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1. Introduction

An algorithm is presented that allows to decompose an algebraic curve with rational coeffi-
cients into its irreducible real factors. A real algebraic coefficient of a factor is represented
by its defining minimal integral polynomial as well as by a rational interval such that the
only real root of this minimal polynomial within the given interval is that real coefficient.
Our algorithm runs in time polynomial in the degree and the coefficient size of the rational
bivariate polynomial defining the curve. As a corollary we get, for example, that the problem
of deciding whether a multivariate polynomial factors over the reals is in polynomial-time.

From our representation of the irreducible real factors one can, for instance, find arbitrar-
ily precise floating point approximations of their coefficients, or one can by Seidenberg’s [20)]
algorithm determine whether there are real points that lie on the curves defined by these
factors. Our algorithm can also be used as a size reduction tool in any of the algorithms for
deciding the theory of real closed fields, e.g., Collins’s cylindrical algebraic decomposition
method (see [1]) very much in the same way as polynomial factorization over the ground
field can be used to fork the reductions in a Grébner basis completion.

The problem of finding the irreducible real factors of a curve is clearly a problem in
the existential theory over the reals. However, the number of unknown real variables, the
coefficients of the factors, grows with the degree of the polynomial. The existential theory
over the reals is easily shown NP-complete and hence any of the general algorithms, such
as Canny’s [2] P-space solution or Renegar’s [18] efficient method, have running time expo-
nential in the number of variables. Therefore, such algorithms do not solve our problem in
polynomial-time.

Our polynomial-time solution relies on the theory of factoring polynomials over the
complex numbers. One key result in this theory is that one can represent all the absolutely
irreducible factors over small distinct extension fields of the coefficient field, even though
their least common superfield would in the worst case have exponential extension degree
(see §2). Therefore, one can compare the factors pairwise by only squaring the degrees of
the extensions. In particular, the coefficients of the complex norm of these factors—which
are the real factors—will not lie in asymptotically higher degree extensions.

Asin any of the algorithms dealing with algebraic real numbers, we will combine algebraic
field theory with high precision numerical approximation techniques. In order to compute
separating intervals, we need to bound the minimum distance between certain algebraic reals
from below. In particular, for non-real complex numbers we need to bound their imaginary
part away from zero. For all problems of separation we will get bounds that require to
work with a maximal precision that is polynomial in the degree and the binary length of the
coefficients of the input polynomial.

Our methods generalize to curves with totally real algebraic coefficients. We also can
factor implicitly given surfaces over the reals, since our methods work in polynomial-time
for any fixed dimension. However, for simplicity’s sake we shall treat here the case of curves
with rational coefficients only.

We will also briefly describe how one can test whether an irreducible real factor in our
output representation contains a real point. The irreducible factors with real points define
all irreducible components of the input curve. The method we use is essentially Seidenberg’s
[20]. and it turns out that this adaptation is also polynomial-time in the input parameters.
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Notation. By Z, Q, R, and C we denote the set of integers, rational, real, and complex
numbers, respectively. The symbols ¢, ¥, and x will be used to denote minimal polynomials
over Q, the symbols ¢, n, £, and ¥ will be used to denote complex algebraic numbers. R(()
and (¢) denote the real and imaginary part of (, respectively, and ¢* denotes the complex
conjugate of ¢, ¢* = R(¢) — vV—13(¢). Furthermore, ¢, U, ete., will denote complex floating
point approximations of the algebraic numbers (, ¥. The symbols ¢, €9, etc., denote small
quantities, usually a guaranteed precision of an approximation. Finally, we use the symbols
:= and =: to define new mathematical objects (the new quantities being on the side of the
colon), and we use the symbols < and — as assignment operators in program code.

