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ABSTRACT
Throughout my career, I had the good fortune to meet peo-

ple and see ideas which have greatly influenced my scientific

thinking. In the following I would like to tell my story of some.
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1. UNIVERSITY EDUCATION
Almost 50 years ago as a freshman in 1974–75 at the Johannes

Kepler University in Linz, Austria, I wrote my first serious

computer program. The program in Basic FORTRAN computed

about 100 decimal digits of 𝜋 on an IBM 1130 main frame

computer. I used John Machin’s 1706 formula

𝜋 = 16 arctan( 1

5

) − 4 arctan( 1

239

)

with the Taylor series expansion arctan(𝑥) = 𝑥 − 𝑥3

3
+ 𝑥5

5
∓ · · ·

and my own long integer decimal arithmetic procedures.

Remark 1.1. In 1974 I did not have Jonathan and Peter

Borwein’s 1984 AGM iterative algorithm, which I saw first

in [5]:

𝑥0 =
√

2; 𝑦1 =
√
𝑥0; 𝜋0 = 2 +

√
2; (𝜋0 ≈ 3.414)

𝑥𝑛 = 0.5 ∗
(√

𝑥𝑛−1 +
1

√
𝑥𝑛−1

)
;

𝑦𝑛+1 =

(
𝑦𝑛

√
𝑥𝑛 + 1

√
𝑥𝑛

)
∗ 1

𝑦𝑛 + 1

;

𝜋𝑛 = 𝜋𝑛−1 ∗ (𝑥𝑛 + 1) ∗ 1

𝑦𝑛 + 1

;
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which can be implemented using only big-float addition, sub-

traction and multiplication and quadratically converging New-

ton iteration for big-float squareroots and inverses:

inv0 =
1

𝑥
; (in short float)

inv𝑛 = 2 ∗ inv𝑛−1 − 𝑥 ∗ inv𝑛−1 ∗ inv𝑛−1;

sqrt
0
= 1; sqrt𝑛 = 0.5 ∗

(
sqrt𝑛−1

+ 𝑥 ∗ 1

sqrt𝑛−1

)
.

The AGM algorithm has quadratic convergence 0 < 𝜋𝑛 −
𝜋 < 10

−2
𝑛+1

for 𝑛 ≥ 2, and I would have had to do far less

programming and could have computed many more digits. □

In the Summer 1977 I went to Rensselaer Polytechnic Insti-

tute (RPI) as an MS student in computer science on a Fulbright

travel grant and an RPI graduate teaching assistantship. I had

selected the offer by RPI after finding Bobby Caviness’s and

Robert McNaughton’s names at RPI in Bruno Buchberger’s list

of addresses in Linz. I had searched Buchberger’s list on his

suggestion after I had asked him for advice. My Fall 1977 grad-

uate courses included Artificial Intelligence taught by Joseph L.

Mundy, Semantics of Programming Languages taught by S. Ka-

mal Abdali and a Computer Algebra reading course with Bobby

Caviness of Donald Knuth’s Chapter 4 in Volume 2 of The Art

of Computer Programming. As my MS project, in December

1977 I proposed to write a PASCAL program that compiled

PASCAL programs into Abdali’s 𝜆-Calculus model for imper-

ative programming language constructs. The 𝜆-Calculus is a

basic functional programming language with basic LISP-like

evaluation. The compiler used an LL(1) context-free grammar

for PASCAL, which was a technique I learned in P. M. Lewis

II’s Theory of Compiler Design class in Spring 1978. At that

time I was fascinated by compilation: attaching meaning to

a string of ASCII characters. It took me a year to write the

compiler [23].

I stayed at RPI for a PhD in computer science, but I changed

my research area to computer algebra and theoretical computer

science. My decision in 1979 would fundamentally affect my

career. In Fall 1978 Bobby Caviness had taught the graduate

course Analysis of Algorithms using the book byAho, Hopcroft

and Ullman [1] and I had learned of the P ≠ NP problem.

1.1. My PhD Thesis
Duringmy studies for my PhDThesis, at the AMS Short Course

Computer Algebra—Symbolic Mathematical Computation at the

University of Michigan in August 1980 through my PhD the-

sis adviser Bobby Caviness, I made Hans Zassenhaus’s ac-

quaintance. Caviness had suggested the subject of polynomial

factorization to me and in 1980 I was already familiar with

Zassenhaus’s introduction of Hensel lifting to integer polyno-

mial factorization [55]. The “EZ” in the Hensel-lifting-based

EZGCD algorithm stood for “Extended Zassenhaus.” In late
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April 1981 Hans Zassenhaus sent me the manuscript for his

Ann Arbor talk “A new polynomial factorization algorithm.”

The algorithm is similar to A. K. Lenstra’s, H. W. Lenstra Jr.’s

and L. Lovász’s LLL algorithm [48, 49] and also computes a

p-adic root. In the manuscript Zassenhaus points to H. W. Len-

stra Jr.’s integer linear programming algorithm for solving the

arising diophantine linear system with a size restriction on the

integer solution. In his cover letter to me Zassenhaus suggests

that the arising integer linear programming problem “finds its

practical solution much more rapidly than available estimates

would show.” At that time I did not know the work by Helaman

Ferguson and R. W. Forcade [10, 11].

I was also consideringmultivariate polynomial factorization,

and my first result on the subject is a deterministic polynomial-

time reduction to bivariate factorization via an effective Hilbert

irreducibility theorem for function field coefficients, which in

November 1981 I submitted to the STOC 1982 conference [24].

It took me until the Spring 1982 to realize that Hans Zassen-

haus’s method could be applied to reduce bivariate integer

polynomial factorization to univariate by computing a Taylor

series expansion for the roots in the algebraic function field of

the second variable. The necessary polynomial bounds on the

bit-lengths of the integer scalars were already my STOC paper.

