Abstract

coefficients. Keywords polynomial-time.

1

2

det 1 . . 1 1

x_n . . x_2 x_1

x_n^2 . . x_2^2 x_1^2

x_n^{n− 1} . . x_2^{n− 1} x_1^{n− 1} = i > jΠ

(x_i − x_j ).

n^{O(1)} n

3 ´ Math. Ann. 4 factorization,’’ 5 6 7 factorization,’’ 8 ´ Math.

Ann. 9

sparse.

Notation Q q with q elements. F F x_1 in f ∈ (F [x_{2 n} ])[x_1 10 1985. 11 12

13

14 15

16

17

f in x_{1 x1}(f f x_{1 x1}(f mials f_1 and f_2 f_1 ∼ f_2 f_1 =_2 with c ∈ F \ {0} f ∈ F [x_{1 n} f F = Q f ).

D P X, V, C, S) where X V C and S C of P P v f (v) ∈ D f (P

∪ v∈ V^{f (v f ∈ F [x}1 n^{P if P =}

({x_{1 n} }, V, C, S F (x_{1 n} S ⊂ F P ϕ:{x_1 n F P at ϕ(x_m x_m P P X ∪ S.

By M(d F [x] d S S

fac-

f ∈ F [x_{1 n} ], F d f ), R ⊂ F f d_i , e_i ))_{i=1} f =

Π i=1^{r h}i^{ei , h}i^{∈ F [x}1 n^{],}

h_i irreducible, d_i = deg(h_i ) ≥ ≤ i ≤ r , h_i h_j for i ≠ j.

Let a_1, a_{3 n} , b_{3 n} ∈ R 18 1985. 19 20 1985.

f_1 = f (x_1 +a_1, x_2, b_3x_1 +a_{3 n} x_1 +a_n ). Then

Prob(f and f_1 ≥ 1 − card(R)

4d 2^d + d^3 . Proof h_{i1} = h_i (x_1 +a_1, x_2, b_3x_1 +a_{3 n} x_1 +a_n ) F [x_1, x_2 ≥ 1 – 4d_i 2^{di} ⁄card(R h_{i1} d_i h_{i1} h_{j1} i ≠ j ĥ_i = h_i (x_{1 1}, x_2, β_3x_{1 3} β_n x_{1 n} ) in F (α_1, α_3 α_n , β_3 β_n )[x_1, x_{2 x1,x2}(ĥ_i d_i π_i (β_3 β_n ) ∈ F [β_3 β_n ] \ {0} x_1^{j1}x_2^{j2} , j_1 + j_2 = d_i ĥ_i π_i ) ≤ d_i and π_i (b_{3 n} ) ≠ h_{i1}) = d_i . ≥ 1 − card(R) deg(π_i ) ≥ 1 − card(R) d_i . h_{i1} h_{j1} ĥ_i ĥ_j in F (α_1, α_3 α_n , β_3 β_n )[x_1, x_2], i ≠ j, F [α_1, α_3 α_n , β_3 β_n , x_1, x_2 ĥ_i α_k ← x_k – β_kx_1 ≤ k ≤ n x_1 ← x_1 – α_1 h_i . ĥ_i and ĥ_j σ_{i1}, σ_{i2} ∈ F [α_1, α_3 α_n , β_3 β_n ĥ_i σ_{j1}, σ_{j2} of ĥ_j τ_{i1}σ_{j1 i2}σ_{j2} ≠ 0. Now τ (a_1, a_{3 n} , b_{3 n} ) ≠ h_{i1} h_{j1}. 21 22

23 1985.

