Abstract

p 3+prn^2

" " 2^k

2^k 2^k⁄ 2^k

later.

3 3

" "

2.

ε Z_p 2 log(n)^3

O(n^3 + n^2log(n)log(p)^3

p =^k+_3 + n^2 log(p) +^2

k >1. integers

(x) ε "Arithmetic"_{ij}(x) ε

h(x) = cont(h)

i=1Π^{r (}_{j=1}Π^{si g}ij^{(x))i}

ij

(x) ε Z[x]] ), h ← h⁄cont(h i(x) ε ≤i≤r, GCD(f_j,f_k) = ≤j≠k≤ =

i=1Π^{r (f}i^{(x))i.} i ij(x) ε ≤j≤s_{i i}(x) =

j=1Π^{si g}ij

rithm:

← ⁄ ⁄dx = h′ c_1(x) ← h(x)⁄_1(x) ← (dh(x)⁄dx)⁄g(x)− dc_1(x)⁄ =

i=1Π^{r f}i^i i = i=2Π^{r f}i^{i− 1} 1^=_{i=1}Π^{r f}i^, h′⁄g = i=1Σ^r i^′_{j=1,j≠i}Π^{r f}j i^{,f}i^{′) =} i^{are} 1 = i=2Σ^r^{(i− 1)f}i^′_{j=1,j≠i}Π^{r f}j^{.]}

←_k = k = i=kΠ^{r f}i k^=_{i=k+1}Σ^r^{(i− k)f}i^′_{j=k,j≠i}Π^{r f}j^{.]}

f_k(x) ← GCD(c_k(x),d_{k k+1}(x) ← c_k(x)⁄f_{k k+1}(x) ← d_k(x)⁄f_k(x) − dc_{k+1}(x)⁄dx.

′ d_k

step.

1(x),...,u_r(x) ε Z_{p 1}) ≡_2,...,u_r are 1(x)...u_r(x) ≡

Bounds’).

← p; ← ≥ q ← q^2 = p^{2k} .] i (k)(x) ε Z_{q 1}^{(k)} u_r^{(k)} ≡ ldcf(u_1^{(k)}) ≡_i^{(k)} ≡ u_i u_i^{(k)}

h(x) ← } ← ← 1;

← s; ← {i_{1 m}}

i_1

(k) u_{im}^{(k) 2k}

←_s(x)

← ← h(x)⁄ ← ← {i_{1 m}}

s ← s+_s(x) ← h(x) = g_1(x) g_s

f(x) = _p )^{− 1}f 1 1 by ldcf(f_p "Hensel-lemma" " "

ε_1^*_r^*(x) ε Z_q ldcf(u_1) ≡_2^*_r^* u_1^*(x) u_r^*(x) ≡ 1 * r *(x) ε Z_{q i}^*) < deg(u_i^* ≤i≤ ~_i^* = j=1,j≠iΠ r u_i^* then

v_1^*(x)ũ_1^*(x) +...+ v_r^*(x)ũ_r^*(x) ≡ 1 **(x),...,u_r^{**}_1^{**}_r^{**}(x) ε Z_q2 2.] 1 * 2; i * ^_i^* ε Z_{q i}^{**} = u_i^*+qû_i^* ^_i^*) < deg(u_i^* i≥1.]

t(x) ← f(x)−

i=1Π^{r u}i^{*(x)}^{2;} <

t(x) ← t(x)⁄ ε Z_q ^_i^* with

û_1^*(x)ũ_1^*(x) +...+ û_r^*(x)ũ_r^*(x) =

← û_i^*(x) ← remainder(t(x)v_i^*_i^*_{q i}^{**}(x) ← u_i^*(x) + qû_i^*(x). i * û_i^* ^_i^*

i=1Π^{r u}i^* i * ^_i^* ε Z_{q i}^{**} = v_i^* + qv̂_i^* ^_i^*) < deg(u_i^*).]

b(x) ← 1 − i=1Σ^{r v}i^{*(x)ũ}i^{*(x)}^2^⁄

b(x) ε Z_q < deg(f).] ← v̂_i^*(x) ← remainder(b(x)v_i^*_i^*_{q i}^{**}(x) ← v_i^*(x) + qv̂_i^*(x).

i p ⁄

i=1Π^{r u}i^{(x) =}_{i=1}Σ^{r v}i^{(x)⁄u}i i^{) < deg(u}i " "

i i * from ^_i^*_p "linear lifting"

2^k

^_i^*

f_2

= g_1 g_{s 1})≤deg(g_2)≤ ≤deg(g_s

deg(f)⁄2 i=2,...,s

max {deg(g_{i− 1}),deg(g_i)⁄2} >1 .

min(2^r,r^μ) μn^2 (n+log(B(f)))^2

– p r

1,d_{2 s} = d_1+...+d_s 2 " " " "

n⁄2− 1−

Theorem:_{1 n}

p_{1 n} n 1 p_1+...+e_n p_{n i}=± ≤i≤

f_{p1 n q}

Proof:

k(x)≡f_{p1 k k}≡Q( p_1 p_k ≤k≤n. n(x) ε_n:Q] = 2^n p_1+...+ p_n

n n− 1(x) ε

n(x) = f_{n− 1}(x+ p_{n n− 1}(x− p_{n n}(x) ε Z[ p_n p_n and − p_n n(x) = res_y(f_{n− 1}(x− y),x^2− p_n " "_{n− 1}:Q]=2^{n− 1}