On April 14, 1982 I presented my algorithm at the University

of Toronto and submitted it in May to FOCS 1982 [25]. Shortly

before I had received the Math. Inst. Amsterdam Technical

Report 82-05 (March 1982) on LLL [48]. Arjen Lenstra had

brought a copy of the report to EUROCAM 1982 (April 5–7).

Earlier, on October 7, 1981 Arjen Lenstra in a reply letter to

me had written that the lattice algorithm was not polynomial

time in the degree. In December 1981 Hendrik Lenstra Jr. in a

postcard to László Lovász had mentioned the implications of

Lovász’s lattice basis reduction algorithm to polynomial factor-

ization over Q.1 In that interview talk in Toronto in April 1982

I already stated the finished result: polynomial-time factoring

of multivariate polynomials with integer coefficients. What a

final year of my PhD research it had been!

1.2. Retrospective in 2024 of My PhD Thesis
As already stated in my FOCS 1982 paper, my polynomial-

time reduction from multivariate to univariate polynomial

factorization works over abstract fields, in particular, algebraic

number fields and finite fields [14, 15, 36]. Lovász’s lattice

basis reduction algorithm has found many applications outside

polynomial factorization. Hans Zassenhaus’s “rapid practical

solution” took another 20 years [21]. Multivariate polynomial

factorization with floating point coefficients a little longer

[13, 37].

One may speculate where the complexity of integer polyno-

mial factorization would stand without Lovász’s polynomial-

time running-time analysis. At Toronto in 1982 Stephen A.

Cook introduced me to the complexity class NC ⊆ P of

polynomial-time solvable problems that are also solvable on

uniform polylog-depth Boolean circuits [7]. Whether integer

GCD and more generally whether lattice basis reduction is

∈ NC is open. But whether a multivariate polynomial with

1
LLL use Q as the coefficient domain to avoid the exception of factoring a large

integer GCD of the coefficients. In my papers I state that an integer content

requires integer factorization.

integer coefficients is (absolutely) irreducible as a polynomial

over the complex numbers is ∈ NC, and with a suitable rep-

resentation of algebraic numbers [50], factorization over the

complex numbers is also ∈ NC. The result follows by delay-

ing the necessary univariate factorization in my reduction

algorithm. I presented the algorithm for polynomial factors

with complex coefficients in my talk at Harvard University

on October 24, 1983 to an audience which included the alge-

braic geometer David Mumford, and published a paper in the

inaugural issue of the Journal of Symbolic Computation [28].

In January 2022, I learned in an online virtual talk at NCSU

by Theresa C. Anderson that Manjul Bhargava had solved the

van der Waerden conjecture of 1936: let 𝑛 be a constant degree.

Then the probability

Prob

(
Galois groupQ (𝑓 ) ≠ 𝑆𝑛 (full symmetric group)�� 𝑓 (𝑥) = 𝑥𝑛 + 𝑐𝑛−1𝑥

𝑛−1 + · · · + 𝑐0, 𝑐𝑖 ∈ Z, |𝑐𝑖 | ≤ 𝐻
)

= 𝑂
(
1/𝐻

)
[4].

The probability is asymptotically sharp: 1/(2𝐻 + 1) of the
polynomials have 𝑐0 = 0 and a smaller Galois group. From

the probabilistic version of my effective Hilbert irreducibility

theorem [26, 27] one gets the following function field analogue:

again, let 𝑛 be a constant degree and let F𝑞 be a finite field of

𝑞 elements. Then the probability

Prob

(
Galois groupF𝑞 (𝑦) (𝑓 ) ≠ 𝑆𝑛 (full symmetric group)�� 𝑓 (𝑥)=𝑥𝑛+(𝑏𝑛−1𝑦+𝑐𝑛−1)𝑥𝑛−1+ · · · +(𝑏0𝑦+𝑐0), 𝑏𝑖 , 𝑐𝑖∈F𝑞

)
= 𝑂

(
1/𝑞

)
[35].

Again, the probability is asymptotically sharp.

2. RANDOMIZED ALGORITHMS
In June 1979 I attended the EUROSAM conference in Marseille,

France, where both Jack Schwartz and Richard Zippel spoke

about randomized polynomial identity testing. Because my

MS project was in the discipline of program verification, I

was already aware of the 1978 result by Richard DeMillo and

Richard Lipton (see Remark 2.2 below).

First, let me give the analysis by Schwartz. The lemmawould

become a part in the analysis of many of my randomized al-

gorithms, for example, the probabilistic effective Hilbert irre-

ducibility theorem [27] mentioned before in connection with

the van derWaerden conjecture andmy algorithm for factoring

multivariate polynomials represented by arithmetic circuits

[30, 43, 53]. In Lemma 2.1 we use total degrees in subsets of

the variables in 𝑓 ,

deg𝑥1,...,𝑥𝑛
(𝑓 ) = max

{
𝑒1 + · · · + 𝑒𝑛�� 𝑥

𝑒1

1
· · · 𝑥𝑒1

𝑛 is a factor of a term in 𝑓
}
.