τ ) ≤ d_i + d_j ≥ 1 – (d_i +d_j )⁄card(R

1 − i^{=1} Σ^r_{card(R)}^{4di 2}

d_i + i=1Σ^r_{card(R)}^{di +}_{1≤i<j≤r}Σ_{card(R)}^{di +dj} ≥ 1 − card(R)

4d 2^d + card(R) d + 2 d(d− 1) card(R) d ≥ 1 − card(R)

4d 2^d + d^3 .

x_2 of f the

((d_i , e_i , d_{i,1 i,n} ))_{i=1}

where d_i and e_i d_{i,m xm}(h_i x_2

f (b_1x_1 +a_1, b_2x_1 +a_{2 n} x_1 +a_n ) f f = Π i=1^{r h}i^{ei ∈ F [x}1 n^{], F d f ), R ⊂ F \}

{0} a_m, b_m ∈ R ≤ m ≤ n

f^{(m)} = f (b_1x_0+a_{1 m− 1}x_0+a_{m− 1}, x_m, b_{m+1}x_0+a_{m+1 n} x_0+a_n ≤ m ≤ n, and f^{(m)}(x_0, x_m) =

i=1Π^{rm}^hi^{(m)(x}0^{, x}m^)^{ei,m}

h_i^{(0)} = h_i (b_1x_0+a_{1 n} x_0+a_n ≤ i ≤ r.

24 1985.

f and f^{(m)} ≤ m ≤ n

x_m(hi x_m(hi

(m) ≤ m ≤ n ≤ i ≤ r , iii) h_i^{(0)} h_j^{(0)} ≤ i < j ≤ r ,

1 − card(R)

4nd 2^d + (n+1)d^3 + nd .

Proof f^{(m)}(b_1x_0, x_{2 n} x_0, x_m, a_1⁄b_1 x_1, x_2 a_1 m x_2 by b_2x_0 a_1

n(4d 2^d +d^3)⁄card(R).

π_i^{(m)} ∈ F [β_1 β_{m− 1}, β_{m+1} β_n τ ∈ F [α_1 α_n , β_1 β_n deg(π_i^{(m)}) ≤ deg(h_i^{(m)} π_i^{(m)}(b_{1 n} ) ≠_{xm}(h_i ) = deg_{xm}(h_i^{(m)}) and deg(τ ) ≤ deg(h_i ) + deg(h_j τ (a_{1 n} ) ≠ h_i^{(0)} h_j^{(0)}. ≤ nd⁄card(R ≤ d^3⁄(2card(R

f^{(m)} h_i^{(m)}(x_{0,} b_mx_0 + a_m).

f x_m f^{(m)}, m ≠

i=1Π^{r h}i^{(2)(x}0^{, b}2^x0^{+a} 2^{) = f (2)(x}0^{, b}2^x0^{+a} 2^)

x_1, x_{3 n} §

25

26 27

§

Algorithm Input: f ∈ F [x_{1 m} P ϕ(x_1 ϕ(x_m d ≥ deg_{xm}(f ε g_i ∈ F [x_1 x_{m− 1}] \ F [x_{2 m− 1} e_i ≥ F ) \ e_i ≤ i ≤ r ,

x_1(f ) ∈ F [x2 m− 1], f (x1 m− 1 Π i=1

r g_i^{ei} , g_i , g_j ≤ i < j ≤ r , h_i ∈ F [x_{1 m} h_i (x_{1 m− 1} g_i ≤ i ≤ r f =

Π i=1^{r h}i^{ei .}

h_{i x1}(h_i ldcf_{x1}(g_i ≤ i ≤ r .

Output < ε r F [x_{1 m}] – ε h_{1 r} .

FOR k ← WHILE(d > Σ_{i=1}^r e_i deg_{xm}(h_i h_i ← g_i^{(k)}.

1985. 28

29

g_i^{(k)} ∈ F [x_{1 m} ≤ i ≤ r

g_i^{(k)} ≡ h_i mod x_m^k_{xm}(g_i^{(k)}) < k ≤ i ≤ r. (†)

ĝ_i ∈ F [x_{1 m− 1 x1}(ĝ_i ) < deg_{x1}(g_i ), 1 ≤ i ≤ r g_i^{(k+1)} = g_i^{(k)} + ĝ_i x_m^k ≡ h_i mod x_m^{k+1} ≤ i ≤ r.

g_1^{e1− 1} g_r^{er − 1}

i=1Σ^{r (e}i^ĝi^xm^k j≠i j=1Π^{r g}j^{) ≡ f −}_{i=1}Π^{r (g}i^{(k))ei mod x}m^{k+1 (‡)} and f − i=1Π^{r (g}i^{(k))ei (x}1 m− 1^{) x}m^{k mod x}m^{k+1, F [x}1 m− 1^{].}

P_τ {x_{1 m− 1}}, V_τ, C_τ, S_τ f (P_τ) P_k with f – Π_{i=1}^r (g_i^{(k)})^{ei} ∈ f (P_k P_k ϕ(x_m k

len(P_k) = O(len(P ) +

i=1Σ^{r log(e}i^gi^{(k))m log(d}

P_τ O(M(k P_k ‡ x_1 we

g_1^{e1− 1} g_r^{er − 1} τ(x_{1 m− 1}) ____________ ∈ F [x_{1 m− 1 x1}(ρ ) < deg_{x1}(g_1 g_r ).