2. Factoring over the Complex Numbers

The procedure we will give below is an adaptation of the algorithm presented in [10]. Since
we are interested in a polynomial-time solution, the input polynomial can be assumed to be
irreducible, for otherwise we factor it over the coefficient field by any of the polynomial-time
methods. In addition, the input polynomial can be assumed monic in one of the variables
and squarefree when evaluating the other variable at zero, which can be enforced by the
simple isomorphic transformation

A

f(x,y) =bf(r,ax +y+c), abceKb#O,

where a is chosen such that deg,(f) = deg(f) [11], and ¢ not a root (as a polynomial in )
of the resultant [10, §2]

Res, (f(z, ax +y), (9/0x)f(x,ax +y)).

The correctness of the algorithm follows from a lemma proved by several persons, among
them Chistov and Grigoryev [3, Lemma 1], Trager [21, §3.2], Dvornicich and Traverso [7],
and the author [10, Theorem 1].

Lemma 1. Let f(x,y) € K[z,y] be irreducible, monic in z, K a field of characteristic 0.
Let g(x,y) € K[z, y] be an absolutely irreducible factor of f. Then there exists a root a of
f(z,0) such that the coefficient field of g is isomorphic to a subfield of K(«).

This lemma allows to compute all absolutely irreducible factors of f without construction
an algebraic extension common to all the factors, which in the worst case can be of degree

deg, (f)!

Algorithm Factorization over the Algebraic Closure

Input: f(x,y) € Klz,y] irreducible and monic in x, f(z,0) squarefree, K a field of char-
acteristic 0. Furthermore, we are given the factorization of f(z,0) into irreducible
polynomials over K, f(z,0) = ¢1(x)---p.(x). Notice that this factorization can be
found in polynomial-time for the usual representations of K.

Output: Fither f will be certified to be absolutely irreducible; or for all 1 < ¢ < r the
algorithm returns polynomials

filz,y) € Kila, y] with K; := K[2]/(0:(2))
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with the following property. For any irreducible factor g(z,y) € K(z,y) there exists
an index j, 1 < 7 < r, and there exists an embedding ¢;: K; — K that fixes K such
that ¢;(f;) = g. Notice, however, that a factor g may arise as the image of several
fi’s, even as the image of several conjugates of a single f; (see remark following the
algorithm).

The idea of the algorithm is to compute the approximation of a root of f(z,y) in any K;[[y]],
and then find the corresponding minimal polynomial.
Set the order of the approximation

lmax — 2(deg, (f) — 1) deg, (f).

Fori < 1,...,r Do Steps N and L.
Step N: Set the initial points for the Newton iteration

1
(0f/0z) (i, 0)

Notice that (0f/0x)(a;0,0) # 0 because f was assumed irreducible, thus squarefree.
We now perform Newton iteration with quadratic convergence (see [13, §3.3]).
For j —0,...,[logy(fmax)| Do:

a0 «— zmod p;(z) €Ki, Big € K;.

2j+1‘

Q41 < <ai,j — ﬁi,jf(o%',j’y)) mod y ;

af 1
Bij+1 < (2@,3' - a—x<ai,j+la y) ﬁij) mod yzj .
Notice that o ;41 and §; j11 are polynomials in K;[y] with

j+1 of j+1
2 7).

f(aiji1,y) =0 (mod y ; ﬁi,j—i—l%(ai,j-}-l, y) =1 (mod y

Set the approximated root

QU = O [log, (bmax)|+1 Od e Kily].
Step L: We now find the lowest degree polynomial in K;[z, y] whose root is «;.
Form «—1,...,deg,(f) — 1 Do:

Here we try to find a polynomial in K;[z, y] of degree m in x that «a; satisfies.
Set the needed order of approximation

€ — deg, (f)(m + deg,(f) = 1).

