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In th i s  n o t e  we s u m m a r i z e  t h e  p r o g r e s s  m a d e  so far  on us ing  the  Com- 
p u t e r  Algebra S y s t e m  MACSYMA [10] to expl ic i t ly  c a l c u l a t e  t h e  defining equa-  
t ions  of t he  Hi lber t  c lass  fields of i m a g i n a r y  q u a d r a t i c  fields with p r i m e  class  
n u m b e r .  Our m o t i v a t i o n  for  u n d e r t a k i n g  th i s  i n v e s t i g a t i o n  is to c o n s t r u c t  
r a t iona l  p o l y n o m i a l s  with a g iven  f ini te  Galois group.  The g roups  we t r y  to  
rea l ize  h e r e  a re  t he  d ihedra l  g r o u p s  Dp for  p r i m e s  p .  These g r o u p s  a re  non-  
abe]Jan g r o u p s  of o r d e r  2p and  a re  g e n e r a t e d  by two e l e m e n t s  

p + l  P + 3  ~ =  (1 2 3 . . - p )  a n d T =  (1)(2 p ) ( 3  p - l ) - . - (  ~ -  2 " 

with t he  r e l a t i o n  ~0~r = e -1, as s u b g r o u p s  of the  p e r m u t a t i o n  g roups  of deg ree  
p .  These g roups  are  solvable and  t h u s  can  be r ea l i zed  as Galois groups .  The 
p rob l em is to  c o n s t r u c t ,  for a g iven p r i m e  p ,  an i n t e g e r  po lynomia l  with Galois 

g r o u p  D r . 

1. C. U. J e n s e n  a n d  N. Yui have  found  t he  following ef fec t ive  c h a r a c t e r i z a -  
t ion  for  p o l y n o m i a l s  to  have  Galois g r o u p  D r . 

T h e o r e m  (cf.. J e n s e n  and  Yui [7, T h e o r e m  II. l .2]):  Let  f (x) be  a m o n i c  i n t eg ra l  
po lynomia l  of deg ree  p ,  where  p is an odd p r ime .  Assume t h a t  p =- 1 m o d u l o  4 
and  t h a t  t he  Galois g r o u p  of f is n o t  the  cyc l ic  g r o u p  of o rde r  p (resp. a s s u m e  
t h a t  p =- 3 m o d u l o  4). Then n e c e s s a r y  and  suff ic ient  cond i t ions  t h a t  t he  Galois 
g roup  of f is D r are:  

* This research was partially supported by the National Science and Engineering Research 
Council of Canada under grant 3-643-126-90 (the first author) and under grant 3-661-i14-30 
(the second author). 
First author's current address: Rensselaer Polytechnic Institute, Department Mathematical 
Sciences, Troy, NewYork~ 12181. 
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(1) f is i r r e d u c i b l e  o v e r  t he  r ing  Z of i n t e g e r s .  

(2) The d i s c r i m i n a n t  of f is a p e r f e c t  s q u a r e  ( r e s p . / s  n o t  a p e r f e c t  s q u a r e ) .  

(3) The p o l y n o m i a l  g ( x )  = 1 - ~ l ~ i < j ~ p ( x - a ~ - a j ) ,  a~ be ing  t h e  r o o t s  of f ,  
wh ich  is of d e g r e e  p ( p - 1 ) / 2  a n d  h a s  all i n t e g r a l  coef f i c ien t s ,  d e c o m p o s e s  
i n to  a p r o d u c t  of [ p - 1 ) / a  d i s t i n c t  i r r e d u c i b l e  p o l y n o m i a l s  of d e g r e e  p 
ove r  Z. [] 

