, the middle
block-column is the same as the block-column in A,,; and one can eliminate the top and
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bottom non-zero blocks, denoted by A and /:1, with the non-singular matrix A,:

1, —AAT_l 0 I, 0 0 U A 0 U 0 0
o 1, ollo 5 o|]o A ol=]0 4 of. (52)
0 0 Iy |0 —AA I,] o 4 L 0 0 L

Wn+1 - An+1 Vn+1

The resulting matrix is a 3 x 3 block triangular matrix with non-singular blocks on the
diagonal and is therefore non-singular. Note that the corner blocks U and L in W, are
triangular Toeplitz matrices. We will use the columns in the block-column 1 and the block-
column 3 of V4 in the algorithm.

4.1. Algorithm Levinson-Durbin-Heinig

Input: »r =0 or r > 1 with A, € K™ non-singular;
>if 7 > 1 vectors ¢, x(") which satisfy (47);
» optionally, a dimension bound B > r + 1.

Output: » an integer n > r such that A, € KFDX(+) ig non-singular;
ifn>r+1then Vi,1 <i<mn-—r: A, is singular.
» vectors ") v (1) € K™ which satisfy (47) for r = n + 1;
» optionally, a message that all A,,; are singular for 1 <¢ < B —r.

LDHI: Ifr =0 then if ag # 0 then return n = 0; M « [1/ag); XV < [a_1/ao].
0o .

Aem o O (mir—1)
If r=0 and ag =0 then A, 11 = A = 0 w0 0 . e with
- 0 — n+1l — {+m — ay .0 0 .. 0
it a0 0
om A—(m+20)
ar 20, a_p, #0; return n = +m — 1, o) = |:a_1m } s x ) = A;}rl ;
0271 a—m
Ornfl

the vector Y can be computed by back- and forward substitution with the trian-
gular (Toeplitz) blocks on the block anti-diagonal. See also Steps LDH6 and LDH7
below. Faster algorithms can be used based on truncated power series inverse com-
putations.

Optionally, if the first non-zero element in the first column is too far down or the
first non-zero element in the first row is too far right so that { +m > B, all matrices
up to the dimension bound B are singular.

LDH2: Now r > 1 and A, is a non-singular matrix.
For the column relation given by x) compute the Tohvidov index ¢ with (50). Again
no indexr may, optionally, be found with r+{ < B in which case all Toeplitz matrices
up to dimension B are singular.

LDH3: If ¢ = 0 the next non-singular matrix is A, ; and the classical Levinson-Durbin
algorithm can be applied.
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LDH4:

LDH5:

r)

(
r X
(a) Set 4D « A [_1

], where Apey is defined in (50). One has A, 7"+ =

0

0= 65,7::—11), that is, y"*Y is the last column of A_!,. The vector v+ is
1

called the backward vector.

Compute the vector "1 as

Ar—l—l( {gog)} — <Ar+1 [r+1,x], {(p(()r)} >’Y(r+1) ) = eY“). (53)

N J/
g

(r+1)

¥

(b) Compute the vector XUV as

Ar—f—l( {x?’“)} + (Am [1,r+2] - <AT+1 [1,+], [x(‘)’“)] >> Sp<r+1>)

Ao [1,r+2] A_(r41)
8 D N B I P
Appo [r41,042] a-1

We now have ¢ > 1. For the column relation given by X" compute the Iohvidov index
m with (51). Again no index may, optionally, be found with r + { +m < B in which
case all Toeplitz matrices up to dimension B are singular.

X(r—i—l)

Return n = r, r+1) y(r+1),

As proved above, we now have the next non-singular matrix A, .; with n +1 =
r+{¢+m. The structure of A, is shown in Figure 2. The columns of the solid-blue-
bordered r x r submatrix in the first r rows, A, 1 [1...7, (m+1)...(m+7r)], generate
via the column relation y() the next blue-dashed column except in row 1, namely,
for the subcolumn A, 11 [2...7,m 4+ r + 1]. In row 1 we have the discrepancy Ayp.
The solid-blue-bordered r x r matrix slides down to row £+ 1 and column ¢+ m + 1:
A [l+1) ... (l+r),(l+m+1)...(n+ 1] =A, 1 1...r,(m+1)...(m+7)].
Those rows £+ 1,..., 0+ r of A, also contain A, and we have for the r x (n + 1)
submatrix formed by those rows:

0! 0° Apga Le+1,n+2]
Ap i [(0+1) ... (6+7),%] ( 0™ | — Agop ™ ) = ; . (55)
X(T) Om Anyo [£+7",n+2]
X

Here ¢ is used to correct the generator in row ¢ + 1, in correspondence to the
Berlekamp-Massey algorithm.