2.1. Jacob “Jack” Schwartz’s 1979 Lemma
Lemma 2.1 ([51, 52]). Let K be a field, 𝑓 (𝑥1, . . ., 𝑥𝑛 , 𝑦1, . . .,

𝑦𝑚) ∈ K[𝑥1, . . ., 𝑥𝑛 , 𝑦1, . . ., 𝑦𝑚], 𝑓 ≠ 0, let 𝑑 = deg𝑥1,...,𝑥𝑛
(𝑓 ),

let 𝑐𝛿∗
1
,...,𝛿∗𝑛 (𝑦1, . . . , 𝑦𝑚) 𝑥𝛿

∗
1

1
· · · 𝑥𝛿

∗
𝑛

𝑛 be a monomial in 𝑥1, . . . , 𝑥𝑛

in 𝑓 , 𝑐𝛿∗
1
,...,𝛿∗𝑛 ∈ K[𝑦1, . . . , 𝑦𝑚], 𝑐𝛿∗

1
,...,𝛿∗𝑛 ≠ 0, and let 𝑒∗ =

2
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deg𝑦1,...,𝑦𝑚
(𝑐𝛿∗

1
,...,𝛿∗𝑛 ); note that 𝑒

∗ ≤ 𝑒 = deg𝑦1,...,𝑦𝑚
(𝑓 ). Fur-

thermore, let 𝑆 ⊆ K be a finite set with cardinality |𝑆 | ≥ max{𝑑 ,
𝑒∗}. Then the probability

Prob
(
𝑓 (𝑟1, . . . , 𝑟𝑛+𝑚) ≠ 0�� 𝑟𝑖 ∈ 𝑆 randomly uniformly selected

)
≥

(
1 − 𝑑

|𝑆 |

) (
1 − 𝑒∗

|𝑆 |

)
≥ max

{(
1 − 𝑑

|𝑆 |

) (
1 − 𝑒

|𝑆 |

)
,

1 −
deg𝑥1,...,𝑥𝑛,𝑦1,...,𝑦𝑚

(𝑓 )
|𝑆 |

}
. (1)

We assume that 𝑛 ≥ 1 but that the set of 𝑦 variables may be
empty: if 𝑚 = 0 we can set 𝑒 = 𝑒∗ = 0 and the estimate (1)
becomes ≥ 1 − deg𝑥1,...,𝑥𝑛

(𝑓 )/|𝑆 |.

Proof. We prove by induction on 𝑛 +𝑚 for

𝑊 = {(𝑟1, . . . , 𝑟𝑛+𝑚) | 𝑟𝑖 ∈ 𝑆 and 𝑓 (𝑟1, . . . , 𝑟𝑛+𝑚) ≠ 0}
that the cardinality |𝑊 | ≥ (|𝑆 |𝑛 − 𝑑 |𝑆 |𝑛−1) ( |𝑆 |𝑚 − 𝑒∗ |𝑆 |𝑚−1).
For 𝑛 +𝑚 = 1 we must have 𝑛 = 1 and𝑚 = 𝑒 = 𝑒∗ = 0. Then

𝑓 (𝑥1) has at most 𝑑 roots in 𝑆 and therefore |𝑊 | ≥ |𝑆 | − 𝑑 ,

which yields (1). For 𝑛 +𝑚 ≥ 2 we shall assume that𝑚 ≥ 1. If

𝑚 = 0 then we can set
¯𝑓 = 𝑓 (𝑥1, . . . , 𝑥𝑛−1, 𝑦1) and obtain the

probability estimate for 𝑓 from the last estimate in (1) for
¯𝑓 by

deg𝑥1,...,𝑥𝑛
(𝑓 ) = deg𝑥1,...,𝑥𝑛−1,𝑦1

( ¯𝑓 ). For 𝑛 ≥ 1,𝑚 ≥ 1 let

𝑉 = {(𝑏1, ..., 𝑏𝑚) ∈ 𝑆𝑚 | 𝑐𝛿∗
1
,...,𝛿∗𝑛 (𝑏1, ..., 𝑏𝑚) ≠ 0},

and for (𝑏1, . . . , 𝑏𝑚) ∈ 𝑆𝑚 let

𝑈𝑏1,...,𝑏𝑚 = {(𝑎1, ..., 𝑎𝑛, 𝑏1, ..., 𝑏𝑚)
| (𝑎1, ..., 𝑎𝑛) ∈ 𝑆𝑛 and 𝑓 (𝑎1, ..., 𝑎𝑛, 𝑏1, ..., 𝑏𝑚) ≠ 0}.

By induction hypothesis and𝑚 < 𝑛 +𝑚 and 𝑛 < 𝑛 +𝑚, we

have |𝑉 | ≥ |𝑆 |𝑚 − 𝑒∗ |𝑆 |𝑚−1
and

∀(𝑏1, ..., 𝑏𝑚) ∈ 𝑉 : |𝑈𝑏1,...,𝑏𝑚 | ≥ |𝑆 |𝑛 − 𝑑 |𝑆 |𝑛−1 .

Here we use (1) for 𝑚 = 0 which is equivalent to having

≥ (1 − deg𝑥1,...,𝑥𝑛
(𝑓 )/|𝑆 |) × |𝑆 |𝑛 non-zeros in 𝑆𝑛 . Therefore,

|𝑈 | ≥
(
|𝑆 |𝑛 − 𝑑 |𝑆 |𝑛−1

) (
|𝑆 |𝑚 − 𝑒∗ |𝑆 |𝑚−1

)
for𝑈 =

⋃
(𝑏1,...,𝑏𝑚 ) ∈𝑉 𝑈𝑏1,...,𝑏𝑚 .

Furthermore 𝑓 (𝑎1, . . . , 𝑎𝑛, 𝑏1, . . . , 𝑏𝑚) ≠ 0 for all (𝑎1, . . . , 𝑎𝑛 ,

𝑏1, . . . , 𝑏𝑚) ∈ 𝑈 , that is, 𝑈 ⊆ 𝑊 . The probability (1) is =

|𝑊 |/|𝑆 |𝑛+𝑚 ≥ |𝑈 |/|𝑆 |𝑛+𝑚 . The degree inequalities 𝑑 + 𝑒∗ ≤
deg𝑥1,...,𝑥𝑛,𝑦1,...,𝑦𝑚

(𝑓 ) and 𝑒 ≥ 𝑒∗ and (1 − 𝜖1) (1 − 𝜖2) ≥ 1 −
(𝜖1 + 𝜖2) for 𝜖1, 𝜖2 ≥ 0 yield the rest of (1). □