Given a n  i n t e g r a l  p o l y n o m i a l  of d e g r e e  p ,  i t  is qu i t e  e a s y  to  t e s t  w h e t h e r  
c o n d i t i o n s  (1) - (3) a r e  sa t i s f ied .  Both  t h e  c o m p u t a t i o n  of t h e  d i s c r i m i n a n t  of 
f and  t h a t  of t h e  p o l y n o m i a l  g ,can  be  a c c o m p l i s h e d  by  r e s u l t a n t  c a l c u l a t i o n s .  
The e x c l u s i o n  of t h e  cyc l ic  g r o u p  of o r d e r  p in t h e  c a s e  t h a t p  =- 1 m o d u l o  4 
m a y  be  m o r e  i nvo lved  b u t  i t  is, for  e x a m p l e ,  su f f i c i en t  t o  e s t a b l i s h  t h a t  f does  
n o t  h a v e  p r ea l  roo t s .  For  p = 3, 5, a n d  7 p o l y n o m i a l s  wi th  Galois  g r o u p  Dp a re  
known for  a t  l e a s t  a c e n t u r y  (cf. Weber  [12, Sec. 131]). 

U n f o r t u n a t e l y ,  e x t e n s i v e  s e a r c h  fo r  p o l y n o m i a l s  of d e g r e e  11 s a t i s fy ing  
c o n d i t i o n s  (1) - (8) h a s  n o t  y e t  p r o d u c e d  e v e n  one  s u c h  p o l y n o m i a l .  This  is, to 
s o m e  e x t e n t ,  no t  s u r p r i s i n g  s ince  t h e  p o l y n o m i a l  g will, for  r a n d o m l y  c h o s e n  
coe f f i c i en t s ,  a l m o s t  a lways  be  i r r e d u c i b l e  due  to  ghe H i l b e r t  i r r e d u c i b i l i t y  
t h e o r e m .  In o r d e r  to  c o n s t r u c t  s u c h  p o l y n o m i a l s  we t h e r e f o r e ,  a t  t h e  
m o m e n t ,  h a v e  to  r e l y  on t i le H i l b e r t  c l ass  field t h e o r y .  We shal l  b r i e f ly  s u m -  
m a r i z e  t h e  t h e o r e t i c  b a c k g r o u n d  of o u r  c o m p u t a t i o n s .  

2. We c o n s i d e r  an  i m a g i n a r y  q u a d r a t i c  n u m b e r  f ield Q ( ~ / m )  wi th  d i s c r i m -  
i n a n t  d ove r  t h e  f i e l d Q o f  t h e  r a t i o n a l  n u m b e r s .  Let  ax  2 + bxy + cy  2, a > 0, 
GCD(a, b, c ) = 1, be  a pos i t i ve  def in i t e  p r i m i t i v e  q u a d r a t i c  f o r m  wi th  d i s c r i m -  

i n a n t  d = b 2 - 4ac  The i n t e g r a l  m a t r i x  I~' wi th  d e t e r m i n a n t  a~ - 7fl = 1 

t r a n s f o r m s  t h e  q u a d r a t i c  f o r m  by  r e p l a c i n g  x by  a x  + fly a n d  y by  7x + ~y 
in to  an  e q u i v a l e n t  one  of t h e  s a m e  d i s c r i m i n a n t  g .  The c l a s s  n u m b e r  h ( d )  of 
Q(~/m-) is equa l  to t h e  t h e  n u m b e r  of s u c h  de f ined  e q u i v a l e n c e  e l a s s e s  of posi -  
t ive  def in i te  p r i m i t i v e  q u a d r a t i c  f o r m s  of d i s e r i m i n a n t  d. A u n i q u e  r e d u c e d  
f o r m  for  e a c h  e q u i v a l e n c e  c l a s s  c a n  be  s e l e c t e d  wi th  

- a  < b  <--a < c  or O ~ b  <_a = c .  

These  c o n d i t i o n s  i m p l y  t h a t  Ib I -- x / Id  I / 3  a n d  h e n c e  h ( d )  is f ini te .  

Now le t  SL2(Z ) be  t he  m o d u l a r  g roup :  

{[o 0] } 
SL2(Z) = c d t a ,  b, e ,  d EZ,  a d - b e  = l , 

and  l e t  H d e n o t e  t h e  u p p e r  ha l f  c o m p l e x  p lane :  