Furthermore,

g_1 g_r ρ = g_1 e_1ĝ_1 + + g_r e_r ĝ_r §) ĝ_i /e_i ρ⁄(g_1 g_r F (x_2 x_{m− 1})[x_1].

ĝ_i

ĝ_i =

j=1Σ^{di c}i,j^{(x}2 m− 1^{) x}1^{j− 1 , d}i^{= deg}x1^{(g}i^{≤ i ≤ r ,}

c_{i,j}

j=1Σ^{d1+ +dr c}j^{(x}2 m− 1^{) x}1^{j− 1 ,}

P_τ, g_{1 r} P_τ ψ(x_1 P ϕ the c_{i,j} Σd_i by Σd_i c_{i,j}

c_{i,j} ε/d^2 F = Q f

c_{i,j} k d – ε ĝ § § g_i

Algorithm

Input: f ∈ F [x_{1 n} P l d ≥ deg(f ε 1.

Output < 2ε

mials h_i ∈ F [x_{1 n} ], e_i ≥ ≤ i ≤ r > 1 – ε 30 German). 31

32

f = i=1Π^{r h}i^{ei} f R ⊂ F with card(R) > ε max(2^{l+4} d 2^d + 2d^3 + 2(n− 2)d)

a_{1 n} , b_{3 n} F q q q^p ), p > d occur. P ϕ(x_m a_m ≤ m ≤ n F = Q P ϕ ε/8.

If P ϕ P ϕ f_1 = f (x_1 +a_1, x_2, b_3x_1 +a_{3 n} x_1 +a_n ).

ε F = Q f

Factor f_1 = Π_{i=1}^r g_{i,2}^{ei} , g_{i,2} ∈ F [x_1, x_2 f and f_1 m ← 3

g_{i,m− 1} ∈ F [x_{1 m− 1}

i=1Π^{r g}i,m− 1^{ei = f (x}1^{+a} 1^{, x}2 m− 1^{, b}m^x1^{+a}m n^x1^{+a}n^) and g_{i,m− 1}(x_1, x_2, b_3x_1 +a_{3 m− 1}x_1 +a_{m− 1}) = g_{i,2} ≤ i ≤ r.

Let J 1 } j ∈ J g_{j,m− 1} ∈ F [x_{2 m− 1} 33 1985. 34

= f (x_1+a_1,x_{2 m− 1},b_mx_1+a_m+y,b_{m+1}x_1+a_{m+1 n} x_1+a_n ) f_m(x_{1 m− 1},y)

P_m {x_{1 m− 1}, y}, V_m, C_m, S_m F (x_{1 m− 1}, y f_m = j ∈ JΠ g_{j,m− 1}^{ej} f_m .

f_m ∈ F [x_{1 m− 1},y_{x1}(f_m)∈ F [x_{2 m− 1}

f_m ∈ f (P_m), d – Σ_{j∈ J} e_j deg(g_{j,m− 1} probability ε/(2n− g_{i,m− 1}, e_i for i 1 } \ J .

If p F e_i

g_{i,2}^{pνi} g_{i,2} e_i = p^{νi} μ_i and p \ μ_i h_i^{pνi} recover h_i p

h_{i,m} ∈ F [x_{1 m− 1}, y

i∈{ 1 }\JΠ h_{i,m}^{ei} = f_m.