Remark 2.2. DeMillo and Lipton in [8] for𝑚 = 0 prove the

probability for 𝑓 (𝑟1, . . . , 𝑟𝑛) ≠ 0 of ≥ (1 − 𝛿/|𝑆 |)𝑛 as above

by induction on 𝑛, where 𝛿 is the maximum of the degrees

in the individual variables, 𝛿 = max𝑖 deg𝑥𝑖
(𝑓 ). The authors

then choose |𝑆 | = 𝑛𝛿 and observe that lim𝑛→∞ (1 − 1/𝑛)𝑛 =

1/e, with e = exp(1) Euler’s number. In fact, 1/e > (1 −
1/𝑛)𝑛 ≥ 1/4 for all 𝑛 ≥ 2, and they suggest to perform the

test 𝑘 times, for a probability of 𝑓 (𝑟1, . . . , 𝑟𝑛) ≠ 0 of ≥ 1 −
(3/4)𝑘 . In [56, Theorem 1] the same probability estimate ≥
(1− 𝛿/|𝑆 |)𝑛 of [8] is also proved and (1− 𝛿/|𝑆 |)𝑛 ≥ 1−𝑛𝛿/|𝑆 |
deduced from the binomial expansion [57, p. 45]. In [51, 52] the

refined estimates (1) are done. Schwartz’s probability estimate

≥ 1 − deg𝑥1,...,𝑥𝑛
(𝑓 )/|𝑆 | for𝑚 = 0 in Lemma 2.1 is often used.

Schwartz also suggests that the estimate (1) can be iterated on

several subsets of the variables including the sets of individual

variables. □

2.2. Rūsin, š Freivalds’s 1979 Quadratic-Time
Matrix Multiplication Test

In September 1979 at theMFCSConference inOlomouc, Czecho-

slovakia Freivalds presented what may be the first algorithm in

randomized linear algebra [12]. The algorithm checks in𝑂 (𝑛2)
real arithmetic operations if 𝐶 = 𝐴𝐵 for matrices 𝐴, 𝐵,𝐶 ∈
R𝑛×𝑛 . Freivalds chooses a random vector 𝑋 ∈ {−1, 1}𝑛 and

states that if 𝑐𝑖, 𝑗 ≠ 𝑑𝑖, 𝑗 with 𝑑𝑖, 𝑗 the (𝑖, 𝑗)-th entry in 𝐴𝐵 and if

𝐶𝑋 = 𝐴(𝐵𝑋 ), then the vectors 0
𝑛 ≠ 𝐹𝑖 = [𝑐𝑖,1 − 𝑑𝑖,1, . . . , 𝑐𝑖,𝑛 −

𝑑𝑖,𝑛]𝑇 and 𝑋 are orthogonal. Continuing in his own words,

“it is easy to prove that no more than 2
𝑛−1

of all 2
𝑛
a priori

possible vectors 𝑋 are in the hyperplane orthogonal to 𝐹𝑖 .” Re-

peating the check 𝐶𝑋 = 𝐴(𝐵𝑋 ) 𝑘-times exposes 𝐶 ≠ 𝐴𝐵 with

probability ≥ 1 − 1/2
𝑘
. Note that 𝑋 ∈ {0, 1}𝑛 would also have

worked for Freivalds.

Tracy Kimbrel and Rakesh Sinha in 1993 reduce then num-

ber of computed random bits in Freivalds’s test to log(𝑛)+𝑂 (1).

Theorem 2.3 ([47]). Let 𝐴 ∈ C𝑛×𝑛, 𝐴 ≠ 0
𝑛×𝑛

:

Prob(𝐴


1

𝜉

𝜉2

...
𝜉𝑛−1

︸ ︷︷ ︸
𝑋

≠ 0
𝑛 | 𝜉 ∈ Z, 0 ≤ 𝜉 ≤ 2𝑛 − 3) ≥ 1

2

.

Proof. Let 𝑎𝑖, 𝑗 ≠ 0 and let 𝜉 be a variable 𝑥 . Then for the

𝑖-th row polynomial 𝑓 (𝑥) = · · · +𝑎𝑖, 𝑗𝑥 𝑗−1 + · · · in the variable

𝑥 we have 𝑓 (𝑥) ≠ 0, deg(𝑓 (𝑥)) ≤ 𝑛 − 1 and 𝑓 (𝑥) has ≤ 𝑛 − 1

roots. □

For𝐴 = 𝐴𝐵−𝐶 ∈ Z𝑛×𝑛 , in order to have a bit complexity of

𝑛2 (log𝑛)𝑂 (1)
, Kimbrel and Sinha suggest reducing the entries

in𝑋 modulo a prime 𝑝 with 𝑝 ≥ 2𝑛−2 and 𝑝 ≥ |𝑎𝑖, 𝑗 | +1 before

performing the matrix times vector products 𝐵𝑋,𝐴(𝐵𝑋 ) and
𝐶𝑋 . If the entries in 𝐴 are large, 𝑝 can be randomly selected to

satisfy 𝑎𝑖, 𝑗 . 0 (mod 𝑝) with high probability.

In my talk “Hybrid Symbolic-Numeric Computation: A Mar-

riage Made in Heaven” at the 8th International Congress on

Industrial and Applied Mathematics (ICIAM) on August 10,

2015 in Beijing, China I presented an application of our hy-

brid multivariate sparse polynomial interpolation algorithms

[44, 45]: see Figure 1.

The algorithm in Figure 1 reconstructs a matrix in sparse

representation from a black box algorithm for the matrix times

vector product by sparse polynomial interpolation. The prob-

lem was inspired by Jianlin Xia’s talk “Randomized and matrix-

free structured sparse direct solvers” at the ILAS Meeting in

June 2013 in Providence, Rhode Island. In my ICIAM talk, I

chose 2 variables so that the degrees in each in the sparse inter-

polants would be smaller, which results in a higher numerical

stability [18–20].

Several variables also can be used in Kimbrel’s and Sinha’s

1993 matrix product checker.

