Abstract.

log

" over Z_p "

F with q O(qn^3 n

in n and q

logq q F degree n F n and logq?

, 45

Lov´

Lenstra-Lenstra-Lov´

(nlogq)^{O(1)} nq)^{O(1)} n q q logq logq nlogq "dense"

O(log^2

f ∈ F [x,y f " "

F "failure"

F f ∈ F [x,y f

(N_1) f (x,0) ∈ F [x

(N_2) f x.

. f ∈ F [x,y].

g ∈ F [x,y f .

h ∈ F [x f (x h = f (x f . "failure".

d_x = deg_x f , d_y = deg_y f d = 2d_xd_y E = F [t]⁄(h(t a_0 = (t mod h(t)) ∈ E b ∈ E[y f (b,y) ≡ y^{d+1} in E[y]. t = f_x(a_0,0)

1 ∈ E f_x = ∂x ∂f ∈ F [x,y f_x(a_0,0) ≠

wise a_0 f (x

k = 1,...,d compute a_k = a_{k− 1} − (a_{k− 1},y) ∈ E[y].

("mod y^{k+1}" y^l of y with l>k f (a_k) ≡ y^{k+1}.) Set b=a_d . i, degh ≤ i ≤ d_x u_0,...,u_{i− 1} ∈ F [y deg_yu_j ≤ d_y ≤j<i, b^i + 0≤j<iΣ u_j b^j ≡ y^{d+1.}

u_0,...,u_{i− 1}.

g = x^i + 0≤j<iΣ u_j x^j ∈ F [x,y].

e τ(e F

"failure". f ∈ F [x,y "failure" f . n f d_x f x O(n^3d_x^4) (d_x O(n^7) (n F .

Proof g f h divides g(x,0).

O(d_x E a_k O(d_x E[y y^{k+1} O(d^2d_xlog^4d E.

b^2,b^3,...,b^{dx} in O(d_x E[y y^{d+1} O(d_x^4d E d+1)d_x linear d_x(d_y+ F E corresponds d_x F O((d_x(d_y+1))^2 (d+1)d_x O(d^3d_x F E:F ] < d_x, d ≤ nd_x ≤ n^2, O(d^3d_x + d^2d_x^2log^{4 4}d_x O(n^3d_x^4 in F .

F h ∈ F [x d F [x]⁄(h O(^4d F #F of F d

O(^2d

Proof q = #F F [x]⁄(h

F [x d d q < 2d w ∈ F [t log_q 2d K = F [t]⁄(w F [x]⁄(h) ⊆ K[x]⁄(h O(dlog^2d in K K costs O(log^2d F O(dlog^4d) F F [x]⁄(h).

k = 1,...,d d = degh d_y(2d_x− 1) .

f x c ∈ F [y k = 1,...,δ

degh d_y(2d_x− 1) + (d_x+1) .

deg_yu_j ≤ d_y ≤j<i , cb^i + 0≤j<iΣ u_j b^j ≡ y^{δ+1} ,

v = gcd(c,u_0,...,u_{i− 1}) ∈ F [y]

g = v c x_i +

0≤j<iΣ v

u_j x^j .

gcd

. f ,g ∈ F [x,y f x F

x) ∈ F [x,y f and g.

d_x = max(deg_x f ,deg_xg), d_y = max(deg_y f ,deg_yg d = 2d_xd_y d = gcd q = #F < 3d

w ∈ F [t log_q 3d F F [t]⁄(w). a_1,...,a_{2d} ∈ F g(x,a_i x as g d + d_y < 3d F i ≤ i ≤ 2d h_i = gcd(f (x,a_i ),g(x,a_i )) =

0≤jΣ^{h xj ∈ F [x].}

m = min{degh_i :1≤i≤2d} M 1,...,2d} with #M = d_y + i = m i∈ M. ≤ j ≤ m h b_j ∈ F [y d_y with b_j (a_i ) = h i∈ M b_m = 1.) h = 0≤j≤mΣ b_j x^j .

f ,g ∈ F [x,y f x d

gcd of f and g, O(d^2log^4d F #F ≥ 3d O(d^2log^2d Proof h_0 = gcd(f ,g) ∈ F [x,y x f = uh_0, g = vh_0 with u,v ∈ F [x,y r = res_x(u,v) ∈ F [y] d a ∈ F with r (a ) ≠ (x,a ) = deg_xg gcd(f (x,a ),g(x,a )) = h_0(x,a ).

d among h_1,...,h_{2d} h_i = h_0(x,a_i ), and_i ≥ deg_xh_0 i M h = h_0.

