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ABSTRACT

In https://arxiv.org/abs/1609.00840 (see also https://doi.org/10.1007/
$11425-018-1594-2), Dongming Wang and Jing Yang in 2016 have
posed the problem how to compute the “third” discriminant of a
polynomial f(x) = (x —a1) - -+ (x — an),

33(f) =

[T ((+ej-ar—ar) (@i—aj+ar—ar) (ei-aj-a+ar)),
1<i<j<k<t<n

from the coefficients of f; note that §3 is a symmetric polynomial
in the ;. For complex roots, d3(f) = 0 if the mid-point (average) of
2 roots is equal the mid-point of another 2 roots. Iterated resultant
computations yield the square of the third discriminant. We apply
a symbolic homotopy by Kaltofen and Trager [JSC, vol. 9, nr. 3,
pp- 301-320 (1990)] to compute its squareroot. Our algorithm uses
polynomially many coefficient field operations in the degree of f.
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1 INTRODUCTION
Let K be a field and consider the polynomial
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F(x)=(x=y1) - (x—yn) =x" +an-1x"" 1+ .- +qy,
1)
and y; are fresh variables. Note that the a; are plus/minus the el-

ementary symmetric functions in y;. The discriminant of F is de-
fined as

where a; € K[y1,...,ynl,

M-y =[] (Wi-y) - ), ()

1<i<j<n

which is a symmetric polynomial in the y;, that is, there is a poly-
nomial D1 (2o, ...,zn-1) € K[20,...,2zn-1] (z; fresh variables) such
that 61 (F,x) = D1(ao, - --,an-1) = A1(y1, - .-, yn). If K1is a field of
characteristic # 2, then D; is absolutely irreducible, that is an ir-
reducible polynomial over the algebraic closure of K (see the para-
graph below the Proof of Lemma 1.1). Note our notation: A; is the
discriminant polynomial in variables for the roots, Dy is the dis-
criminant polynomial in variables for the coefficients (except the
leading 1), and &; is a corresponding function with a univariate
polynomial argument whose variable is the second argument. For
a polynomial f(x) = x™ + cp_1x™ 1 +--- + ¢o € K[x] we write
81(f) = Di(co,-. .., cn—1); because there is a single variable x, we
omit that second argument. Each symbol denotes a family of n-
variate polynomials, where n is the degree of F. All our discrimi-
nant formulas will be identities on multivariate polynomials into
which actual roots and coefficients can be substituted. For instance,
the formula for the discriminant as the Sylvester resultant of F and
its derivative oF /dx,

Di(ay,...,an-1) =

rl an-1 an-2 ay 0 .. 04

0 1 an-1 . ay

i o - v .

an-1 an-2 ... Q
det( n (n-1)ap—; 2a; a; 0 .. 0 )’ (3)

0 n (n-1)ap-1 ... 2ay a,

Lo 0 n (n-1)ay—1 2a; ap 4

is an identity in K[y, ...
characteristic divides n.!

For fields K of characteristic 2, Dy is the square of the Orlando
polynomial

,Yn| over any field K, even those whose

A= [ @ity

1<i<j<n

©

INote that if the discriminant is defined as [Ticj(xi = xj)2 one multiplies (3) by
(71)71(7171)/2'
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whose corresponding Dy is again is an absolutely irreducible pol-
ynomial in the coefficient variables z; (see Lemma 1.1). A corre-
sponding determinantal expression is Luciano Orlando’s 1911 for-
mula (5) of Figure 1.

Figure 1: Luciano Orlando’s 1911 Formula [4], [2, Eq. (1.37)].

Di(ao,...,an-1) =

an-1 An-3 4n-5 .. —(n-5) A—(n-3)
1 ap-2 an-a - A—(n-6) A—(n-1)
An+1 An-1 Ap-3 An-5 a_(n-7) A-(n-5)
(_l)n(n—l)/Z det( Anyz 1 Gn-2 Gn-4  A_(n-8) A—(n-¢) ),
@Gpg o a ap
an-3 .- e a3 ai

where a; =0foralli >nandi <0.