Compute the vector X € K" defined in (55), which now generates the segment of
the (n + 2)-nd column of A, 5 in the row positions £ + 1,...,¢+r. The (n + 2)-nd
column of A, is indicated by the dashed border in Figure 2.
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In [Heinig and Rost 1984, 2°¢ step on p. 104, Lemma 6.2] the algorithm starts with

OE
X= |ATTA, L[(l+1)...(0+7),n+2]|,
Om

which is computed from () by iteratively shifting the right-side vector down; see
Step Sh1 in Algorithm 6.1 in Section 6.

LDHG6: We use the columns ¢, — 1,..., back to 1 of V,, ;1 in Figure 3 to correct X starting
at row ¢ going up.
Fork<« ¢,0—1,0—2,...,1 Do -
LA (AT, ) = Auralhin +23; § = X = g Vi 6,613 3
Note that because in Figure 3 the entries in column %k of W, ; below the entry
containing Ay, all are = 0, the update of X does not change the (row of A,4)-
(updated X) scalar products below row k and the updated generator Y remains correct
down to row £ + r.

LDHT7: We use the columns ¢ +7r+ 1,0 +r+2,...,0+r+m of V,1 in Figure 3 to correct
X starting at row ¢+ r + 1 going down.
Fork<—{(+r+10+r+2,....04+7r+m Do R
LA ¢ (Apa h,#1, %) = Ao T+ 215 X 4 X — 5o Vit I, K15 3
Note that again because in Figure 3 the entries in column k& of W, above the
entry containing Ay, all are = 0, the update of ¥ does not change the row-vector
scalar products above row k and the updated generator remains correct up to row 1.
(Compare the Steps LDH6 and LDH7 with [Heinig and Rost 1984, 3*4 step on p. 105].)
LDHS: (D) « 35 pn+h) Atlop Vi1 [, 115 (See Eq. (6.6) on p. 105 in [Heinig and Rost
1984].) Here we use that m +r +1 < m + r + ¢ because ¢ > 1. Therefore the
entry in row 1 which contains a_ () is within the matrix A, ; (Figure 2). Note
the correspondence to the Berlekamp-Massey algorithm: the new auxiliary vector,

namely ¢V is the shifted (and scaled) old generator vector, which is [X_(Tl) ]

Return n, o™+t (D Note that v+ = ﬁ 1 Dx,m + 11

Remark 4.1. Algorithm 4.1 requires O((n+ 1 —17)n) arithmetic operations and O(n) space.

For a given non-singular matrix A, 1, starting from r = 0 the algorithm reaches dimension

n + 1 in O(n?) arithmetic operations and O(n) space [Heinig and Rost 1984, Remark 6.1].
In Step LDH3a, instead of using "), some versions compute 7"tV from v(): one has

AM( {7(()”} . <Ar+1 [1, ], L(()”} > w(m)) = D, (56)

(r+1)

v

Substituting for 1) its assigned value in (53) one obtains an equation for v+ which

yields
1 0 <p(r)
r+1
’Y(+)<—1_Vu<[7(r)]+/i[o ) (57)
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with v = —<AT+1 [r + 1,x], [%"g)] > and p = —<AT+1 [1, ], [78)} > and A,_; non-singular
= A1 A0 = vu#1. O

Remark 4.2. The matrix product A, 1V, 11 = W, in Figure 3 is adapted from [Kaltofen
and Yuhasz 2013a, Proof of Lemma 2|, where the Berlekamp-Massey algorithm is described
as a solver for linear systems with Hankel coefficient matrices. As in [Kaltofen and Yuhasz
2013a], in the Toeplitz matrices A, (46) the entries a; can be square matrices: Algorithm 4.1
works for block Toeplitz matrices subject to the restriction that the discrepancies A¢op, Apot,
which now are matrices, always are invertible matrices. A fraction-free version of Algo-
rithm 4.1 can be formulated in correspondence to [Kaltofen and Yuhasz 2013a]. O

Remark 4.3. By (45,46), for a non-singular Toeplitz matrix A, ;; the linear system A, 1z =
b with b € K*™! has the solution z = J,,1Z with H,.;7 = b. Therefore, the arithmetic
complexity of solving non-singular square linear system with Toeplitz and Hankel coefficient
matrices is the same.