We examine whether the equation



has a solution for h;,(y) € Ki[y] with deg(h;,) < deg,(f). By choosing an indeterminate
‘Ansatz’ for the coeflicients of h

Ty
deg, (f)
hiu(y) =: Z Wip,6 yav Wi s € Ky,
6=0

and defining the coefficients of o,

we are led to the following problem.
Solve the linear system over the field K;

m—1 deg, (f)

Y =0, W =0brvco) ()

pn=0 0=0

for 0 < X\ < /¢ in the variables u; 5,0 < p<m—1,0<6 < degy(f). Notice that if the
system (1) has a solution in K;, then that solution is unique (see [9, Theorem 1]). If the
system has a solution, then set

m—1 degy (f)

fz(x7y> — " =+ Z Z ui,u,(;yéx#

p=0 46=0

and exit the loop. If the system has no solution and i = 1 and m = deg,(f) — 1, then
designate f absolutely irreducible and exit the algorithm. [

The algorithm is subject to several improvements. For one, one can combine steps N
and L so that one computes «; incrementally to the order ¢ needed for the m considered.
Furthermore, the systems (1) are not independent for different m, and therefore the trian-
gularizations can be incrementally computed.

We shall briefly discuss how one can algebraically prove two factors f; and f;, ¢ # 7,
to be the same. Necessarily, the term structure of these factors has to agree. The factors
lie in the fields K; := Klz1]/(¢i(21)) and K; := Klzz]/(¢;(22)), respectively. We use van der
Waerden’s method of computing a primitive element for a smallest common superfield of
K; and K; [14]. Such an element can be chosen of the form (y = (3 + ¢(» with minimal
polynomial 9 (z9) € Klz], where ¢ € K, (; is a root of ¢;(21), and ¢, is a root of p;(zs).
Furthermore, both (; and (, are algebraically expressible in (y, i.e., there are polynomials
wi(z0) and wsy(zp) in K[zo] that with w;({y) = ¢1 and ws({y) = (o, respectively. Interpreting
fi € K[z, y, z1]/(p1(z1)) and f; € K[z, y, 2]/ (2(22)) we test whether

filw,y,wi(20)) = fi(2,y,w2(20)) (mod 1(2)).

If the test fails, f; and f; are distinct factors of f.
We shall also briefly discuss how to count the number of distinct conjugates of f; that are
factors of f. Let us first give an example. Consider f(z,y) = z*—2(y+1)? € Q[z, y]. Clearly,
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r =1and ¢(z) = 2 —2. The factors of f over K; are 22 +(?(y+1) and 22 — (%(y + 1), with
©1(¢) = 0. In other words, only two of the four conjugates of ¢(z) lead to distinct factors.
What one might want to do is find the defining equation of the smallest subfield of K; that
contains all the coefficients of f;. For the example this is K[v]/(v* —2). One way to construct
this subfield is as follows. Let w;1(2),...,u;+(2) € K[z]/(¢:i(2)) be the coefficients of f;(z,y).
We first find the minimal polynomials ¢; ;(v; ;) € Klv;;] for v;; = w;j(2), 1 < j < t, by
computing the minimum linear dependence over K of

1, u; ;(z) mod ¢;(2), um(z)2 mod p;(2),--.

Then we compute a primitive element (y and its defining polynomial y(z) for the smallest

superfield of the fields
K(via)/(@ia(via))s - K(vig) /(i (vig))

by inductively using the van der Waerden procedure discussed before. All conjugates of (j
now will generate distinct conjugate polynomials of f;.

Both problems, that of identifying the same factors and that of counting the number of
distinct conjugates, require a factorization procedure for K[z] and are therefore quite costly.
For the computation of real factors we will adopt a different strategy, applicable if K is
a finite algebraic extension of Q. We will compute a high precision complex floating point
approximation of the factors. Using a separation lemma for the coefficients of distinct factors,
we then can guarantee that we have approximated distinct factors or identified identical ones.

3. Separation Lemmas

In section 4 we will identify complex and real factors by computing a complex floating
point approximation to their coefficients. In order to decide at what precision (“fuzz”) a
coefficient can be declared real, or two coefficients in two factors distinct, we need so-called
separation lemmas. We will formulate these inequalities in term of certain norms of the
defining polynomials. We shall first define these norms.