®)

In [5, 6] higher discriminants are introduced. One forms a prod-
uct of linear combinations of the roots y; that lead to symmetric
polynomials. For fields K of characteristic # 2 and # 3 [5] define

I ((Zyi—yj—yk)(2yj—yi—yk)(2yk—yz—yj)) (6)

1<i<j<k<n

Ay =

and the corresponding D2 (zy, . . ., zn—1) as the second discriminant,
which is absolutely irreducible over K (see Lemma 1.1). Wang and
Yang [2016] give determinantal representations of Ay in terms of
the coeflicients of f in analogy to (3,5). The corresponding higher
Orlando polynomial is

[

1<i<j<k<n

Ap = (yi +yj +Y), ()
which is defined for any characteristic and where the correspond-
ing D; is absolutely irreducible (see Lemma 1.1).

Wang and Yang [5, Section 8] further define third discriminants.
For fields K of characteristic # 2, they define

Ay =

]_| ((yi+yj-yk—yf)(yi—yj+yk—yf)(yi-yj-yk+yf)) 8)

1<i<j<k<t<n
and the corresponding D3(zy, ..., zp—-1) as the third discriminant,
which is absolutely irreducible over K. Over fields of characteris-
tic 2 we have Az = Ag (see (12)). By expressing the lexicographi-
cally leading term with variable order y; > y2 > --- > yp in (8) as
the leading term in a symmetric product,

3n—1 3n—Z 33 3n72 3n73 32

91( 3 )yz( 3 ) . yn(_33 — lead-term(an(_lz )an(_zz ) . a3(2))

where the a;’s are defined in (1), we obtain the total degree

deg, . (D3)=3("3").

In Section 4 we give the polynomial for Ds(zp,.

..,za) (n = 5)
whose leading monomial is —z)z3

423~ Note that the variables z; cor-

respond to the coefficients ¢; of f, not the elementary symmetric

functions in the roots of f:In (1) we have a; = (=1)"‘o,—;(y1, .. .,
yn) With ok (y1,. ... Yn) = Zi<ji<-je<n Yji - - Y-

Wang and Yang [2016] also consider factors of the form 3y;—y;—

5
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Yr—y¢. The geometric interpretation of D2 and Ds is as follows. Let
f(x) = x" + cp_1x™ 1+ -~ + ¢ € K[x], where K is a field of
characteristic # 2 and # 3 and n > 4. If Dy(co,...,cn—1) = 0 then
the average of 2 roots is = a third root, and if D3(co,...,cn-1) =0
then the average of 2 roots is = the average of another 2 roots. Over
the complex numbers K = C the average is the mid-point between
the two complex roots on the complex plane.

One can generalize the construction to the factors being weighted
linear forms wiy;, + wayi, +- -+ wyy;, withv > 2and n > v and
weights w; = 1, wy, € Kfor 2 < p < v. Then for aset P C Sy of
permutations on (1, ..., v), where S, is the set of all permutations
on (1,...,v), we define

Av—l,Vv,P =
l_[ n(wou)yil +Wo(2)Yip + "+ Wo(1)Yi,)- (9)

1<ij<---<iy<noeP
By reordering the weights we may assume that the identity permu-
tation € P. We shall require from P that A,_; 3 p in (9) is a sym-
metric polynomial in y, ..., y, whose corresponding polynomial
Dy_1.4.p(20,...,2zn-1) in the coefficient variables of F is absolutely
irreducible over K. A sufficient condition for P is the following:

LEmMA 1.1. Suppose the following conditions are satisfied for P C
Sy:
1. For all permutations = € S, on (1,...,n) we have: if {n(i1),...,
(i)} = {1, -+, jv} With j1 < jo < --- < jy then

H(Wa(l)yn(i1)+wo(2)yn(iz)+’ “HWo(v)Yn(iy))

oeP

= n(wo(l)yj1+wa(2)yjz+"'+W0'(v)ij)- (10)

o€P

Note that if((w(,(l), ey wa(v)))aep is a list of all distinct reord-
ings of the weights, condition (10) is true. If there are x distinct

weights of multiplicity my,ma, ..., my, v = my + - - + my, there
are v!/(mq! - - my!) such reorderings.

2. Forall permutations o, 7 € P witho#7: (Wg(1), Wg(2)s - - +» We(v))
is not a scalar multiple of (Wr(1), Wr(2), - > Wr(v))-

Then A, _, 3 p is a symmetric polynomial andD,,_, 5, p is absolutely
irreducible over K.