H =  ~z = z  + i y  c C l y > 0 l ,  

w h e r e  C is t h e  f ield of c o m p l e x  n u m b e r s .  SL2(Z ) a c t s  on H by  

f~ b 1 ] ( z ) -  a z  + b  
[ c  d c z  + d  " 
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A f u n d a m e n t a l  domain  F f o r  SL2(Z ) i n  H is  d e f i n e d  t o  b e  a s u b s e t  of H s u c h  

t h a t  e v e r y  o r b i t  of SL2(Z ) h a s  o n e  e l e m e n t  in  F ,  a n d  two  e l e m e n t s  of F a r e  i n  

t h e  s a m e  o r b i t  if  a n d  o n l y  if t h e y  l i e  o n  t h e  b o u n d a r y  of F .  T h e n  F i s  g i v e n  b y  
t h e  s e t  

F =  [ z = x + i y  c c l  I z l - > l ,  Ix l - -<  I- 

We n o w  i n t r o d u c e  t h e  elliptic modular  j - invar iant .  
n u m b e r  z w i t h  n o n - n e g a t i v e  i m a g i n a r y  p a r t ,  l e t  q = e 2n~z a n d  l e t  

E 4 ( z )  = 1 + ~40 ~ aa(n)q  n, 
W,=I 

F u r t h e r m o r e ,  l e t  

o 3 ( ~ )  = ?, ~3 

~ > 0  

F o r  e a c h  c o m p l e x  

j(z) : I 
n ( ~ )  8 J " 

I t  is we l l -known t h a t  j (z )  sat isf ies the fo l lowing proper t ies:  

(i) i ( i )  = 1728, / ( ( i t  + g~ /8 ) /2 )  = O, 

(ii)  j ( x  + iy )  a n d  j ( - x  + iy )  a r e  c o m p l e x  c o n j u g a t e s  fo r  any ±x + i y e  F, a n d  

( i i i )  j ( q )  = 1 + 744 + 186884q + 21493760q  e + 8 6 4 2 8 9 9 7 0 q  3 + • • " . 
q 

3. The  f o l l o w i n g  t h e o r e m  n o w  s h o w s  how t o  c o n s t r u c t  a n  i n t e g r a l  p o l y n o -  
m i a l  w i t h  d i h e d r a l  G a l o i s  g r o u p  of p r i m e  d e g r e e .  

T h e o r e m  (cf. D e u r i n g  [2]) :  Le t  Q(~/m-)  b e  a n  i m a g i n a r y  q u a d r a t i c  f i e l d  w i t h  
d i s c r i m i n a t  d ,  a n d  w i t h  c l a s s  n u m b e r  h (d )  = p,  p a n  o d d  p r i m e .  F o r  e a c h  
r e d u c e d  p o s i t i v e  d e f i n i t e  p r i m i t i v e  q u a d r a t i c  f o r m  a~x 2 + b~xy + c ~ y  2 of  

d i s c r i m i n a n t  d ,  1 -< /c ~ p ,  l e t  9 k = (-b~ + "J-d)/(2ak) b e  t h e  r o o t  of ak92 + 
b ~  + c~ = 0 b e l o n g i n g  t o  F .  F u r t h e r m o r e ,  l e t  t h e  c l a s s  e q u a t i o n  /=I d be  

defined as 

H A x )  = I I  (~ - i ( ~ ) )  
~ = 1  

T h e n  H d ( x )  is  a n  i r r e d u c i b l e  i n t e g r a l  p o l y n o m i a l  w h o s e  G a t o i s  g r o u p  o v e r  Q is  
t h e  d i h e d r a l  g r o u p  D ; .  [] 

4. We c o n s t r u c t e d  H~(x) fo r  s e l e c t e d  i m a g i n a r y  q u a d r a t i c  f i e l d s  Q ( ~ / m )  
w i t h  - m  a p r i m e  a n d  h (d )  = 7 o r  11. F i r s t  we w i s h  t o  m a k e  s o m e  c o m m e n t s  
e n c o u n t e r e d  d u r i n g  o u r  c a l c u l a t i o n s .  In  a l l  c a s e s  we k n e w  t h e  c l a s s  n u m b e r  i n  
a d v a n c e .  T h e r e f o r e  i t  was  q u i t e  e a s y  t o  c a l c u l a t e  t h e  ~m, 1 ~ ]c _ p .  I n d e e d ,  