Let
f(2) = an(z = C1) -+ (2 = Go)
= p2" + p 12"+ ag € Z]2], ¢, €C.
The p-norm of f, 0 < p < o0, is defined as
11y = /a0l + lar | + - + [an .

The cases that are used most often are for p = 1,2, and p = co. The oco-norm of f is referred
to as the height of f,

[flloe = max(laol, [as], .., [an).

Clearly, || fllco < |[fll2 < || f]l1, but we also have

Ifll2 < v+ 1]flle and [[flls < Vn+ 1] fll2.

The measure of f is defined as
M(f) := |an| | [ max(1, |¢]).
v=1
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The discriminant of f is

Disc(f) := a*"? H (¢ —¢) = 1 Res(f, af),

an ox
1<p<v<n

which is always an integer.

The first lemma is a root separation lemma for polynomials with integer coefficients, and
is due to Mignotte [16] based on inequalities by Landau [12] and Mahler [15]. Independently,
a similar inequality for Gaussian polynomials was proven by Collins and Horowitz [6].

Lemma 2. Let n > 2 and let f(z) = an(z — (1) -+ - (2 — () € Z[z] be squarefree, ¢, € C for
1 <wv<n. Then M(f) <|f|l2 and

3 [Disc(f)|
n+2)/2M(f)n71

V3 fll).

— R f5

Vi # v — Gl > n(

In section 4 we will need to distinguish real from complex roots. Since the complex roots
of an integer polynomial lie symmetric about the real axis, we get the following corollary.

Corollary 1. Let n, f, and (, be as in lemma 2. Furthermore, let R((,) be the real and
() be the imaginary part of (,, 1 < v <mn. Then

WS(G) £0 = 9G] > galn, M(7). B

The preceding lemma allows us to determine root isolations for f, which will be a crucial
tool for our algorithm. Consider approximations (, to ¢, given as complex rational numbers,
perhaps in floating point format

mantissa X 2exponent.

Such approximations are said to isolate the roots of f(z) if

Y |(, — Ey| < &g, wheregq< ngin{K’,, — Cul/4}.
v

The precision ¢q is chosen such that a circle of radius gy around each approximate root z,,
contains exactly one of the actual roots of f. Furthermore, the distance between the ap-
proximations is larger than 2¢3. Now the separation lemma allows us to terminate a root
approximation algorithm as soon as €y < €1/4. We also remark that such root approxima-
tions can be computed quite efficiently. E.g., one of Schénhage’s procedures [19] has bit
complexity

O(n”log(|fll=/0)").

Older algorithms based on the Cauchy principle of argument and the Routh-Hurwitz theo-
rem [17], [23], or real root approximation [5] also have polynomial running time.
We finally give a separation lemma for the roots of relatively prime polynomials.
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Lemma 3. Let

[(2) =an(z = G) -+ (2 = Ga) € Z[2],
Q(Z)me(z—m)”'(z—ﬁm)EZ[Z]a CmeC

be two squarefree, relatively prime polynomials. Then

Vv, 1 |G =l = e1(n+my /(0 4 1) (m + 1) || flla]lgll2)
= 52(n’ m, ||f||2> ||g||2)

Proof. Consider h(z) := f(z) g(z). Since f and g are squarefree and relatively prime to one
another, h is squarefree. In order to apply lemma 2 to h, we need an upper bound for ||A/|s.
A simple argument shows that

11l < 1fglls < Iflallglls < v/(n+ 1) (m+ 1) 1 £llzllgll2-

Hence
G — Nl > e1(n +m, ||h]]2)

> ei(n+m, v/ (n+1)(m+1) [ fll2llg]l2). ®

4. Complex Conjugation

The problem addressed in this section is the following. Given be an irreducible polynomial
©(z) € Z[z] of degree n and one of its non-real roots (. Let (* be its complex conjugate. We
want to find an algebraic number ¢ and its minimal polynomial $(t) € Z[t] such that

C = pl(ﬁ)v C* = p2(19>’ pl(t)>p2(t) S @[t]

The rationale behind this to our problem is the following. If we have found a complex
non-real factor g(z,y,¢) € Q(¢)[z, y] of f(z,y) € Qlz,y], then

g(z,y,¢) g(x,y,¢") € Q) (z,y)

is an irreducible real factor of f(x,y).