ProoF. By Item 1 a permutation 7 maps an inner product pol-
ynomial of (9) to another inner product polynomial, which estab-
lishes symmetry. Item 2 establishes that all linear forms in (9) are
relatively prime to one another. Now let E(zo, . . ., z,—1) be an abso-
lutely irreducible factor of D,,_; 3 p(20, - . ., 2n—1) such that wiy; +
-+ -+wyyy divides E(ay, . . ., an—1)- Because E on evaluation is sym-
metric in the yi, w1y, (1) +- -+ WyYy (1) must also divide E(ao, . . .,
ay—1)forallr € S,.Nowforalll <i; <---<iy, <nandallo € P
let (p) = ig-1(yy for 1 < p < v. Then wiyy(p) + -+ Wylyn(y) =
Wo(1)Yiy T * *+We (1) Ui, and therefore all (relatively prime) factors
of (9) divide E(ay, . .., ay-1), implying that E=D,,_; 3 p. O

Lemma 1.1 applies to all the above discriminants except the
classical discriminant Dy. Item 2 in Lemma 1.1 is not satisfied for
A1 in (2): the weight vectors of the linear forms have (1,-1) =
—(-1,1). In the proof of Lemma 1.1 we then get that [T, ; (yi —y;)



divides E(aq, . . ., an—1) and possibly the evaluated polynomial co-
factor. In the latter case, E(ao, . . ., an—1) = ¢ [1;<(yi—y;) for some
¢ € K, which changes sign under transposing (y1,y2) and would
therefore not be symmetric over characteristic # 2. For fields K of
characteristic 2, the classical discriminant D; is the square of the
Orlando polynomial (4).

The validity of Item 1 in Lemma 1.1 is proven for A3 in (8) by ob-
serving that if 7(j) becomes the smallest of 7 (i), 7(j), z(k), 7(£),
for example, then

WY (0)YYn () ~Yr (k) ~Yr (&) Y () Y (j) Y (k) ~Yn ()
X (Yr(i) ~Yn (j) ~Yn (k) +Yn(e)) =
W (i) T () ~Yr (k) ~Yr(e)) (D) U (i) =Y (j) TYr (k) Y (¢))
X (=D Ur(i)~Yr(j) ~Yr (k) tYr(e))s (11)
and y,(;) has positive sign in all factors. Note that we have D5 =
D3 (1,1,-1,-1),p, Where Ps = {id, (135) (1355)} C Ss. There is an-

n
other D3 = D3 (~1 _11,1),p, = (_1)(4)D3,(1,1,—1,—1),P3-
The objective of our paper is for a given f € K[x] to compute
8,_1,5.p(f) for fixed v, w and P in polynomially many field opera-
tions in deg(f).

2 COMPUTING HIGHER ORLANDO
POLYNOMIALS

For v > 2 we shall write

[

1<i1<ip<---<iy<n

Ayoy = (yi, +yi, +- - +yi,)

€ Kly1, ... ynl, Kafield. (12)

The polynomial A,_1 of total degree () is symmetric in the y; and
therefore a polynomial in the elementary symmetric functions. We
let ]31,_1 € K[zo,...,zn—1] be the polynomial in coefficient vari-
ables z; such that for F(x) = (x—y1) -+ (x —yn) = X +ap_1x" "1+
-+ -+ag, where a; € K[y1,...,yn] (1), we haveﬁv,l(ao, s ap-1) =
Ap_i. For f(x) = x™ + cy—1x" "1+ + ¢y € K we define

5y 1(HEDy 1 (o, .. en 1) € K. (13)

We now give algorithms that compute gv—l frominput f.Forv =2
one can use Orlando’s Formula (5). Our algorithms will show that
D,_1 is an integer polynomial in the z; (taking the coefficients
modulo the characteristic for fields of characteristic < co).