The  j - i n v a r i a n t  j ( z )  is  d e f i n e d  a s  

v(z)=q24 f[(i_q~)=q24 i+ (-iF(q 2 +q ~ ). 
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for Ibt*l - a/, < c/~, we ge t  two r o o t s  "Ot, = (=f:b~ + "4-d) / (2a~.) ,  and  for  0 < b k -< 
at* = c~, one  r o o t  xgt* = (-be,  + - , / -d)/(Eat*),  be long ing  to F. Using t he  above 
m e n t i o n e d  p r o p e r t i e s  of j we only  had  to  eva lua t e  j (gt*) for (p + 1 ) /2  d i f fe ren t  
va lues  of z~/~. The eva lua t ion  of e a c h  j(gt*) was d o n e  to h igh  f loat ing po in t  p re-  
cision.  We e x p e r i e n c e d  t h a t  t he  Taylor  se r ies  of 3" e v a l u a t e d  a t  q c o n v e r g e d  
e x t r e m e l y  slowly. There fo re  we e v a l u a t e d  the  Taylor  se r ies  of E 4 and  77 
s e p a r a t e l y  a t  q, t h e n  ra i sed  the  va lue  zT(q) to the  e igh th  power, divided E4(q)  
by th is  resul t ,  and  f inal ly r a i s ed  the  q u o t i e n t  to t he  t h i r d  power. This p r o c e s s  
yie lds  j (q) to  h igh  p r ec i s i on  fa i r ly  quickly.  

In e a c h  case  t h e r e  were two p a r a m e t e r s  to  choose :  The f loat ing po in t  prec i -  
s ion and  the  o r d e r  of the  Taylor  expans ions .  We dec ided  to  choose  the  s a m e  
o r d e r  for  b o t h  E 4 and  7/. The c o n s t a n t  coe f f i c i en t  of e a c h  po lynomia l  t u r n e d  
ou t  to  be t he  one of l a rges t  size. There fo re  we chose  the  f loat ing poin t  p rec i -  
s ion typ ica l ly  20 digi ts  m o r e  t h a n  the  n u m b e r  of digi ts  in t h a t  coeff ic ient .  In 
all c a s e s  we t h e n  cou ld  r e a d  off t he  c o r r e c t  c o r r e s p o n d i n g  i n t e g e r  f r o m  i ts  
approximation. It turns out that the constant coefficient H a(O) must be a per- 
fect cube. Verifying this condition proved to be a valuable test to see whether 
the order of the Taylor approximation was high enough. If not, we incre- 

mented the order by 5 and tried again. A further confirmation for the correct- 
ness of all coefficients is to factor both Ha(O ) and the discriminant A(Hd) of H a 
both of which surprisingly have only small prime factors. A full explanation 
for this phenomenon has been found only very recently by ]~. Gross and D. 

Zagier. With their permission, we state a version of their theorem best suited 
for our discussion. 

T h e o r e m  (Gross and  Zagier  [3]): Let  q be a p r ime .  For  a posi t ive i n t e g e r  n e 

N s u c h  t h a t  ( n )  # + 1, define t he  f u n c t i o n  Fq (n)  by 

G ( ~ )  = 
with k, r i > 1 and n i _~ 0, 

• 2 , , - 1  ~ , ~ - ~  • • l ~  * ' -1  t ifr~ =L l 

( ~ )  = --1 with k~ - 1, s ~ 3 where 

a n d t  EN. 

(a) Let Q(a/m-), rn < 0 and  - m  a p r i m e  -= 3 (rood 4), be an i m a g i n a r y  qua- 
d ra t i c  field of d i s c r i m i n a n t  d and  of c lass  n u m b e r  h ( d )  = h ,  an  odd pr ime.  Let 
O k ( x , y )  = al, x 2 + bt*xy + ct*y 2, at, > 1, bt* > 0, /c = 1, 2 . . . . .  ( h - 1 ) / 2 b e  the  
r e d u c e d  posi t ive  def ini te  p r imi t ive  q u a d r a t i c  f o r m s  of d i s c r i m i n a n t  d associ -  
a t ed  with Q(n/m-). Let  H a ( z  ) be the  c lass  e q u a t i o n  of Q(~lm-). Then 

h - 1  

A(Ha) = I 2 ( - m )  2 where  I = l 1 - . . I h _  1 
2 
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and  

- - r~ - - I  
t~ = ~-I F - m ( - r n - n )  r~(n), 

~ = 1  

r~(~) = ½#fix,y)  e z x z l  O~(x,y) =hi .  