The process of the construction of @ and py, p, is again based on the determination of a
primitive element. We know that ¢ = (+c(* is a primitive element for ¢ chosen appropriately.
The polynomials pq, po are then (, (* expressed in terms of 1. However, one needs to identify
the appropriate minimal polynomial @ for ¥ by complex floating point approximations. The
precise algorithm follows.

Algorithm Complex Conjugation

Input: Given is an irreducible polynomial ¢(z) € Z[z] and a complex floating point
number Zof sufficient mantissa length that isolates a non-real root ¢ of .

Output: An irreducible polynomial @(t) € Z[t], polynomials pi(t),p2(t) € Q[t] and a
complex floating point approximation 9 that isolates a root 9 of $ such that p1(9) =¢
and py(¥) = "



Step 1: Pick an integer ¢ and compute the resultant

3(2) — Resy (o(w), o)) = T (2= (G- ),

c -
1<4,5<n
where
p(z) = an(z = C1) - (2 = Ca)
(see [14]).
Step 2: Factor ®(z) over the integers and identify that irreducible factor p(z) which has
¥ = ( —c(* as its root. For that we may have to compute ¢ to higher precision than

that of ¢ in order to separate 9 — 5 — ¢(¢)* from all other roots of ®. Automatically, the
approximation J will isolate a root ¥ of the factor @. Notice that Q(¥) is now isomorphic to
Q[t]/(&(t))-

Step 3: Compute the GCD of p(z) and ¢(t + cz) over (Q[t]/(p(t)))[z]. Clearly, for t = o,
(* is a common root of both polynomials. By selecting

G —G
G — G
this will be the only common root of the two polynomials [22, §40].

Test whether the computed GCD is a linear polynomial z — py(t). If not, go back to step 1
and start with a new c. Otherwise, compute py(t) «— t + cpa(t). O

1<i<n 2<k<n,

¢ #

5. Factoring over the Real Numbers

We now discuss how to factor a polynomial f(x,y) € Z[x,y] into its real factors. One of the
problems we encounter is how to represent the real coefficients. A standard representation
is the one chosen by Collins’s [4] in his cylindrical algebraic decomposition algorithm. For
a real algebraic number £ one gives an irreducible integer polynomial y(v) that has £ as a
root, and one gives a rational interval that isolates £ among the real roots of y. Our output
representation is different, but can be easily converted to Collins’s representation. The main
reason for not performing the conversion inside the algorithm is that Seidenberg’s method
for testing which of the irreducible real factors has a real point is more efficiently performed
with our representation (see §6).

Algorithm Factorization over the Real Numbers

Input: f(x,y) € Z[x,y] irreducible over Q, monic in z.
Output: A list of distinct monic factors

a(z,y) = Zél,j,kxjyk eR[z,y], 1<1<s,
7.k

that are irreducible over R. Each factor g; is represented by an irreducible polynomial
©i(t) € ZJt] together with complex floating point number ¥, that isolates a root
¥, € C of ¢, and by coefficient polynomials 4, ; (t) € Q[t] such that

Vi, ke &k =, k(D).



Step 1: Factor f(z,0) over Q into

f(2,0) =¢i(z) - 0r(2), @ilz) € QL]

and then call the algorithm Factorization over the Algebraic Closure of Section 2. The
algorithm returns for each ¢;(z), 1 < i < r, an absolutely irreducible factor

filwy.2) = Y uigelz) 2’y € (QUe)/ (i) o)

By multiplying through with the least common integral denominator make the coefficients
of u; j , integral.