We consider v = 3 (7). Let G(x) = 0ppx™ + o1 x™ L+ +

vo € (K[vo,...,om])[x], where v; are fresh variables, and let R =
res(F, G, x) be the Sylvester resultant of F and G in the variable x,
rl ap-1 an-2 ... ao 0 ... 01
0 1 anpn-1 E . ap
: . ) n
0 o 1 ap-1 an-z -
R=det(| g o0, o 5 50 TGP =] 6w 9
i=1
0 Um Om-1 ... U o
: . 0
L O .. 0 Um Um-1 ... 01 Uy

Note that the Sylvester matrix in (14) is of dimensions n+m and that
the product identity in (14) is in the polynomial ring K[y, ..., yn,
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00, - . ., Um], which yields an algorithm for gv_l, which we describe

now.

Let f(x) = x"+cp_1x™ 14 4co = [T, (x—a;) € K[x] where
a; € K where K is the algebraic closure of K. We may assume that
co # 0, because we have for monic f € K[x] with f(0) # 0:

S2(xf(x) = 51())62(f),  S2(x2f(x)) = £(0)81(f)?82(f),
S(xFf(x))=0fork >3. (15)

Note that 8 (f) = Ili<j(ai + @j) can be computed by Orlando’s
Formula (5). Then by (14) we have

FU) () Elres ((~1) £ (~u + ), f (). w)

[T(u-(x-a:))
= || &= (ai+a) ekixl. (16)
1<ij<n
For an integer A € Z with 1 > 2 we define
n .
[Ad] . def PPN if A mod char(K) =0,
f = !,:1[(" M’)‘{A"f(x/A) if 2 mod char(K) # 0, 7
We compute
e [i.j]
£l oyt ) (x—ai—aj). (18)

fE() 1<i,j<ni#j

We next compute, over fields of characteristic # 2, by power series
expansion (Hensel lifting with multiplicities—see Appendix A) the
squareroot of (18), which is

FUN@E T c-a-ap = fli# 2,

1<i<j<n

(19)

If K has characteristic = 2, we assume to have a squareroot algo-
rithm in K. For example, for K = F,x, we have (c2)2k71 =ceFyu
(the squareroots are unique). Then the squareroot of a squared pol-
ynomial is (x2d+b(21_1x2<d_1) +-- -+b§)1/2 =x44bg_x44- - +bg.
Note that if the field K has characteristic # 2, one may use (5) to
compute f (<71 () If flu+x/2) = u™ +by_1u™ 1+ + by with
bi € K[x], then fli<il(x) = (=1)"("=D/2D; (by, ..., bp_1).
Again by (14) we have

£ () Eres (£ 127 (u - x), (<) f (~u), w)
= l_[ (x + 203 + aj) € K[x], (20)
1<i,j<n
where deg(f [-%7>71) = n?,
FIR ) Ere (£ 159 (4 = x), (<1)" f (), u)
= ﬂ (x+ai+aj+ap) €Kx],  (21)
el
where deg(f [=</=kl) = n(}),
[cbd], def (—D)" fI=I<I=K](x)
Jon 00 = PTG 7 ()
= H (x+ai+aj+a)’ €Klx], (22

1<i<j<k<n



where deg(fo[rclbd]) = n(;’) —n?4n = 3('31) If K has characteristic # 3,

def
we compute fo1(x) = [T1<i<j<k<n(x+ai+aj+ay) as the cube root

of ]%[:lbd] (x) (see Appendix A). The Orlando value gg (f) (13) is then
the constant coefficient of f;,1. For fields K of characteristic 3 we
again must assume that one can compute cube roots of elements
in K. For example, for K = Fsx we have (c3)3’k_1 = ¢ € Fa (the
cube root is unique).

One reviewer has pointed out that in [1] a different algorithm
is presented for computing fg,1(x) from f(x), which is based on
using the Newton-identities for the sums of the powers of the roots
of a polynomial in terms of symmetric functions. That algorithm
is presented to iterate to arbitrary v, which is also possible for our
algorithm above. The algorithm in [1] requires the field K to have
0 or a large characteristic, as divisions by factorials occur.