The Berlekamp-Massey algorithm [Massey 1969] steps from a non-singular leading princi-
pal Hankel submatrix H,. to the next non-singular Hankel submatrix H, like Algorithm 4.1.
The Berlekamp-Massey algorithm is a streamlined version of Kronecker’s 1881 anti-diagonal
algorithm for computing entries in the table of Padé rational function approximants for a
power series by the extended Euclidean algorithm for polynomials; see [Kaltofen and Yuhasz
2013b, Table 1, Scalar case] for literature references. With the Lehmer-Knuth-Schénhage half-
GCD algorithm for polynomials [Moenck 1973], [Strassen 1983, Proof of Theorem 4.3, pro-
cedure SCH] one has a (“super-fast”) Hankel solver of arithmetic complexity O(M(n)log(n))
[Brent, Gustavson, and Yun 1980], where M(n) is the arithmetic complexity of multiplying
polynomials of degree n with coefficients in the field K. One has M(n) = O(nlog(n)loglog(n))
for any arbitrary field K [Cantor and Kaltofen 1991], and M(n) = O(n log(n)) for fields with
roots of unity such as the complex numbers.

For the system A, .12z = b with an arbitrary right-side vector b one can use the landmark
Gohberg-Semencul formulas for A}, [Brent, Gustavson, and Yun 1980, Section 6] (com-
pare with [Heinig and Rost 1984, p. 133, Notes and Comments, Section 1, item 5]). If a
Gohberg-Semencul representation of A-! is also given on input, or computed from ¢ and
7" [Brent, Gustavson, and Yun 1980, Section 6(c)], the factorization (52) and FFT-based
polynomial multiplication yields a version of Algorithm 4.1 which requires O(M(n)) arith-
metic operations. However, the computation of the Iohvidov indices ¢ (50) and m (51) then
use entry values beyond a,, and a_,. For ¢, for example, one computes the polynomial prod-
uct (ag+arz+agz?+--+) (—2"+ Y R I Xg")) in blocks of 7+ 1 coefficients at a cost
O((L+ M),

For the Hankel solver by the standard Berlekamp-Massey algorithm with running time
O(n?), the solution 7 for a right-side vector b can be computed iteratively [Kaltofen and
Yuhasz 2013a, Section 4]. The same can be done for Algorithm 4.1; see Section 6. The
classical Levinson-Durbin algorithm can also be speeded to O(M(n)log(n)) arithmetic cost
[Bitmead and Anderson 1980], [Morf 1980] and the required genericity conditions can be
realized by multiplicative randomized pre-conditioning [Kaltofen 1994], [Kaltofen 1995, Ap-
pendix A]. O
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Remark 4.4. For the two-sided infinite sequence of entries ..., a_s,a_1, ag, a, as, ... € KZ,
or one-sided if the Toeplitz matrix is symmetric, we can view Algorithm 4.1 as a sequence
transformer. Each element a; is mapped to the discrepancy computed by the algorithm: see
Table 1.

Table 1: The discrepancy associated with each a;

Index 1 Discrepancy A;
1= + l Ar+g = Abot (50)
Step Levinson-Durbin LDH3: ¢ =0
i=—(r+1) Arny = (A 1,51, [0 ]) = agyny (54)

Steps Heinig LDH4-7: ¢ > 1,m > 1

—(n4+1)<i<—(r+m-+1)|A; = A in Step LDHG6 at loop index k= ¢, —1,...,1
andi=—(r+m+1+0—k)=—-(n+2—-k)
1= —(r—l—m) A,(,urm) = Atop (Step LDH5)
—(r+m—-1)<i<—(r+1) A; =0 (51); empty if m =1
—r<i<r-—1 computed for A, and column A[1...r,r+ 1]
r<i<r+/¢-—1 A; =0 (50)
r+4l+1<1<n Aizﬁ in Step LDH7 at loop index

k=0+r+2L+r+3,...,n+1landi=k —1;
Note: the first discrepancy for a,., was Ay before