Let v, j1x(v) € Z[v] be the minimal polynomial of v = u; jx(2) € Q[2]/(¢:i(2)). We will not
compute these polynomials. However, in order to distinguish the factors via floating point
approximation we will need the maximum norm of the v; ; ,(v).

Fori < 1,...,r Do: Compute an upper bound

Ni = max{||thijrll | 0 < j < deg,(fi), 0 < k < deg,(f:)}.

Such a bound can be deduced from the coefficient sizes of u; j;, and ¢; (see the proof of
theorem 1 below).

Step 2: Initialize the index of factors s,t < 0.

Fori«1,...,r Do Step 3 and Step 4.

Step 3: Let d; := deg(¢i), dmax < maxi<,<i{d,}, and Npyay < maxi<,<;{N,}.
Compute all complex roots of ¢;(z) to floating point precision

8'L’)(dmaxa di7 Nmaxa Nia H901H27 HJI%CX{”UZJJCHOO})’

obtaining the complex floating point numbers Z}-J, . ,@,di. Notice that e3 is chosen relative
to €4 below. A possible value for 3 is given in the proof of theorem 1 below. To find roots
to this precision, we can use any of the arbitrary precision complex root approximation
procedures, e.g., the fast algorithms discussed by Schonhage [19]. These algorithms usually
identify the real roots among the EZ-,(; as well as match complex conjugate roots.

Next, substitute all these numbers into the polynomials w; ; ;(z) resulting in an approximate
polynomial

fis(z,y) — Zui,j,k(Ci,6>xjyka 1 <6 <d,.
b,k

Now the coefficients of .]?;75 are approximations guaranteed to precision
84(dmax> di7 Nmax: Nz) = min{€1 (dza Nz)/47 <C:Q(dmaxa di; Nmax; Nz)/4} (2)

By that we mean that the approximate coefficients lie within a circle of radius 4 of the
actual coefficients. By lemma 3 this precision is sufficient to distinguish new complex factors
from previously computed ones. By corollary 1 this precision is also sufficient to identify
completely real factors, as well as match up complex conjugated ones (see the following step).
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Step 4: For h in the set of factors S = {ﬁl, ce f;di} Do:

At this point we have collected distinct complex factors of f in a set of approximate poly-
nomials T'= {q1,...,g:}. To each of these factors belongs a factor of f(x,0), designated by
Ouys -y P, Also, the corresponding real factors of the g’s have been produced.

Step 4.1: First, we check whether h corresponds to a real or a non-real factor. Let (;5 € C
be the root of ¢; whose approximate root @75 produced h. If Gio is real (which is usually
indicated by the root approximation algorithm used in step 3), so must be fi(z,y,(is)-
However, even a non-real (; s may lead to a real f(z,y,(s). Test if

IS oo > &1(ds, Ni) /4.

From corollary 1 and (2) we deduce that this condition is necessary and sufficient for
fi(x,y,(is) to be a non-real polynomial. We refer to this outcome of the test as the non-real
case. B

Eliminate h from the set S. Furthermore, if (;s is non-real, let 6* be the index with
Zi’(;* = (Zi’(;)* (the equality is usually guaranteed by the root approximation algorithm em-
ployed in step 3). In that case, also eliminate .]7‘;’5* from S.

Step 4.2: Next, we check whether I has already been treated earlier. If

min Hgl _EHOO < 254<dmaxadi7Nmax)

1<i<t

then, again by (2), the considered factor is already in the list of factors, therefore process

the next factor h.

Step 4.3: Now h is the approximate version of a new factor. Clearly, in the non-real case
h(h)* is the approximate version of the corresponding real norm with respect to complex
conjugation. If need be, we can compute the coefficients of this real factor to any precision
by increasing the precision of the approximate root (; s of ¢;.
For future tests in step 4.2, add E, and in the non-real case (lNz)*, to the set T" of g’s and
update t accordingly.