One may avoid the computation of the polynomial f [—i<ji—k]
in (21) whose degree grows cubically in n, using a symbolic homo-
topy. We construct the symbolic homotopical polynomial (cf. [3])

Joom (%) = £ (x) + (1 = 1) finown (x) € (K[D)[x],  (23)
where
Jinown (x) = (x —r1) -+ (x —rn) € K[x] (24)
is computed for such values of the roots r; € K that we have

0 igz(fknown) 1—[ (2ri+rj)

1<i<j<n

where (’3‘\2 (fknown) = 1—[

1<i<j<k<n

(ri+rj+rr). (25
Since r, as a variable in (25) has degree n— 1+ (";1), this is always
possible if the cardinality of K is > n+(";"). For smaller finite fields
we can algebraically extend K to sufficiently large cardinality.
One computes 82 (fhom)> € K[t] as follows (writing fiom (x) =

Ii(x - aP):
d <R (1) Cres( £ 157 (u), (<1)" from (—u), u)
[] @+ad+alyexi o)

1<i<j<n
1<k<n

def

res(£ 12 (u), (=1)" from (~u), u)
= ]_[ (2af +a) e K[t], (27)

1<i,j<n

d [2i,j] (t)

d 2071 (y) .
m if 3 mod char(K) #0, (28)

61(f, x) (cf. (3)) if 3 mod char(K) = 0,

d[zujj¢j](t)é§

1 [ebd) () et ali<ikl()
d[ZLjJ¢j](t)

=[] (F+al+a))®=8(fom)® Kt (29)
1<i<j<k<n

The divisions in (28 and 29) are by non-zero polynomials because
fhom (0) evaluates at t = 1 to f(0), which is non-zero by an earlier
assumption (15), and d [21..i#]] (0) # 0 by the second factor in (25).

We first prove that if d[¢Pd] is a constant polynomial € K, then

32 (f)= 52 ( ﬁmown) which has been computed while choosing the
ri. Suppose 5 f) + 5 (finown)- The polynomial 5 (fhom) € K[¢]
then cannot be a constant polynomial because for t = 0 and t = 1
it evaluates to different values. Therefore its third power, d [cbd] (1),
is not constant. Note that d [bd]
ficients of fi,oy depend on t.

In case d[Pd](¢) has degree > 3 in ¢ (it is the third power of a
non-constant polynomial) we compute the monic cube root poly-
nomial of its monic associate, h(t)3 = % dlebd] (t), where c is the
leading coefficient of d [bd] (1) in ¢. Because d [Pd] (O)=c§; (finown)®
# 0 by (25) we must have h(0) # 0. Then the homotopy (23) yields

82(from) = 82 (ficnown) /R(0)A(2) and 83 (f) = 82 (finown)h(1)/A(0).

may be constant even if the coef-

3 COMPUTING HIGHER DISCRIMINANTS
Let

Fx) =x"+cp1x™ T4 4 c

n
= l_l(x—(xi),n >4ceKa €K, (30)
i=1
where K is a field and K its algebraic closure. We can compute the

second discriminant 82 (f) d:esz (co, . .-
ficient of (33) (see (6)) as follows:

,Cn—1) = the constant coef-

(=), £ U7 (), )
l_[ (x+20i—aj—ay), (31)

1<i<n
1<j<k<n

~f[—2Lj<k](x)§g}es(f[zﬂ

where f [2i] i (17)for A=2and f [i<jl ig (19),

derres(f (u = %), f (w). w)

xn

f [i,—j,i#]] (x)

=[] Gra-ap 62
1<i,j<n,i#j

dff[ZL— Jj<k] (x)
f i,—, j,i#j] (x)
1<j<k<n
1<i<n,i#j,izk

fsec dlscr( )

(x+20; —aj — o). (33)

One may continue to the next higher polynomial:

FU<I<R &G g ()

)

1<i<j<k<n

(x—ai—aj —ag), (34

where f] is defined in the text below (22),

res(f B (u—x), fI</<Kl(u), u)
féec—discr(x)

l_[ (x+3ap—ai—aj—ay), (35)
1<i<j<k<n
1<e<nb#i ]tk



whose constant coefficient is one version of the third discriminant
in [5] (see (41) below).

One can avoid the nested resultants by computing the square-
free decomposition of f. Let f = ]_[f.c=1 fii where f; are squarefree,
e deg(fi) > 1and GCD(fi, fj) = 1forall1 < i < j < k. If
k > 3 then 8,(f) = 0 because there is a root of multiplicity 3. We
have for a squarefree polynomial fi:

82(f1) = res(f,* ), U (). x) 161 ().

where £, is (17) for f = fi and A = 2 and £ is (19) for
f = fi, and for the square of a squarefree polynomial f5:

8o (f7) = 227D 5, (£)662(f2)®, nz = deg(f).