3
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An Application: Sparse Matrix Reconstruction 20

Input: a black box for a matrix 𝐴 ∈ C𝑛×𝑛 :

𝑣 ∈ C𝑛
−−−−−−−−→

𝐴 · 𝑣 ∈ C𝑛
−−−−−−−−−−→

𝐴 ∈ C𝑛×𝑛

Output: the sparse representation of 𝐴 [Jianlin Xia ILAS’13]

Solution: Interpolate 𝐴


1

𝑥
𝑦

𝑥2

𝑦2

𝑥𝑦
...


∈ C[𝑥,𝑦]𝑛

If each row of 𝐴 has 𝑂 (𝑇 ) non-zero entries,

one needs 𝑂 (𝑇 ) matrix-times-vector products for reconstruc-

tion; the maximum degrees are 𝑂 (
√
𝑛) (for 2 variables)

Figure 1: Page 20 of my ICIAM 2015 talk

Theorem 2.4. Let 𝐴 ∈ C𝑛×𝑛, 𝐴 ≠ 0
𝑛×𝑛

:

Prob
(
𝐴


1

𝜉
𝜂

𝜉2

𝜂2

𝜉𝜂
...

︸︷︷︸
𝑋

≠ 0
𝑛 | 𝜉, 𝜂 ∈ Z, 0 ≤ 𝜉, 𝜂 ≤ 4⌊

√
𝑛⌋ − 1

)

≥
(
1 − 1

4

)
2

=
9

16

Proof. Let 𝑎𝑖, 𝑗 ≠ 0. We represent the column indices 𝑗 =

𝜇+ (⌊
√
𝑛⌋ +1)𝜈+1 with 0 ≤ 𝜇, 𝜈 ≤ ⌊

√
𝑛⌋ and place the symbolic

term 𝑥𝜇𝑦𝜈 in the 𝑗-th row of 𝑋 . There are (⌊
√
𝑛⌋ + 1)2 > 𝑛

such terms. The 𝑖-th row bivariate polynomial 𝑓 (𝑥,𝑦) = · · · +
𝑎𝑖, 𝑗𝑥

𝜇𝑦𝜈 + · · · is ≠ 0 and 𝑑 = deg𝑥 (𝑓 ), 𝑒 = deg𝑦 (𝑓 ) ≤ ⌊
√
𝑛⌋.

The probability bound follows by Schwartz’s Lemma 2.1: |𝑆 | ≥
4𝑑, 4𝑒 . □

Selecting 𝑋 again requires log(𝑛) +𝑂 (1) random bits. For

𝐴 ∈ Z𝑛×𝑛 one reduces the entries in 𝑋 modulo a prime 𝑝 ≥
4⌊
√
𝑛⌋, |𝑎𝑖, 𝑗 |+1 =⇒ there are max

(
log(𝑛)

2
+𝑂 (1), log( |𝑎𝑖, 𝑗 |+2)

)
bits in the entries in 𝑋 .

The entry size in 𝑋 shrinks the more variables one uses

in the vector 𝑋 until one chooses 𝑛 − 1 variables, in which

case one returns to Freivalds’s check. We have the following

general theorem:

Theorem 2.5. Let 𝐴 ∈ R𝑛×𝑛, 𝐴 ≠ 0
𝑛×𝑛, R an arbitrary ring.

Prob(𝐴


1

𝜉2

...
𝜉𝑛

 ≠ 0
𝑛 | 𝜉𝑖 ∈ {0, 1}) ≥ 1

2

Proof. Case 𝐴 =

[ ∗ 0 ... 0

∗ 0 ... 0

...
...

...
∗ 0 ... 0

]
≠ 0

𝑛×𝑛

=⇒ ∃𝑖 :

∑
𝑗 𝑎𝑖, 𝑗 𝜉 𝑗 = 𝑎𝑖,1 ≠ 0.

Case ∃ 𝑗 ≥ 2 : 𝑎𝑖, 𝑗 ≠ 0 : Let 𝜉1 = 1. Then

not both 𝑎𝑖, 𝑗 +
∑︁

𝑘≠𝑗
𝑎𝑖,𝑘𝜉𝑘 (𝜉 𝑗 = 1)∑︁

𝑘≠𝑗
𝑎𝑖,𝑘𝜉𝑘 (𝜉 𝑗 = 0) can be = 0,

because otherwise their difference 𝑎𝑖, 𝑗 would be = 0. Therefore

at least half the vectors certify that 𝐴 is not the zero matrix. □

Note that Theorem 2.5 saves 1 random bit in Freivalds’s

original algorithm and is valid, for instance, over the inte-

gers modulo 𝑝ℓ , which occur in lifting algorithms. Schwartz’s

Lemma 2.1 and its variants, of course, is not: The non-zero

polynomial

∑
𝑖 2

ℓ−1𝑥𝑖 (𝑥𝑖 + 1) ∈ Z
2
ℓ [𝑥1, . . . , 𝑥𝑛] evaluates to

zero for all evaluations of the 𝑥𝑖 ’s at residues ∈ Z2
ℓ .

We have used Freivalds’s quadratic-time matrix multiplica-

tion check to construct a certificate for the rank of an integer

matrix which can be Monte Carlo (“always fast, probably cor-

rect”) checked in 𝑛2 (log𝑛)𝑂 (1)
bit complexity [38].

2.3. Douglas H. Wiedemann’s 1985
Algorithms

In Fall 1985 when we were at MSRI in Berkeley for the Com-

plexity Theory program, Gary Miller handed me a manuscript

“Solving Sparse Linear Equations Over Finite Fields” by Dou-

glas Wiedemann. I remembered the paper a few years later

when working on algorithms for polynomials given by black

box algorithms that evaluate them [42]. In the introduction

of our 1990 JSC paper [43] we introduce the term “black box

matrix,” which is given by an algorithm for the matrix times

vector product, and point to Wiedemann’s work [54]. From

1990 on, black box matrix algorithms were on my mind, teach-

ing Wiedemann’s algorithms for the first time in a graduate

computer science course during my sabbatical semester at the

University of Toronto in Spring 1991. An outcome are our

1995 subquadratic-time polynomial factorization algorithms

in Z𝑝 [𝑥] with Victor Shoup [39–41].