We now treat the two cases. The real case, in which f(z,y, (;s) was determined to be a real
factor, is casy: Set gs—i—l(‘T? y) — fz(xa Y, t); @s+1 (t) — (pz(t)a and 5 — Zi,z?-

In the non-real case, first compute, by the Complex Trace and Norm algorithm given in
section 4, a minimal polynomial ¢;s(t) € Q[t] one of whose roots, V;s, generates both
Gis + (s and (5 (5. Then express

gs+1(x7 y) A fZ(x7 Y, Ci,(S) fZ(xJ Y, C:é)
as a polynomial in Q[z,y,t]/(P(t)). Also, return the approximation 51-75 for v; 5, which is
also produced by the Norm and Trace algorithm.
In conclusion to both cases, increment s, since we have added a new real factor, and proceed
to the next h. [

Even though the precision e3 is in the worst case unreasonably large (see the proof of
theorem 1 below), the algorithm can be implemented in an adaptive more efficient way.
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We can work with a lesser precision and first generate all real factors we have certified to
be distinct with that precision. If the degrees of those factors add up to the degree of f,
we need not certify other factors to coincide with already computed ones. The same holds
for the process of identifying non-real complex factors. If we are left with some factors
whose precise form is undecided, we increase the precision and try to distinguish again. Our
estimate essentially proves that this process will terminate in polynomial-time. We have the
following theorem.

Theorem 1. The bit complexity of the Algorithm Factorization over the Real Numbers is
bounded from above by a polynomial in deg(f) and the binary length of the coefficients of
f. X

This theorem follows from the lemmas 2 and 3 as well as the fairly elaborate analysis
of the coefficient growth in the algorithm Factorization over the Algebraic Closure (see [9,
§6]) we will not give an explicit upper bound for the bit complexity of the algorithm, but
show that all size bounds are polynomially dependent on deg(f) and log(||f||). If one were
to implement the algorithm, it is paramount to determine the bounds precisely not only
with respect these two parameters, but also with respect to ||¢;illoo, ||@ijklloo, and |(; 5. We
begin the analysis by first proving a lemma on the height of a the minimal polynomial of an
algebraic number in Q[z]/(¢(2)).

Lemma 4. Let u(z) € Z[z]/(¢(2)), where ¢ is a monic integral polynomial of degree n, and
let ¢(v) € Z[v] be the minimal polynomial of v = u(z). Then

n 7’L3 n2
[l < 0 2llll5 [lull” = Bu(n, loll2, llulh)- (3)

Proof. Let ¥(v) =: by (v™ + by qv™ L 4 -+« 4 by), and let, for all u > 0,

u(2)" (mod ¢(2)) =: wo, + Wiz + 4 Wpo1,2"

Now by, ..., b,_1 is the unique solution to the linear system
Wo,0 Wo,1 Ce Wo,m bO
wW1,0 wWi,1 . W1,m
= 0.
bm—l
Wp-1,0 Wp-11 .- Wp_1m 1

Hence, using Cramer’s rule and Hadamard’s determinant inequality we get as the bound for
both the denominator b,, and the numerators b,,b,, 0 < ¢ < m — 1, in the rational solution
of this system

9]l < m™PW™ with W = max{ |wy,u[}- (4)

We now need to bound W. We first observe that |[u”|« < ||u||f and that

12" (mod ¢)llee < [lelly ™, 1 >mn.

The latter follows again by using Cramer’s rule and Hadamard’s determinant inequality, now
on the linear system arising from computing the coefficients of the quotient and remainder

12



in the polynomial division of z! by ¢. Combining these two bounds, we get
max{|w,,|} = u” (mod ¢)[lec
v(n—1)—n+1 v
< (vin = 1) = n+ 2) Il ull.