If q < 3d w nomial w ∈ F [t l = log_q 3d q^l ≤ 3dq < 9d^2 O(log^{2 2} O(log^4d F

F [t]⁄(w O(log^2d F log^2d q < 3d. O(d f (x,a_i g(x,a_i O(d_xlog^2d_x h_i O(d(d + d_xlog^2d_x)) m ≤ d_x O(d_x(d_ylog^2d_y O(d^2log^{2 2}d O(d^2log^2d q ≥ 3d.

f ∈ F [x,y F q p = charF F . g ∈ F [x,y f "failure".

d_x = deg_x f f =

0≤i≤d_xΣ

f_i x^i with f_i ∈ F [y

c = cont_x(f ) = gcd(f_0,...,f_{dx}) ∈ F [y]. If c c.

f_x = ∂x ∂f and f_y = ∂y ∂f f_x = f_y = f = 0≤i,jΣ f x^{ip} y^{jp} g = 0≤i,jΣ f^{q⁄p}x^i y^j g g^p = f f_x = 0 and f_y ≠ x and y f_x ≠ 0. Compute g = gcd(f ,f_x g ≠ g. f f_0 ∈ F [y f x. Set v = f_0^{dx− 1}f ( f_0 x ,y) ∈ F [x,y].

(v d_x x.)

F d_y = deg_yv, m = max{d_x,d_y} d = 2d_xd_y q = #F > d F^* = F l with m < l ≤ 2m mials w_1,...,w_{8ln} ∈ F [t l "failure" w_i F^* = F [t]⁄(w_i ).

r = disc_x(v) = res_x(v, ∂x ∂v) ∈ F [y].

(r ≤ (2d_y− 1)d_x < d c ∈ F^* r (c) ≠ f^* = v(x,y− c) ∈ F^* [x,y].

(f^* f^* ∈ F^* [x,y g^* ∈ F^* [x,y].

e = deg_xg^* , g_1 = f_0^{− e+1} g^* (_0, y+c) ∈ F^* [x,y],

g_0 = cont_x(g_1) ∈ F^* [y], g = g_1⁄g_0 ∈ F [x,y], g.

e in O(e^3 + e^2 ) F q = #F

"failure"^1⁄2 O( F O( n+ − n− 1 n f .

F q f ∈ F [x,y n. f f f or "failure". f f or "failure". − n .

O(n^7log^{4 2}q(n^5 + )) O(n^5 logq Proof f and v in F [x,y F [y]. v in F [x,y F^* [x,y v and f^* in F^* [x,y Also, f^* l c #F^* = q^l ≥ d: q^l ≥ 2^{m+1} ≥ 2m^2 ≥ d.

m ≥ m ≠ m = l ≥ q^l ≥ d − n− 1 w_i q^l − q)⁄l l in F [x "

≤ (1− lq^l q^l − q )_{8ln} ≤ (1 − 2l 1 )_{8ln} ≤ e_{− 2n} ≤ 2_{− n− 1}.

− n .

d_x ≤ n, d_y ≤ n^2, d = 2d_xd_y ≤ 2n^3, l ≤ 2m ≤ 2n^2 n^* of f^* n^2 O(n^3 O(n^4 gcd O(d^2log^4d F p O( p q F deg_y f ≤ d_y with d_y l O(m^{3⁄2}log^2m w in O(8^2 log^2 O(n^7log^3 ) F O(d_xd^2

O((n^* )^3d_x^4 + n(d_x^3 + d_x^2 logd_x log(q^l ))

or O(n^{10} + n^5 F^* F^* O(^4l F O(^{4 2}q

O(n^7 log^{4 2}q (n^5 + ))

O(8 O(n^5logq O(nd_x logd_x logq O(n^2

q > d F^* = F O(n^3 log^2q(n^7 +

"failure".

O(n^8log^{4 2}q(n^5 + )),

O(n^6logq n2^{− 2n} ≤ 2^{− n} prescribed ε > logε)⁄n

F q F [x,y degree n n and logq.

gcd

O(log^2n F (respectively O(log^{2 2} n p = charF q = p^k = #F

f (x l O(log^2n

"failure"^{− n} n and logq

F q = p^k p = charF in F [x,y n O(log^{2 2}(kn) logp + ). p n p^{kn2}

t ∈ E[y_k(a_k,y) ≡ y^{2k} O(log^2n).

w_i ∈ F [t w_i construct F^* with #F^* ≥ d w^+ ∈ F [t l = degw^+ ≥ log_q d F^+ = F [t]⁄(w^+ w^+ d f F^+[x,y w was F^* [x,y

w^+

N(g) = N_F +_{(x,y)⁄F (x,y)}(g)= (− 1)^{il} res_t (w,g )

for g ∈ F^+[x,y g ∈ F [x,y,t i<l in t g≡g mod w g ∈ F^+[x,y f N(g) ∈ F [x,y f gcd of f and N(g

F q elements. F n n of F n and logq. F n n and q.

Proof F^+ of F

q

q polynomial f ∈ F [x_1,...,x_k d is O(d^klogq " ".

"sparse encoding"

Let F q f ∈ F [x,y n n F F n and logq.

O(n^7log^{4 2}q n q elements.

f ∈ Z_p [x,y f and logp?

References

rithms " "

" " 46,

" "

" " " fields," " " " " Proc.

200-205.

" " 42,

" " " "

" " " "

" fields," " "

ász, " coefficients,"

" " 280.

"onemann, "Grundz" " "