Let me briefly describe Wiedemann’s basic idea, for a non-

singular coefficient matrix 𝐴 ∈ K𝑛×𝑛 and a right-side vector

𝑏 ∈ K𝑛 , where K is an abstract field. First, one has the sequence

of Krylov vectors 𝐴𝑖𝑏 ∈ K𝑛 for 𝑖 ≥ 0 with 𝐴0𝑏 = 𝑏. The coeffi-

cients of the minimum polynomial of the matrix 𝐴, denoted

by 𝑓 𝐴 (𝑧) ∈ K[𝑧], constitute a linear relation with scalar coef-

ficients and therefore the Krylov vector sequence is linearly

generated by a polynomial divisor 𝑓 𝐴,𝑏 (𝑧) of 𝑓 𝐴 (𝑧) of minimal

degree: for 𝑓 𝐴,𝑏 (𝑧) = 𝑧𝑚 + 𝑐𝑚−1𝑧
𝑚−1 + · · · + 𝑐0 ∈ K[𝑧] we

have 𝐴𝑚+𝑗𝑏 = −𝑐𝑚−1𝐴
𝑚−1+𝑗𝑏 − · · · − 𝑐0𝐴

𝑗𝑏 for all 𝑗 ≥ 0. The

Wiedemann sequence is a projection of the Krylov sequence:

for a vector 𝑢 ∈ K𝑛 one computes the sequence of scalar vec-

tor products 𝑢𝑇𝐴𝑖𝑏 ∈ K for 𝑖 ≥ 0. Again, the sequence is

linearly generated by a minimal degree polynomial divisor

𝑓
𝐴,𝑏
𝑢 (𝑧) = 𝑧𝑚 + 𝑐̃𝑚−1

𝑧𝑚−1 + · · · + 𝑐̃0 ∈ K[𝑧] of 𝑓 𝐴,𝑏 (𝑧).
The basic Wiedemann linear system solver proceeds as fol-

lows:

1. Select a random vector 𝑢 ∈ 𝑆𝑛 , where 𝑆 ⊆ K is a finite set.

2. Compute 𝑓
𝐴,𝑏
𝑢 (𝑧) from the Wiedemann sequence 𝑢𝑇𝐴𝑖𝑏

by the Berlekamp-Massey algorithm. One needs at most

𝑛 + deg(𝑓 𝐴,𝑏𝑢 ) sequence elements [46, Remark 4.20] and

𝑂 (𝑛2) field operations.

3. If 𝑓
𝐴,𝑏
𝑢 (𝑧) = 𝑓 𝐴,𝑏 (𝑧) then 𝑏 = 𝐴((−1/𝑐0)

∑
𝑖≥1

𝑐𝑖𝐴
𝑖−1𝑏︸                      ︷︷                      ︸

𝐴−1𝑏

).

Overall, the basic algorithm performs ≤ 3𝑛 − 1 black box 𝐴 ×
a vector products, 𝑂 (𝑛2) arithmetic operations, and requires

𝑂 (𝑛) auxiliary storage for elements in K. A major contribution

by Wiedemann is the probabilistic analysis for the condition

4
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𝑓
𝐴,𝑏
𝑢 (𝑧) = 𝑓 𝐴,𝑏 (𝑧), especially for small finite fields such as Z2.

In [33] we prove that the probability for 𝑓
𝐴,𝑏
𝑢 = 𝑓 𝐴,𝑏 is

≥ 1− deg(𝑓 𝐴,𝑏 )/|𝑆 | ≥ 1−𝑛/|𝑆 |; |𝑆 | is the number of elements

in 𝑆 . Our 1995 proof can also be extended to vectors 𝑢 of the

forms 𝑋 in Theorems 2.3–2.5. We explain the Theorem 2.4

case.

Theorem 2.6.

Prob
(
𝑓
𝐴,𝑏
𝑢 = 𝑓 𝐴,𝑏 | 𝜉, 𝜂 ∈ 𝑆,𝑢 =


1

𝜉
𝜂

𝜉2

𝜂2

𝜉𝜂
...


)
≥

(
1 − 𝑛 ⌊

√
𝑛⌋

|𝑆 |

)
2

≥ 1 − 2𝑛 ⌊
√
𝑛⌋

|𝑆 | .

Proof. Let𝑢 (𝑥,𝑦) =
[

1

𝑥
𝑦
...

]
and let the elements in theWiede-

mann sequence be in the function fieldK(𝑥,𝑦). Because 𝑓 𝐴,𝑏
𝑢 (𝑥,𝑦) (𝑧)

∈ K(𝑥,𝑦) [𝑧] divides 𝑓 𝐴,𝑏 (𝑧) ∈ K[𝑧], whose coefficients do not

contain the variables 𝑥 , 𝑦, we must have

𝑓
𝐴,𝑏

𝑢 (𝑥,𝑦) (𝑧) = 𝑧𝑚 + 𝑐̃𝑚−1
𝑧𝑚−1 + · · · + 𝑐̃0 ∈ K[𝑧] .