B_k 1} ∪ { p_{i1} p_{ij} j= ≤i_1<i_2< <i_j≤k} k ≤k≤n− 1.

p_{n n− 1} 0,r_{i1 j}

r_0 +

1≤i_1<...<i_j≤n− 1Σ

r_{i1 j} p_{i1} p_{ij} = p_n n k p_k k=p_{n− 1}

s_0 + s_1 p_{n− 1} = p_{n 0 1} ε K_{n− 2}

0 1 n− 2

s_0≠_1≠ p_{n− 1} = (p_n− s_0^2− s_1^2p_{n− 1})⁄2s_0s_1 ε K_{n− 2}

n:K_{n− 1}]=_n:Q]=2^n_n=Q(θ α_1= p_1+...+ p_{n− 1}, α_2 α_2n− 1_{n− 1} g_1(x) = f_{n− 1}(α_1+ p_n−_2(x) = x^2− p_{n 1 2} ε Q(θ p_n 1(− p_n)≠ α_1+2 p_{n i} ≤i≤2^{n− 1} since α_i−α_1 ε K_{n− 1} but p_n εK_{n− 1 1 2}) = x− p_n ε Q(θ θ) = Q(α_1, p_n

n− 1 = Q(α 1 θ)=Kn n

θ θ):Q]=[K_n:Q]=2^n_n

p_i ε GF(q^2 ≤i≤_n^2_n >^m 2

p_{1 n}

f_{p1 n} ) = O(2^n

n− Ψ_n n−^⁄ ).

1 2

ε μ p_{1 μ(n)}

1 r ≡ g_1 g_{r i}=deg(g_i ≤i≤

(1,...,d_1)(d_1+1,...,d_1+d_2)...(d_1+...+d_{r− 1}+1,...,d_1+...+d_r

p_1,...,p_n

N={f f ε I={f f ε NP∩ co− ε ^

ε Q(θ)[x], θ

θ θ) ε Z[θ " " ε Q(θ f(x) = x^n + 1⁄d

i=0Σ^{n− 1}_{j=0}Σ^{m− 1b}ij^{θj}^{xi}

ij ε ε Q(θ

g(x) = x^k + 1⁄(dD)

i=0Σ^{k− 1}_{j=0}Σ^{m− 1c}ij^{θj}^{xi}

<_{ij} ε = res(h,dh⁄dθ f c_{ij}

0≤i≤k− ≤j≤m− (θ) = h(θ (x) = m (θ (x) = g_1(x)...g_r

g_s(x) = x^{ks} +

i=0Σ^{ks− 1}_{j=0}Σ^{m− 1c}ij^{(s)θj}^{xi, c}ij^{(s) ε Z}p^{(1≤s≤r),}

k_1+...+k_r = = p^k ≥ ~(θ) = h(θ f(x) ≡ g̃_1(x) g̃_r ~(θ

g̃_s(x) = x^{ks} + 1⁄(dD)

i=0Σ^{ks− 1}_{j=0}Σ^{m− 1c̃}ij^{(s)θj}^{xi}

~_{ij}^{(s)}_q g̃_s (θ ^*(θ h(θ ~_s ~(θ

1 v) ε D[x_1,...,x_v

variable.] (y) ← S_d(f) = f(y,y^{d dv− 1}). (y) = g_1(y)...g_s(y), g_i(y) ε ≤i≤s.

i1(y)...g im

g_{i1,...,im}(x_1, ,x_v) ← S_d^{− 1}(g_{i1} g_{im d}^{− 1}_d S_d^{− 1}(λ y^{b1+db2+...+dv− 1bv}) x_1^{b1} x_v^{bv} ≤b_i< ≤i≤ Z.

i_1,...,i_m

ε Z[y_1,...,y_v 1 v ∂⁄∂x

1 v h(y_{1 v},x) =

i=1Π^{r f}i^{(y}1 v^{,x)i}

h(b_{1 v},x) = ĥ(x) =

i=1Π^{r̂ f̂}i^{(x)i ^ = r̂} i^{(b}1 v^{,x) = f̂}i^{≤i≤}

r = 1⁄(r− 1)!(∂⁄∂x)^{r− 1} ^_r ^ = 1⁄(r− 1)!(d⁄dx)^{r− 1}ĥ g(y_1,...,y_v,x) ≡ f̂_r(x)(ĝ(x)⁄f̂_{r 1}− b_{1 v}− b_v) r ^ ^⁄f̂_r≠

1 v i i,1≤i≤_{1 v},x) {(y_1− b_1),...,(y_v− b_v)}

Example: Factor f(y,z,x) = x^3+((y+2)z+2y+1)x^2

+((y+2)z^2+(y^2+2y+1)z+2y^2+y)x +(y+1)z^3+(y+1)z^2+(y^3+y^2)z+y^3+y^2.