In pa r t i cu l a r ,  t he  l a r g e s t  p r i m e  dividing A(H~) does  n o t  e x c e e d  - m ,  and  all i ts  
p r i m e  f a c t o r s  e x c e p t  - m  appea r  in even  powers.  

(b) Let z ,  z' c F be i m a g i n a r y  q u a d r a t i c  n u m b e r s  be longing  to  two d i s t inc t  
i m a g i n a r y  q u a d r a t i c  fields Q(~/-~) and  Q(~/~-~), r e spec t ive ly ,  where  - m  and  
- m '  are  p r i m e s  -= 3 (mod  4), Then 

[Norrn( j ( z )  - j ( z ' ) ) l  = I 
[ 

~ ( ' )  

II  F_~, ) 
0 <x < ~ - ~  4 J ' 

odd 

where  the  Norm is t a k e n  over  Q a n d  w ( m ' )  d e n o t e s  t he  n u m b e r  of un i t s  in 
Q ( , / ~  ). 

i+~/~ 1+ v~:-3 
In particular, taking z = --~--- and z . . . .  2 , we have 

Ig, d0) l  = I N o r m ( j ( - - - ~ - - - ) ) l  = 0<~ 4 

and  t h e r e f o r e ,  t he  l a rges t  p r i m e  dividing Ha (0) does no t  e x c e e d  - m .  0 

The table  below s u m m a r i z e s  t he  cases  we cons ide red .  

Order  of Float ing p o i n t  
Taylpr  exp. precis ion.  

25 50 

m h(a)  

--71 7 

--151 7 25 

-223 7 25 

--251 7 25 

-463 7 25 

-167 ii 25 
. . . .  , 

-271 ii 30 

-659 ii 40 

CPU t i m e  
(VAX780) .... 

123 sec.  

70 177 sec.  

70 164 see. 

70 187 sec.  

100 219 sec.  

100 340 sec.  

100 431 sec.  

120 663 sec.  

We shall  i l l u s t r a t e  ou r  c o n s t r u c t i o n  by two examples :  Q ( ~ / - - - ~ )  and  Q(x/:665-9). 
The r e m a i n i n g  p o l y n o m i a l s  c an  be f o u n d  in t h e  full p a p e r  [8]. In e a c h  case  we 
list q u a d r a t i c  fo rm r e p r e s e n t a t i v e s  as well as the  po lynomia l s  H a t h u s  
ob ta ined .  We f a c t o r e d  ou t  powers  of p r i m e s  ~ 1000 dividing the  coeff ic ients .  
We also p r e s e n t  the  f a c t o r e d  d i s c r i m i n a n t  A(Ha). 



315 

R e d u c e d  q u a d .  f o r m  

- 1 + V--251  
z z + x y  + 6 3 y  2 

3 x  2 ± z y  + 21%/2 

7 x  2 ± x y  + . 9 y  2 

5 x  2 ± z y  + 1 3 y  2 

6 

TI + V-~ 
1 4  

~ 3 + ~  
10 ..... 

The  d i s c r i m i n a n t  is :  

z 7 

+ 217.29.108612~234032811 x 6 

-- 2 s°, 34. 7 .13  • 8364869403342457 Z5 

+ 2 ~ .  38. 23. 9113559120635943109 x 4 

+ 28°.5. 188i976650295197345807 z 8 

+ 2 w,  11s.2066918598433853809 x 2 

-- 2 W, l l  e. 817072976407817 z 1 

+ ( 2~6. ILS,29 ,47  )3 

664 42 24 14 1O 8 8 8 6 6 6 2 A(H_25t)  = - 2  11 19 29 37 43 47 53 59 61 71 107 

x 127~1392151216741914199222322392251 a.. 