Now for g(x) = H?zl(x - Bi) € K[x] and h(x) = H;:l(x -vj) €
K[x] we define

(36)

(37)

x11(9, h) E'res(res(g(u), g 21 (whx), u) [g(x), b, x)

=[Tizj (x—(2B:-B;))

=[] @s-B-n) 69
1<i#j<d,1<k<e
where g [21] is (17) for f =gand A =2,
20209, ) Eres (g 141 (), <71 (), x)
=[] @-vi-v) 69
1<i<d,1<j<k<e
where hli<J] g (19) for f = h. We then have
82(Aiff) = 82(f)82(fF) %
xu1 (i D) xo2(f f) i (5 i) xoz (ff- fi)- - (40)

Similarly, one may compute over fields of characteristic # 2 and
# 3 the constant coefficient of (35),

[

1<i<j<k<n
1<e<n,t#it#),t+k
_ res(f[3i] (x),f[i<j<k] (x), x) (1)
52(f) ’

provided that 8, (f) # 0 (f '</<Kl is defined in (34)). If 82(f) = 0
for an already squarefree polynomial f, one computes a further
refined factorization of f by

fl2igedi<j] () déchD(f[Zi] (x), F <71 (x))

S(fo0) e (Batg — (i +a; +ag))

- [ (x—2a),  (42)

1<i<n,3j.k,j#k: 20i=aj+ay

where f li<il g computed in (19) (the characteristic of K is # 2).
Then 29 f [268cdi</](2x) (d = deg(f [268cdi<il)) divides f(x).
For K = C the division is non-trivial because not all roots of the
squarefree f can be midpoints of roots in the complex plane. For
fields of characteristic p > 5, the GCD in (42) canbe = f [2i] (x), for
example for f(x) = x?~1 —1. Then no refinement of the squarefree
factorization is possible, and (35) is used.

Because of an additional symmetry (11) the above approach does
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not seem to yield an algorithm for the third discriminant (8) di-
rectly. A difficulty is that the factorization G(x?) = F(x)F(—x) is
not unique, unlike the monic squareroot of G(x) = F(x)?: for in-
stance, (x% +3x+2)(x% —=3x+2) = (x% +x—2)(x% —x —2). We now
show how to compute, by using a symbolic homotopy, the third
discriminant 83 (f), which is defined as

d3(f) = 1_[ ((ai+aj-ak-af)(ai—aj+ak-w) X
1<i<j<k<t<n

(ai—aj—ak+ag)) e K. (43)

We construct the symbolic homotopical polynomial (cf. [3])

Jhom (%) = £f (%) + (1 = 1) fnown (x) € (K[t [x], ~ (44)
where
Sinown (%) = (x = 71) -+ (x = rn) € K[x] (45)
is computed for such values of the roots r; € K that we have
o1 (fknown)53 (ﬁ(nown) #0. (46)

Since ry, as a variable in (46) has degree n—1+3 ("gl), this is always
possible if the cardinality of K is > n + 3(" ;1) For smaller finite
fields we can algebraically extend K to sufficiently large cardinality.

One computes 3 (fhom)? € K[t] as follows (writing fiom (x) =

ITi(x - af)):
d[i<jmk<{'](t)déffsl(fh“q](x)’x)

om
= I_[ (ozl}-1 + a? - a]}; - a?) e K[t], (47)
1<i<j<n
1<k<ft<n
where fhE)i:]j lis (19) for f = fhom>
li<j,—k<¢t]
d[sqd](t)dzef(_l)S(Z) d—_(zt)
51 (fhom)n
= rl (a?+a§.‘ —ai‘—a?)z
1<i<j<nl<k<t<n
i<k,j#k,j#t
= 83 (fhom)? € K[t]. (48)