Because 𝑓
𝐴,𝑏

𝑢 (𝑥,𝑦) generates the Wiedemann sequence with the

symbolic 𝑢 (𝑥,𝑦), we have for all 𝑗 ≥ 0:∑︁
𝜇,𝜈

𝑥𝜇𝑦𝜈 (𝐴𝑚+𝑗𝑏)𝑘 (𝜇,𝜈 )

= −𝑐̃𝑚−1

(∑︁
𝜇,𝜈

𝑥𝜇𝑦𝜈 (𝐴𝑚−1+𝑗𝑏)𝑘 (𝜇,𝜈 )
)
− · · ·

− 𝑐̃0

(∑︁
𝜇,𝜈

𝑥𝜇𝑦𝜈 (𝐴 𝑗𝑏)𝑘 (𝜇,𝜈 )
)
,

where the range of (𝜇, 𝜈) pairs is 0 ≤ 𝜇, 𝜈 ≤ ⌊
√
𝑛⌋ 1 ≤ 𝑘 (𝜇, 𝜈) =

𝜇 + (⌊
√
𝑛⌋ + 1)𝜈 + 1 ≤ 𝑛. Note again that (⌊

√
𝑛⌋ + 1)2 > 𝑛. The

coefficient of 𝑥𝜇𝑦𝜈 is the 𝑘 (𝜇, 𝜈)-th row in the Krylov sequence,

and 𝑓
𝐴,𝑏

𝑢 (𝑥,𝑦) (𝑧) simultaneously linearly generates all the rows.

Therefore, 𝑓
𝐴,𝑏

𝑢 (𝑥,𝑦) (𝑧) = 𝑓 𝐴,𝑏 (𝑧) and𝑚 =𝑚.

Now consider the Hankel matrix 𝐻 (𝑥,𝑦) ∈ K(𝑥,𝑦)𝑚×𝑚

withℎ𝑖, 𝑗 (𝑥,𝑦) = 𝑢 (𝑥,𝑦)𝑇𝐴𝑚+𝑖− 𝑗−1𝑏 ∈ K(𝑥,𝑦). Because 𝑓 𝐴,𝑏
𝑢 (𝑥,𝑦)

is theminimumdegree linear generator,Δ(𝑥,𝑦) = det(𝐻 (𝑥,𝑦))
≠ 0. For any 𝜉, 𝜂 ∈ K with Δ(𝜉, 𝜂) ≠ 0 we have by prop-

erties of minimum linear generators deg(𝑓 𝐴,𝑏
𝑢 (𝜉,𝜂 ) ) = 𝑚 and

therefore 𝑓
𝐴,𝑏

𝑢 (𝜉,𝜂 ) = 𝑓 𝐴,𝑏 . Finally, both degrees deg𝑥 (ℎ𝑖, 𝑗 (𝑥,𝑦)),
deg𝑦 (ℎ𝑖, 𝑗 (𝑥 , 𝑦)) ≤ ⌊

√
𝑛⌋ and therefore

deg𝑥 (Δ(𝑥,𝑦)), deg𝑦 (Δ(𝑥,𝑦)) ≤ 𝑚⌊
√
𝑛⌋ ≤ 𝑛⌊

√
𝑛⌋ .

The probability estimates follow by Lemma 2.1. □

Several of Wiedemann’s algorithms can now be converted

to use only 𝑂 (log𝑛) or (log𝑛)𝑂 (1)
random bits.

1. For non-singular matrices𝐴 we have a Las Vegas (“probably

fast, always correct”) algorithm for𝐴−1𝑏 as described above.

2. We have a Monte Carlo algorithm for the minimum polyno-

mial 𝑓 𝐴 (𝑧) of 𝐴. The minimum polynomial is computed, as

suggested byWiedemann, by also selecting a random vector

𝑏 and computing 𝑓
𝐴,𝑏
𝑢 . For example, we have the following

corollary:

Corollary 2.7.

Prob
(
𝑓 𝐴 = 𝑓

𝐴,𝑏
𝑢 | 𝛽,𝛾, 𝜉, 𝜂 ∈ 𝑆, 𝑏 =



1

𝛽
𝛾

𝛽2

𝛾2

𝛽𝛾
...


, 𝑢 =


1

𝜉
𝜂

𝜉2

𝜂2

𝜉𝜂
...


)

≥
(
1 − 𝑛 ⌊

√
𝑛⌋

|𝑆 |

)
4

≥ 1 − 4𝑛 ⌊
√
𝑛⌋

|𝑆 | .

Proof. As in the proof of Theorem 2.6, we can prove that if

𝛽,𝛾 in 𝑏 are left variables 𝑥,𝑦, one has 𝑓 𝐴 = 𝑓 𝐴,𝑏 (𝑥,𝑦) over

K(𝑥,𝑦). As before, we then have 𝑓 𝐴 = 𝑓
𝐴,𝑏 (𝑥,𝑦)
𝑢 (𝑥,𝑦) and the

determinant of the corresponding Hankel matrix yields the

probability of the corollary. □

3. From the algorithm for 𝑓 𝐴 in 2. we get for singular matrices

𝐴, as suggested by Wiedemann, a Las Vegas algorithm for

a non-zero nullspace vector 𝑤 : 𝐴𝑤 = 0,𝑤 ≠ 0
𝑛
. For the

random vectors 𝑢,𝑏 that yield 𝑓 𝐴 (𝑧) = 𝑓
𝐴,𝑏
𝑢 (𝑧) we have

𝑤 =

(
𝑓 𝐴 (𝑧 )

𝑧

���
𝑧=𝐴

)
𝑏 ≠ 0 because 𝑓 𝐴,𝑏 (𝑧) = 𝑓 𝐴 (𝑧) ≠ 𝑓 𝐴 (𝑧 )

𝑧 .

4. We can compute det(𝐴) by a Wiedemann-class Las Vegas

randomized algorithm which uses 𝑂 (log𝑛) random bits [9,

Section 7]. By Lemma 1 in [9], for a non-singular matrix

𝐴 ∈ K𝑛×𝑛 the characteristic polynomial det(𝐼𝑛𝑧−𝐴 Γ(𝑥,𝑦))
of 𝐴 Γ(𝑥,𝑦) is irreducible in K(𝑥,𝑦) [𝑧], where

Γ(𝑥,𝑦) =



𝑦 −1 0 . . . 0

0 𝑦 −1

. . .
...