Q ( ~ )  

R e d u c e d  q u a d .  f o r m  

-I + x/~-659 x 2 + x y  + t 6 5 y  2 

3 x  2 ± x y  + 5 5 y  2 

5 x  2 ± x y  + 3 3 y  2 

l l z  2 ± x y  + 1 5 y  2 

9 x  2 ± 5 x y  + 1 9 y  2 

1 3 x  a ± l l x y  + 1 5 y  2 t 

T 1 + ~2---659 
6 

Ti + VsEE~ 

10 
:F 1 + v'L--659 

22, 
~ 5  + "J~--659 

18 
: F l l  + "J:---659 

26 
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. . . . . . . .  

x l l  

+ 216.11.1469015436112547141936933o3939 x 10 

-- 2m.32.11.235675951725579164376833760794E76851 x 9 

+ ~o.5,317,212538468246572445053724168491078994014733 x8 

-- 26~.433.677.143538961007893717205050200736784670019511 x 7 

+ 27°,7.458887O128997653122952459557B06209542390458567209 X 6 

_ 29t.7.17,29.98510921202045068953BSO4327952847403]18219453 x6 

+ 2~oo.17593263285454621669441419150144873354B2392315767 =4 

_ 21~o.131.3750563577368052002523661987655534147026935923 =3 

+ 213a-3~-23,409.2744949824~914850869171135436577205414197 - X 2 

2~o~.3,41o.227.281,2263543437743627532811771 xl 

. . . . . . . .  + ( 2"°,  9.41 , 4Z :7! =1o . )9_ 

The discriminant is: 

A(H_659) = -21746722~294231364126432o4726532o67147118831o97610110 

x I031°i 13813112137415 161916193419741994223a2274263 ° 

s 2 4 4 4 4 2 6 4 4 ~ 2 5 x 359 367 383 419 431 439 467 479 503 599 607 647 659 . 

Using a d i f f e r e n t  m o d u l a r  func t ion ,  t h e  c l a s s  e q u a t i o n s  wi th  m u c h  s m a l l e r  
coe f f i c i en t s  h a v e  b e e n  c o n s t r u c t e d  by  M. H a n n a  [5] fo r  t h e  i m a g i n a r y  qua-  
d r a t i c  f ields Q ( - ~ 7 )  a n d  Q ( ' J ~ 9 f )  (c lass  n u m b e r  13) and  by G. N. Watson 
[11] fo r  t h e  f ie lds  Q ( x / ~ )  (c lass  n u m b e r  17) and  Q ( x / ~ )  (c lass  n u m b e r  
19). The g i v e n  p o l y n o m i a l s  a r e  a c t u a l l y  t h e  h d e g r e e  i n t e g r a l  f a c t o r s  of 
x U H d ( ( x - 1 6 ) a / x ) ,  w h e r e  h is t h e  c lass  n u m b e r  a n d  H a t h e  e q u a t i o n  
c o r r e s p o n d i n g  to t h e  m o d u l a r  f u n c t i o n  used.  We c a n  also c a r r y  out, t h i s  
t r a n s f o r m a t i o n  on o u r  c l a s s  e q u a t i o n s  r e s u l t i n g  in p o l y n o m i a l s  wi th  m u c h  
s m a l l e r  coe f f i c i en t s .  Following we give H a n n a ' s  p o l y n o m i a l  for  Q ( - ~ )  which  
h a s  a lso  p a s s e d  t h e  t e s t  for  h a v i n g  Galois  g r o u p  D11 d e s c r i b e d  a t  t h e  b e g i n n i n g  
of t h i s  pape r :  

m 11-[-X 10+Sx9+4xS+ 10xT+6x6+ 1 l xS+Tx4+9xa+4x2+2x  --1. 