The division in (48) is by a non-zero polynomial because 61 (fhom)
evaluates at t = 0 to 61 (fknown) Which by (46) is # 0. The exponent
n—2 in (48) arises because for each (oclr1 - 0(?)(0@l - a],“) in 81 (fhom)
3 which has cancelled by virtue of
g=i=korg=i=forq=j=korq=j=¢in(47). For 3(}) of
the linear factors in d [/</>=%<1 () /5, (fiom)" % we have k < i.
We first prove that if d [*49] is a constant polynomial € K, then
83(f) = 93(funown)> Which has been computed while choosing the
ri. Suppose 83(f) # 63 (finown). The polynomial d3(fhom) € K[¢]
then cannot be a constant polynomial because for t = 0 and t = 1
it evaluates to different values. Therefore its square, d [Sqd], is not

there are n — 2 indices for the «

constant. Note that d [594] may be constant even if the coefficients
of fhom depend on ¢.

In case d[5991(¢) has degree > 2 in t (it is the square of a non-
constant polynomial) we compute the monic squareroot polyno-
mial of its monic associate, h(t)% = %d (sadl (1), where c is the
leading coefficient of d [sad] (1) in ¢. Note that As (8) is defined for
fields K of characteristic # 2. Because d 5991 (0) = 85( finown)Z # 0
by (46) we must have h(0) # 0. Then the homotopy (44) yields



83 (fhom) = 93 (finown)/h(0)h(t) and 83(f) = 3 (finown)h(1)/h(0).

4 THIRD DISCRIMINANTS FOR DEGREES N =
4 AND N-=5

The third discriminant for n = 4 in coefficients is D3(zo, ...,23) =
g +4 2323 — 8 z1, which does not depend on zy, because the prod-
uct (8) has 3 linear factors and therefore does not contain the con-
stant coefficient ap = y; - - - y4 of F(x) in (1).

The third discriminant for n = 5 in coefficients is shown in Fig-
ure 2, which can be copied-and-pasted into a worksheet, for in-

stance, into Maple. Note that Ds could still be computed from the

-z

Figure 2: D3 for n = 5.

Ds3(z0,...,24) = —24"9%23"3 + 4%z4 " 10%z3%z9 — 8%z4 " 11%z1

+12%z4"7*23%4 — 49%z4"8*23"2%2p — 4*z4"9%29"2
+108*%24"9%z3%2z1 + 8%z4"10%z

—48%z4"5%23"5 + 180%24"6%23"3%2y + 141%2z4"T*23%22"2
—523%z4"T*23"2%z1 — 192%24"8*z9*z1 — 100%z4"8*23%*z(

+64%24"3%23"6 — 112%24 " 4*23"4d*z9 — 952%24"5%23"2%29"2
—91%z4"6%22"3 + 1052%z4"5%23" 3%z
+1750%24"6*z3*2o%z1 + 124%24"T*2z1 "2
+431%z4"6%23" 2%z + 184%z4"T*z2%2

—320%24"2%23"5%29 + 1680%z4"3%23"3%22"2
+1448*%z4"4*z3%29"3 — 720%24"3%2z3"4* 21
—4696%z4"4%z3"2%z9%z1 — 1531%24"5%22" 2%z
—1051*%z4"5%23%21 "2 — 692%24"4*23"3*2
—1542%z4"5%z3%z9%z( — 136%z4"6%21*2

+512%z4%23"4%29"2 — 4400% 24" 2%23"2%22 "3
—688%24"3%29"4 + 64%24%23"5%2z1 + 3104*%24"2%23"3%2z9%2
+7248%24"3%z3%29 " 2%z1 + 2420%z4"3%23"2%21 "2
+1967%z4"4*z9%21"2 + 208%z4"2%23"4*z2
+3504%24"3%23"2%2o%Z( + 1415%24 " 4*29" 2% 2
+1014*z4"4*z3*z1*zg + 12%24"5%29 "2

—256%2373%29"3 + 4608*z4*%z3%29"4 — 128*2z3"4*zo%2
—4112%z4%23"2%29"2%21 — 4056%24"2%22" 3%z
—800%z4*%2z3"3%21 "2 — 8340%z4"2%23%29%21 "2
—625%24"3%21"3 + 64%23°5%z) — 1120*%z4*23"3*z9%2(
—5960%z4"2%23%29"2%z0 — 1680%24"2%23"2%21*2
—2230%z4"3%z9%z1%2() — 75%24"3*23%29"2