Plugging this bound into (4) and crudely bounding u by n and v by n — 1 we obtain (3).
X

Next, we show how close an approximation to a root ¢ of ¢ we need in order to approx-
imate the value u(() of a polynomial u(z) € Z[z] to a given precision.

Lemma 5. Let u(z) € Z[z], deg(u) < n, and let C,ZE C such that | — E| < e. Then

[u(€) — u(Q)] < en®(I¢] + )" |ufl . ()

Proof. This bound is simply established by expanding, with u(z) =: 3_; b2,
n—1

> b =)

j=1
n—1 j—1 N

<IC=¢I> bl Y Ichd .
j=1 =0

Then (5) follows by crudely estimating the double sum. X

u(¢) —u()] =

We now are in a position to provide a polynomial estimate for N; and e3.

Proof of Theorem 1. By lemma 4, we can choose
N; = I%%X{Bl(dm l@ill2, llwigell)}-
Finally, we determine e such that e, satisfies (2). By lemma 5, with
Zi = max{[Gisl} < [lil2,

where the inequality follows from the bound for the measure of ¢; given in lemma 2, it is

sufficient to have
cvimminfea /(#0201 )}

Since all |u; j | are bounded polynomially in size (see [9, §6]), log(1/e3) must also be bounded
by a polynomial in deg(f) and the coefficient size of f. X

6. Seidenberg’s Method

We now describe how one can test whether an irreducible factor produced by our algorithm
Factorization over the Reals contains, as a curve, a real point. Of course, those factors
with real points constitute the irreducible real components of the curve defined by the input
polynomial f. The algorithm is due to Seidenberg [20], and can also be found in Jacobson’s
[8] book, §5.
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Algorithm Real Point Test for a Curve

Input: A complex algebraic number ¥} given by its minimal polynomial ¥ (¢) and an
approximate isolated root J. Furthermore, a polynomial f(z,y,t) € Q|x,y,t] such
that f(x,y,v) is an irreducible real polynomial, monic in x.

Output: True or false, depending whether there exists a real point (z¢,yo) such that
f(x(]?y()vﬁ) =0.

Step 1: Fora < 0,1,... Do:
Test whether

of  of
GCD(f, (x — a)a—y - y%>
computed over (Q[y,t]/(¢(t)))[x] is 1. If that is true, set

0 0
g(x,y,t) A (iIZ’ - a)a—g(xayat) - ya_£<x7yvt)

and go to the next step. Otherwise, try the next a. Notice that since f is irreducible, hence
squarefree, there are at most deg, (f) values of a for which this test can fail.

Step 2: Choose b an integer such that

b > |S(wo)/S(yo)]

for all xo,yo with f(xq,yo,?) = g(xo,v0,9) = 0 and I(yo) # 0, and compute the resultant
h(Y,) «— Resx(f(X — bY, Y, 1), g(X — bY,Y,1)).

Notice that h(Y,t) is a non-zero polynomial in Q[Y,¢]/(¢(t)), and that by the input assump-
tion h(Y, ) has real coefficients.

Step 3: Test whether h(Y, 1) has a real root. By Seidenberg’s argument, this is equivalent
to the problem whether f possesses a real point. The test itself can be performed by Sturm’s
method on Q(9)[Y]. In order to determine the sign of a polynomial remainder at an integer
point ¢ one evaluates that remainder at a sufficiently precise approximation of 9J, which can
be obtained from . [

The correctness of this algorithm follows as in Seidenberg [20]. A polynomial size bound
for b can be derived from the fact that g and gy, are roots in the corresponding resultants.
Also, the Sturm sequence method can be performed with polynomially bounded approxi-
mations. We shall omit the arguments, which are similar to those in §5. However, for the
record, we state the following theorem.

Theorem 2. The bit complexity of the algorithm Real Point Test for a Curve is bounded
from above by a polynomial in deg(f), deg(v), and the coefficient length of f and 1.
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