With each discrepancy, there is also associated a linear generator ), which for A; # 0
repairs the discrepancy. We note that the map is specific to Algorithm 4.1. One can, for
example, do Step LDH7 immediately after Step 5 before Step LDHG6, in which case the
sequence of discrepancies changes. If there are only finitely many non-singular matrices, the
largest being A,., the map stops towards a_, at a_, (no Ay 7# 0) or towards a. at a,.¢ (no

Agop #0). O

For our sparse interpolation algorithms in inverse-invariant basis with early termination,
the fast Toeplitz/Hankel algorithms referenced in Remark 4.3 are not directly applicable.
Those interpolation algorithms with threshold ¢ > 1 compute the last non-singular Toeplitz
matrix A; = A, such that (48) is satisfied:

a; = Zarﬂﬂ—k?{g) forall0 <:< (-1 (58)
h=1

The goal is to minimize the number of values a;. We give an example.
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Example 4.1. In [Imamoglu et al. 2018, Section 4| we interpolate

32768 1 1024 1

o . (AN o 5
9W) = 5381330833 5 7Y ) 2520327 5 V)
64 1, T4 1 , 62,1 , 254
Bl S Sl il 2% (59
T Y ) Tgegr (Y )Tty )t gg 99

at the values a; = a_; = g(2°) fori = 0,1,2,... (w = 2). The ranks of the arising (symmetric)
Toeplitz matrices A, for 7 =1,2,3,... are

7 8 9 10 11 12 13
4 6 8 10 11 11 11

T

rank(A;) |

1 2 3 4 5
1 2 2 2 2 (60)
We have for r = 2 the [ohvidov indices ¢ = 4 and m = 4. For threshold { = 4 the algorithm
interpolates g(y) = y+% because g was constructed such that g(2') = §(2¢) fori =0,1,...,5.

For threshold ¢ = 5 the algorithm discovers a discrepancy at ¢ = 4 and interpolates g(y). O

5. Conclusion

Singularity, or with numerical values ill-conditionedness, of the arising Toeplitz matrices in
the Prony algorithm for interpolating a linear sum of Chebyshev polynomials is used to
determine the sparsity by randomization. Singular submatrices that do not correspond to an
interpolant or an interpolant with fewer terms, as in Example 4.1, can be stepped over by
look-ahead until a threshold-many singular matrices have been seen. If look-ahead produces
a discrepancy, the next non-singular matrix needs to be computed. The Heinig algorithm for
Toeplitz matrices with singular sections can perform that step in overall quadratic time and
linear space while requiring the minimum number of interpolation points.

The Heinig algorithm, in correspondence to the Berlekamp-Massey algorithm for Hankel
matrices [Kaltofen and Yuhasz 2013al, can be viewed as a sequence transformer for the entries
of an infinite Toeplitz matrix. The infinite sequence is mapped to discrepancies and auxiliary
vectors (see Remark 4.4), which can be used to represent the inverse of each non-singular
submatrix by the Gohberg-Semencul formulas.
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6. Appendix: A Toeplitz Solver for Arbitrary Right-
Side Vectors

The Levinson-Durbin-Heinig Algorithm 4.1 can be extended to compute the solution A;}H X

b+ for an arbitrary right-side vector 6"+ . The solution can be computed by the Gohberg-

Semencul formulas at the final non-singular matrix [Brent, Gustavson, and Yun 1980, Sec-

tion 6]. Instead, we compute a solution for each non-singular leading principle submatrix.
We use the following auxiliary algorithm.
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6.1. Algorithm Shift Right Vector

Input: » A, € K™*" non-singular for r > 1; by,...,b..1 € K;
0

> vectors o), y™) which satisfy (47); a vector v € K™ with A,7®) = [0
1

] € K" (see
Step LDH3a, Note in Step LDHS);
» a vector 1/)(’”) c K" with AM/,(T) — {bsl} :
» optionally, by € K. "

Output: » a vector zZ(’") € K" such that AMZ(T) — [ b:Q ] ‘

br+1

_ _ bo
» optionally, a vector ¥ € K™ such that A, = [ : } .
br—1

Shl: Optionally, compute 1)) by the algorithm in [Heinig and Rost 1984, 2" step on p. 104,

Lemma 6.2].
0 *
(r) b
_ 1 B 1
(a) ¥« ) + wy)x(’“); note: A1) =
v, b1

(b) ¥ ¢+ (g — (A [L, 1...7], ) .