Appendix  

The  Expl ic i t  F o r m  of t h e  Modu l a r  E q u a t i o n  of  P r i m e  O r d e r  

Let j(z) be the elliptic modular invariant. It is a classical result going 
b a c k  to  K r o n e e k e r  (see,  e.g. Weber  [12, See. 69]) t h a t  i f  z = x + i y  c C be longs  
to an  i m a g i n a r y  quadra t i c  f i e l d  w i t h  y > O, t h e n  j (z ) is an  a lgebraic  in teger .  
This was  p r o v e n  by showing t h a t  j ( z )  sa t i s f i e s  an a l g e b r a i c  e q u a t i o n  wi th  
i n t e g r a l  coe f f i c i en t s ,  ca l l ed  t h e  m o d u l a r  e q u a t i o n  (of o r d e r  n for  s o m e  n > 1). 
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However,  t he  expl ic i t  fo rm of the  m o d u l a r  e q u a t i o n  has  no t  been  known,  
e x c e p t  for few cases  (cf. F r icke  [3, II .4]). ,  

In th i s  appendix,  we shall  d i scuss  how to d e t e r m i n e  expl ic i t ly  the  m o d u l a r  
e q u a t i o n s  of o r d e r  p where  p = 5 and  7. For  a p r i m e  p ,  le t  

} A =  0 1 ' o p w i t h 0 ~ i  < p  . 

t a b  ld  F o r a =  [c c A  and  for  z = x  + i y  c C ,  y > 0, we wri te  j , a  for  

( a z + b ) ,  ( j . ~ ) ( z )  = j ( ~ ( ~ ) )  = J ,FL:~-~ ,  

and f o r m  the  po lynomia l  

% ( x ) =  I ~ ( x - j ' ~ )  = I ] ( x - j ( a ( z ) )  
a e A  t~eA 

We c a n  view q~ (z)  as a po lynomia l  in two va r iab les  x and  j ove r  Z, 

% ( x )  = % ( x , j )  c Z [ x , j ] ,  

and  we call it t he  m o d u l a r  p o l y n o m i a l  o f  o r d e r p  The i m p o r t a n c e  of this  poly- 
nomia l  is t h a t  t h e r e  exis ts  a p r i m e  p s u c h  t h a t  <~p (j (z) ,  j (z))  = 0. Since  t he  
leading  coef f ic ien t  of Cp (x, x)  is - x  zp j (z)  m u s t  be an a lgebra ic  in tege r .  The 
e q u a t i o n  ~p (x, j )  = 0 is ca l led  the  m o d u l a r  equa t ion  o f  order p .  

The m o d u l a r  equa t i ons  of o r d e r  p can  be very  difficult  to  d e t e r m i n e  expli- 
c i t ly  as the  cases  p = 2 and  3 a l r eady  sugges t  (cf. [3]). We shall  m a k e  use  of 
the  following resul t .  

T h e o r e m  (Yui [13]): L e t j * ( z )  = j ( p z )  with z = x + i y ,  y > 0. Then  

P r t ~ - I  

0=%(j ' . j )=(j 'p- j )( j ' - j r )-p~] ~d~.~(j'~j~+j'~j~) 
r r~=l  ~ = 0  

m.~l . -*  m ~ m  

where  din, n and  dra,m are in tegers .  [] 

The coef f i c ien t s  dra,n and  dra,m c a n  be d e t e r m i n e d  by no t ing  t h a t  j * ( q )  = 
j (qP) and  t h e n  c o m p a r i n g  the  coef f i c ien t s  of the  q - e x p a n s i o n s  of the  iden t i ty  
in the  above t h e o r e m .  In o r d e r  to obta in  an e q u a t i o n  for do, 0 one  m u s t  expand  
the  th is  equa t ion  f r o m  q--P~-P t h r o u g h  q0. There fo re  one  needs  the  q-  
expans ion  of j to  the  o r d e r  p2 + i0 _ 1. Using th i s  a l g o r i t h m  we cou ld  s u c c e s s -  
fully d e t e r m i n e  ¢5 and  ¢7. We p r e s e n t  the  expl ic i t  fo rm of ¢7, aga in  p r i m e s  - 
1000 f a c t o r e d  ou t  of the  coeff ic ients .  ¢5 is g iven in the  full pape r  [8]. 