—1728%z9"5 + 1440%23%22*3%z1 + 1600%23"2%2z2%z1 "2
+7800%24%22"2%21"2 4+ 2500%24*23%21 "3
+1200%23%2%29" 2%z + 3600%z4*z9*3%z( — 800*2z3"3%z1*2
+8800%z4*2z3%2o*z1*Z) — 625%24"2%21" 2% 2
+375%z4"2%29%2( "2

—5000*%z9%z1 "3 — 9000%22 " 2*z1*2z( + 2500*%z3%21*2*Z
—1875%z4%z1%2z9"2

+3125%2(9"3;

expansion (8) with the standard algorithm for computing symmet-
ric representations. We have computed the polynomial by interpo-
lating the third discriminants for values for the z;’s. The square of
the third discriminant d 5991 (¢) (48) of the fhom for each of the 8064
polynomials with scalar coefficients was also computed by interpo-
lating ¢ at values in K at which the discriminant of the evaluated
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fhom 1s # 0. In such a way, the entire computation would be highly
parallelizable. We used finown (X) = (x — 11) (x — 7)x(x + 1) (x + 3)
with 83 (finown) = 9608341743000.
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A APPENDIX: COMPUTING POLYNOMIAL
ROOTS

We briefly describe how the polynomial A-th root of a monic poly-
nomial can be computed. Let g(x) = _{j(x)x/lm € K[x] where g = ht
is monic with £ € K[x] monic and g(0) # 0. One computes for
d= deg(ﬁ) the reverse polynomial h(x) = xdﬁ(l/x) with h(0) =1
from the reverse grey (x) = x*4§(1/x) with grev (0) = 1. The power
series expansion of h(x) can be computed by quadratically conver-
gent Newton iteration: Suppose h [i.J = (h mod x%) with h 0] = 1.
We obtain h [+ (x) = A1 (x) + x¥ h 1] (x) from

R (0% + AT (0215 U (x) = Grey () (mod x2), (49)

that is
A G=(5 (1 (0™ 19k (o) mod <2

where xzigAJrir] (x) dzefg}ev (x)-=h ] (x))L (mod P ). (50)

The power series expansion of h [ (x)~! can again be computed
by Newton iteration. As A-th root, we have g(x) = ( x4+ p(1/x) )2
Note that for a monic polynomial g € D[x], where D is a unique
factorization domain of characteristic 0, the division by A in (50) is
exact and the root polynomial x@*Mp(1/x) € D[x].
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B APPENDIX: NOTATION

Notation (in alphabetic order):

aj € K[yl,. .
D1

D,
Ds
D

v—=1,(wy,....,wy),P

Sv(f,x)

Ay

- def
tn)  Xtan_1 X e 4ag S (x—y1) -+ (x—yn)

the discriminant = Dy (1,_1)s, in coeffi-
cient variables (cf. (2)).

the second discriminant (in coefficient vari-
ables) = Dy (5, _1,_1),p, With P, = {id, (;7'3),
(331)} € 3 (cE. (6)).

the third discriminant (in coefficient vari-
ables) = Dj(q1,_1,-1),p, With P3 = {id,
(534 (1533)) € S5 (£ ).

the (v—1)-st discriminant with root weights
w; € K, 1 <i < vand permutation set P (cf.
).

the v-th discriminants of a univariate poly-
nomial f in the variable x.

the v-th discriminants in root variables

Notation continued (in alphabetic order):

Ay
D,
Sy (f,x)

83(f.x)

forl(x)

fsec-diser (%)

Sn
Yt,---sYn
Z0,.--52Zn—1

the v-th Orlando polynomial (12) in the
roots.
the v-th Orlando polynomials in the coeffi-
cients

the v-th Orlando polynomial of a univariate

polynomial f in the variable x.

def

=1 1<icj<k<n  Bae—(aitaj+ag))
1<t<nb+il+j,t+k

for f(x) = [T, (x — a) (see (41)

def

= Ii<icj<k<n(x+ai+aj +ag)

for f(x) = [T, (x — ai).

def

=11 1<j<ksn (x+2ai—aj—ai)
1<i<n,i#j,izk

for f(x) = [T, (x — ;). (see (33)).

the set of permutations of (1,...,n).

the variables denoting the roots.

the variables denoting the coefficients.
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