Sh2: If XY) # 0 do the following substeps:

vy -5 —x5 a by

~ : n 1 : 1 : : ~ :

(a) ¥+ . + ) o © | note: A’"W ‘o= Aap=|°
'lpr X1 —Xr X1 —Xr Qr—1 br

0 1 1 * *

(b) 1/#\(’”) — @/Z)\—I— (br+1 — (A, [r, 1...7], {b\>) ~): return QZ(’") and, optionally, 7).
Sh3: Now XY) = 0. Do Steps Sh4-Sh6; afterwards, return 12(7”) and, optionally, ().

Sh4: We add a bottom row to A, to have a non-singular Toeplitz matrix A, ; € Kr+Dx+1),

Note that there already is an (r 4 1)-st column: A,y = [ : } If XY) = 0 then

a—1
x") produces a discrepancy for row r + 1, (JZL,H [r+1,1...70, X)) # ay, for all @, =
ZTH [r+1,1], because the columns 2, ..., r+1 are linearly independent: ETH [2...7+
1,2...7r+ 1] = A, is non-singular. The discrepancy prevents generating column 7 + 1
in A,,; and therefore A,,; is non-singular. Note that XY) = ( is possible, but then
A,_y is non-singular [Brent, Gustavson, and Yun 1980, Section 6(c), Lemma 4].

A1 [r + 1,11 = a, < an arbitrary element in K; if known, a,.
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Sh5: Now /Tr+1 is non-singular. Perform Step LDH3a in Algorithm 4.1 and from x) and
o) compute vectors PUHY  FU+D) ¢ Kt which are the first and last column of ATJrl

We have U = 37D — det(4,)/ det(A, ;1) # 0.

Sh6: (a) Compute the vector P e Kl g

b
~ (r) (r)
Ar+1< [wo } + ( P41 = <Ar+1 [r+1,%], [w } >> 7(r+1)) =1 :|;
~ — - br+1
7WZ}(r-i-l)
(b) Compute the vector D) € KT as
*
T(r+1 NYH) ~(r+1 by
Ar+1<¢(r+ ) - WW(H )> =
. Y1 | :
6 br+1
20

Algorithm 6.1 computes the vectors QZ(T) and 1" in O(r) operations in K using O(r) space.
Algorithm 4.1 can now be extended to compute in O((n + 1 — r)n) arithmetic operations
with O(n) additional space the solution vector ™+ = A~1 (1) for a right-side vector
b+ € K™ the solution vector (™ = A1) with bz(r) = b () for 1 < i < r is input.
If r = 0, Step LDH1 computes ™1 by solving an upper triangular and lower triangular
linear system by backward and forward substitution, as for X"t If A, is non-singular,
the computation is as in Step Sh6a, replacing A, by A, and T+ by A+,

If £ > 1 we extend Steps LDH5-8 as follows.

LDHb5+: By iterating Algorithm 6.1 (-times, compute

0° bite
Y (@]  with A" =
0 br+£

Note that the preparatory Step Shb for XY) = 0 needs to be done only once. The
cost of ¢ shifts by Algorithm 6.1 is O(¢r) arithmetic operations. For ¢ > r, one
instead can use the Gohberg-Semencul formulas [Brent, Gustavson, and Yun 1980,
Section 6.

LDH6+: For k<« (¢, —1,0—2,...,1 Do -
{A€<An+1[ku*])¢>_bkaw%w_ﬁvn—&-l[*,k], }

LDH7+: Fork<—€+r+1,€+r—|—2 €+r—|—mD0
{A% <An+1[k7*]71/}> bku 2/}%2/} _0 n+1[* k] }

LDHS+: Return )™+D) « ).
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