Set g_{i,m} ← h_{i,m}(x_{1 m− 1}, x_m – b_mx_1 – a_m i 1 } \ J , g_{j,m} ← g_{j,m− 1} j ∈ J .

h_i ← g_{i,n} (x_1 − a_1, x_{2 n} ), e_i ≤ i ≤ r.

e_i f_1 Π g_{i,2} with f f can f

35

f_1 f ≤ m ≤ n

> 1 – (n− 2)d/card(R n− > 1 – ε

1 − card(R)

4d 2^d + d^3 1 − card(R) (n− 2)d 1 − 2 ε > 1 .

P ϕ < 2^{l+1}/card(R) < ε

P ϕ F = Q of f_1 < ε

> 1 – ε n− > 1 – ε > 1 – 2ε theorem.

f – 3ε F len(P ), d h_i ≤ i ≤ r ,

ments.

Proof

h_i ∈ F [x_{2 m− 1} h_i g_{j,m− 1}, j ∈ J g_{j,m− 1} must divide f_m h_{i,m}(x_1 +a_1, x_{2 m− 1}, b_mx_1 +y +a_m, b_{m+1}x_1 +a_{m+1 n} x_1 +a_n ) h_{i,m}(x_{1 m− 1} F [x_{2 m− 1} h_i F [x_{2 m− 1} let ĥ_{i,m} = h_i (x_{1 1}, x_{2 m− 1}, β_mx_1 +y_m, β_{m+1}x_{1 m+1} β_n x_{1 n} ) ∈ F [α_1, α_m α_n , β_m β_n , x_{1 m− 1}, y deg_{x1}(ĥ_{i,m}) >_{x1}(ĥ_{i,m}) ∈ F [β_m β_n , x_{2 m− 1}].

Let σ_i (β_m β_n )x_2^{j2} x_{m− 1}^{jm− 1}_{x1}(ĥ_{i,m} Π_{i J} σ_i (b_m n ) ≠

h_{i,m}(x_{1 m− 1} = g_{i,m− 1} F [x_{2 m− 1} i J ,

Π^σ i^{) ≤} Σ^{deg(h}i^{) ≤ d ≤ m ≤ n}

≥ 1 – (n− 2)d⁄card(R).

Corollary F = Q or F q f ∈ F [x_{1 n} P – ε F len(P ), d ε 1 f P h_i ≤ i ≤ r.

Proof f

38 factorization,’’ 39 ,

´

40 41 ématique 1982. 42

f = i=2Π^{n (x}i^{− 1)}_{i=2}Π^{n (x}1^−_{j=0}Σ^{d x}i^{j).}

Q computes w_{l+1,δ} with

f (x_{1 n} ) =

δ=0Σ^{d f (w}l+1,δ^x1^{− a} 1^{)δ.}

w_{l+2,δ}

f (x_{1 n} ) =

δ=0Σ^{d f (w}l+2,δ^{)x}1^{δ.} §

Split f = f 0 + (x1 − a 1)d⁄2 f 1 with

f_0= 0≤δ<d⁄2Σ c_δ(x_1 − a_1)^δ, f_1= 0 d⁄2Σ c_{d⁄2}(x_1 − a_1)^δ.

Convert f 0 and f 1 Compute f 2 = (x1 − a 1)d⁄2 Compute f 1 f 2 + f 0

T(d) T(d) ≤ 2T(d⁄2) + (d), c T(d) = O(log(d) M(d)).

W = {w_{λδ} } ∪ {u u } Q {x_2 x_n }, W, C_Q , S a_1}).

card(R) > max(2^{l+4}, 8d^3)/ε

ρ P̃_ρ ϕ(y_ν) = a_ν n F = Q 43

P_ρ P_ρ ϕ .

P̃_ρ , a_1 d Q_ρ = ({y_2 y_n }, W_ρ , C_ρ , T_ρ c_{ρδ} ∈ f (Q_ρ ) Q_ρ ϕ(y_ν) = a_ν ≤ n.

(e_{1 i− 1})∈ J_iΣ δ=0Σ d− e_1− − e_{i− 1}

γ_{e1 i− 1,δ} b_{k1}^{e1} b_{k,i− 1}^{ei− 1} b_{ki}^δ = g_{ki}, (†)

1 − i=1Σ^n_r^{deg(σ i ) ≥ 1 −}_r^{ndm > 1 −}_r^{nd(d+1)n > 1 .}