... 0

. . .
. . . 0

0

. . . 𝑦 −1

𝑥 0 . . . 0 𝑦


∈ K[𝑥,𝑦]𝑛×𝑛,

and det(Γ) = 𝑦𝑛 + 𝑥 . We therefore must have

𝑓
𝐴Γ (𝑥,𝑦),𝑒1

𝑒1
(𝑧) = det(𝐼𝑛𝑧 −𝐴Γ(𝑥,𝑦)) .

projecting with the unit vector 𝑒𝑇
1
= [1, 0, . . . , 0]. For ran-

domly selected 𝜎 , 𝜏 ∈ 𝑆 that are not zeros of the corre-

sponding Hankel determinant [9, Eq. (9)] and det(Γ) we get
deg

(
𝑓
𝐴Γ (𝜎,𝜏 ), 𝑒1

𝑒1

)
= 𝑛 and det(𝐴) = (−1)𝑛 𝑓 𝐴Γ (𝜎,𝜏 ), 𝑒1

𝑒1
(0)

/
(𝜎𝑛 + 𝜏). The probability of success is bounded, for non-

singular matrices, as ≥ 1−𝑛2/|𝑆 | [9, Eq. (10) and 𝜎𝑛 +𝜏 ≠ 0].

By 3. the algorithm becomes Las Vegas for all matrices.

5. From the algorithm for𝑤 in 3. we get for singular matrices

𝐴 of co-rank 𝑛 − 𝑟 = (log𝑛)𝑂 (1)
a Monte Carlo algorithm

for the rank 𝑟 of 𝐴. Wiedemann suggests to successively

remove a dependent row of 𝐴 as determined by the entries

of𝑤 .

However, we have not been able to reduce to (log𝑛)𝑂 (1)
the

needed number of random bits inWiedemann-class algorithms

for computing the rank of all black box matrices 𝐴 and solu-

tions to highly singular inhomogeneous linear systems [6].

3. MORE COMPUTATIONS OF 𝜋

I would encounter the problem of computing digits of 𝜋 for

a second time. There is an algorithm for computing the deci-

mal digits of certain transcendental numbers, like log(10/9)
or arctan(1/10), starting at the 𝑑-th decimal place without

5
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computing intermediate decimal digits. For a real number

𝜉 > 0, let dec.part(𝜉) = 𝜉 − ⌊𝜉⌋. We explain the algorithm

for log(10/9) = ∑∞
𝑛=1

1/(𝑛10
𝑛). We have

dec.part(10
𝑑

log( 10

9

)) =

dec.part

( 𝑑∑︁
𝑛=1

10
𝑑−𝑛

𝑛︸                    ︷︷                    ︸
dec.part

( 𝑑∑︁
𝑛=1

10
𝑑−𝑛

mod 𝑛

𝑛

)
+

∞∑︁
𝑛=𝑑+1

1

𝑛 10
𝑛−𝑑︸            ︷︷            ︸

<
1

9(𝑑 + 1)

)

One computes all terms
10

𝑑−𝑛
mod 𝑛
𝑛 by computing the numer-

ators by repeated squaring and the fractions within floating

point precision 𝜖 = 1

9𝑑 (𝑑+1) in a truly hybrid symbolic-numeric

fashion. One then can obtain the infinite sum within precision

1

9(𝑑+1) + 1

9(𝑑+1) . Finally the fractional part is converted to

decimal representation. In summary, with 𝑂 (log𝑑) integer
length and floating point precision one can compute a floating

point number 𝜉 such that |𝜉 −dec.part(10
𝑑

log( 10

9
)) | < 2

9(𝑑+1) .

The algorithm has 𝑑 (log𝑑)𝑂 (1)
bit complexity and requires

𝑂 (log𝑑) intermediate storage. It is easily parallelized.

David Bailey, Peter Borwein and Simon Plouffe in 1995

published the following formula for 𝜋 [2, 3], [34, Section 4]:

𝜋 =

∞∑︁
𝑛=0

1

16
𝑛

(
4

8𝑛 + 1

− 2

8𝑛 + 4

− 1

8𝑛 + 5

− 1

8𝑛 + 6

)
. (2)

With (2) one can compute an approximation of the binary ex-

pansion of 𝜋 starting at the 𝑑-th place like above. The BBP

algorithm was used to check the June 2022 Google cloud com-

putation of 100 trillion decimal digits of 𝜋 [22].

The problem remains to do the same for the decimal expan-

sion of 𝜋 . In my email correspondence with Peter Borwein

about the formula (2), he wrote back to me on October 9, 1997:

“We searched pretty hard over different bases. It would be find-

ing one based on 3 or even better 10 that would make our day.”

When I visited Simon Fraser University in July 1998 I told Peter

Borwein that by Boolean circuit complexity theory their AGM

algorithm of Remark 1.1 would yield a (log𝑑)𝑂 (1)
-space algo-

rithm for decimal digits, but conceded that the time complexity

would not be 𝑑 (log𝑑)𝑂 (1)
. That still seems to be the case at

the present time in June 2024.
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Note added on July 27, 2024:At the end of the proof of Lemma 2.1:

“The probability (1) is = |𝑊 |/|𝑆 |𝑛+𝑚 . . .” replaces “The proba-

bility (1) is ≥ |𝑊 |/|𝑆 |𝑛+𝑚 . . .”

In Section 2.3, beginning of second paragraph: “for a non-

singular coefficient matrix 𝐴 ∈ K𝑛×𝑛” replaces “for a non-

singular matrix 𝐴 ∈ K𝑛×𝑛”

Note added on July 30, 2024: Replaced 4. on p. 5 in Section 2.3

by [9, Section 7].

Note added on March 8, 2025: Added the initializations 𝑥0 =
√

2;

𝑦1 =
√
𝑥0; to the AGM iteration in Remark 1.1.
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