$ It Was brought to our attention after we had completed our computations that W. Berwiek [1] 
already determined ~5 and 0. Herrmann [6] ~7. Their results coincide with ours but it ap- 
pears to us that our methods are much more efficient. 
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~7(J',J) = 0 = 

j'a+ 23.3 7.31 (2.6 j.7+j? j,6) 

-13553 2 ~.33. 7.(j~j*7+jTj" 5) 

+25.5 z.7 e- 11-43.509.0 .4. 3"'7+]7"3"4) 

- 1067425727- 2.3.72. 13. (]3.3., 7 +]7.]* s) 

+ 263733037.24. 34. 72. 43. (2. 2.2"* 7 + 3' 7'. 2"" 2) 

-6866816589877.23. 72. 13. (j -2." 7 +2.7.],) 

+ 26891.216. 37. 53. 7.31" (] ° 7 +2.7)_]7.]o 7 

+ 32268467570786329.24. 73. (2.5.2., 6 + 2.6.2. • 5) 

+ 3793318421100253701707.23. 3- 72. (2.4"] ° 6 +j6 .j" 4) 

+ 378554512130011411" 24. 35" 5" 72. 197" 227' (2.32." 6+ 2.6.], 3) 

+ 1879874666681814444868237667' 22. 72. 29 (] 2 i" 6 + j 6. ] ° 2) 

+ 10020909155496489683 217.37 . 53 . 72 . 59- (~ • 2. ° 6 + 36.3 • ) 

+ 1323331291097" 230. 310" 56. 7" 397" (]' 6+ ]6) 

+ 8389943' 32. 72. 13" 67' 97" ]6.2. ° 6 

+ 3564129113417066178639013" 25. 34. 52. 72. I i" 113 

.(j4.j. 5+2"5.j. 4) 

-- 2300115592182896081319172688113678807" 2 s" 72 

• (j3.j. 5+ 2.5.2"- 3) 

+ 178299075699438778621099394269" 219" 39. 5 s 72 

.(2.2. j. 5+2.5.2.. 2) 
--34925787722711812538264201" 233" 311- 56. 72. (~ • 2." 5+ ]5.2. ° ) 

+ 181122097371406153" 247. 316- 59. 72. 13- 31- (2° 5+]5) 

- -  I0374612889856~13538191507" 22. 32. 72 .2"5. ], 5 

+ 3893394856539704079067727101" 2 ]6" 37. 54. 72" 37" 43" 861 

.(j3. j. 4+ j4.2". 3) 
+ 62349740297426529782049295279- 231- 3 u" 56. 72. 17 

.(j2.j. 4+ j4.j. 2) 

+ 4893785884751115482052 i- 246. 317.59.72 . 13- (2" • ~" 4 + 2. 4.2., ) 

+ 1323331291097- 260" 319- 512- 72. 173. 397" (2"° 4+]4) 

+ 912019631831096.138476489139089037899' 2.5- 72. 197.2"4. j* 4 

+ 609518324373969241528663- 246- 316- 59. 72, 409- (2" 2.2 ° s + j 3 .j • 2) 
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-88980809456419.261. 319.512- 72. 173. 19. 487. (j -j* 3+ ja.j o) 

+ 26891.276. 325. 515. 73. 176. 31 • (j* 3+ j3) 

- 55595355657669950521589003991731.231- 3 i°. 56. 72. j 3. j * 3 

-22541.276. 325` 515- 72. 177 .947. (j .j* 2+ j2.j* ) 

+ 290' 327" 518" 73' 179. (2'* 2+ j2) 

-- 98755869850221841- 261- 32o. 512.72 . 173. j a. j • 2 

+ 291- 327" 518- 11.13- 179'2' ' j* +2'8. 

The computa t ion  of ~5 took 982 seconds and the one of ¢7 4091 seconds CPU 
t ime on a VAX 780. During the computa t ion  of e l i  we ran out of vir tual  storage 
af ter  approximately 7 hours of CPU time. We have recent ly  developed a 
modified version of the  above algori thm for comput ing ~p which is much  less 
space consuming and which has already successful ly computed  the explicit 
form of e l i  [9]. 

The modular  polynomial Cp(x, x) factors into the product  of powers of 
some class equations (cf. Weber [12, See. 116]). For p = 7, the faetor izat ion is 
the following. 

¢7(x, x )  = --x 2 (x--33.  53. 173 ) (x--24.  33. 53) 2 

x (x+33.5 a) (x+215- 33) 2 (x+215" 3- 53) 2 

x (x2-27-33. 1399x+212. 36. 173) 2 . 
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