= x^3 + x^2

= x^3 + 3x^2 + 3x +

f(w+1,z,x) = x^3+3x^2+3x+2+(2x^2+5x+5)w +(2x+4)w^2+w^3+((3x^2+4x+2)+(x^2+4x+5)w +(x+4)w^2+w^3)z+((3x+2)+(x+1)w)z^2+(2+w)z^3 ij jz^i.

00(x) = g_{00}(x)h_{00} x^3 + 3x^2 + 3x + 2 = (x+^2 + x + 1).

f(w+1,z,x) =_w(g,h)≤_z(g,h)≤2.

00 00

g(w,z,x) = g_{00}(x) + g_{01}(x)w + g_{02}(x)w^2 + + (g_{10}(x) + g_{11}(x)w + ...)z + and h(w,z,x) = h_{00}(x) + h_{01}(x)w + h_{02}(x)w^2 + + (h_{10}(x) + h_{11}(x)w + ...)z + (h_{20}(x) + h_{21}(x)w + ...)z^2 +_{01},h_{01},g_{02},h_{02},...,g_{10},h_{10},g_{11},h_{11},...,g_{20},h_{20}, in ij)≤_{ij})≤ +j≥

ij ij 00h01 + h00g01 = f01

(x+2)(x+2) + (x^2+x+1).1 = 2x^2+5x+ 00h_{02} + h_{00}g_{02} = f_{02}− g_{01}h_{01} (x+2).1 + (x^2+x+1).0 = 2x+4 − 1.(x+_{00}h_{03} + h_{00}g_{03} = f_{03} − g_{01}h_{02} − g_{02}h_{01} (x+2).0 + (x^2+x+1).0 = 1 − 1.1 − 0.(x+ f(w+1,0,x) = ((x+2)+1.w+0.w^2)((x^2+x+1)+(x+2)w+w^2

00h_{10} + h_{00}g_{10} = f_{10} +2)x + (x^2+x+1).2 = 3x^2+4x+2; g_{00}h_{11} + h_{00}g_{11} = f_{11} − g_{01}h_{10} − g_{10}h_{01} +2).0 + (x^2+x+1).1 = x^2+4x+5 − 1.x − 2(x+2); g_{00}h_{20} + h_{00}g_{20} = f_{20} − g_{10}h_{10} +2).1 + (x^2+x+1).0 = 3x+2−

+1,z,x) = (x+2)+w+(2+w)z (x^2+x+1)+(x+2)w+w^2+xz+z^2

f(y,z,x) = x+yz+y+z+1 x^2+(y+z)x+y^2+z^2 .

a)

b) The " " problem: i = w_i+b_{i i}≠ f(w_1+b_{1 v}+b_{v i1 iv} w_1^{i1} w_v^{iv}

f_{i1 iv}(x) = i_1!...i_v! 1 ∂y^1 ∂ i_1 ∂y^v ∂ i_v

f(y_{1 v},x)_{yi=− bi}

c) The " " problem:

1 v 1 v

b_{1 v} "unlucky" g_{i1 iv i1 iv} 1 v ~(y_{1 v},x) = f(y_1+b_1x,...,y_v+b_v~ f̃(y_{1 v} "normalized" f̃(y_{1 v},x) = x^n+a_1(y_{1 v})x^{n− 1}+...+a_n(y_{1 v i} ε Q[y_1,...,y_n

y_{1 v}(ai) ≤ ≤i≤

f̃ ~(y_{1 v}

Theorem:_{1 v},x_1,...,x_{t 1 v},x_{1 t} 1, ,b_v) ε Z^v b_i ≤i≤_1,...,b_v,x_{1 t} 1,...,x_t α U(N)≤C(2N+1)^{v−α} < α <

"realistic"

f(x_1,y_2,...,y_v,x_2) ε Z[x_1,y_{2 v},x_2

1 v 2 v f

f(x_1− b_1,c_2(x_1− b_2),...,c_v(x_1− b_v),x_2) ε Z[x_1,x_2

θ)[x_{1 v} 1 v) ε Z[x_{1 v} f(x_{1 v 1 v} 1,...,x_{r 1 r})

[15].

ε f)

f(x) ε f

ε f ε Z_p log(p)deg(f)? ε f)?

"lucky" evaluation?

12+deg(f)^9log(f_2)^3

Acknowledgement:

References

1977, 253-261.

24,

1982,

2,

36,

10,

SAM 1979, 317-329.

SAC 1981, 200-205. .. .. .. 39,

1971, 441-457.

1966.

1981

.. .. 92,

6,

1982, 15,

1982,

Comp. 31,

SYMSAC 1981, 109-116.

159-166. #134,

22, 25,

.. .. 85,

Math. 13,

7,

9, 4, 214-220 (1975). 9, 273-280 (1980). 1976, 219-226.

21, ^ 12, ^ Theorique 14,

Comp. 30,

MACSYMA 1977, 55-61.

32,

1979, 310-318.

1979, 291-300.

29,

8,

2,

1976, 26-35.

1977, 65-70. 1, 32,

Bulletin 15, 1979, 216-226.

1979. 1981, 68-72.