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Overview

1. Second beginning:
Faster bit complexity without Strassen matrix multiplication

2. First beginning:
Determinant computation without division

3. New speed-ups: the use of blocking
With Gilles Villard (middle) 4 \ o




Matrix determinant definition

_Y1,1 Y1,n_
Y21 ... ¥Y2n : "
det(Y) =det( |~ )= Zﬂ sign(o) [ Yiei) )
: : L ( II] |0(|)>
' Yn1 -+ Ynn]

wherey; ; are from amarbitrary commutative ring
andS, is the set of all permutations di,, 2, ... ,n}.

Interesting ringsZ, K|xq, ... , Xy, K[x]/(x")



1. Bit complexity of linear algebra problems

Strassen’s [1969]P(n*81) matrix multiplication algorithm

m1 A (31,2 — a2,2) (b2,1 — bz,z)
— (ag1+a22)(br1+b22)
— (ag1—ag1)(br1+bi2)
m4 — (ag1+ai2)bo2) laiibi1+ a3 2021 =M+ My —Mu+mg
Ms < a11(D12—b22) |a11b1 2+ a3 2020 =My + Mg
Me <— az2(21—b11) |821b11+a22021 = Mg+ N1
My < (ag1+822)b11) | 821012+ @200 0 = Mp — Mg+ M5 — Ny

Problems reducible to matrix multiplication:
linear system solving [Bunch and Hopcroft 1974],...
Coppersmith and Winograd [1990](n%>°)




Life after Strassen: bit complexity

Linear system solving = A b whereA ¢ Z"™" andb € Z" :

With Strassen [McClellan 1973]:

Step 1. For prime numbers,... px Do
SolveAxI = b (mod p;) wherex! € Z/(pj)

Step 2: Chinese remaindet!, . Kto AX=b (mod p;--- px)
Step 3: Recover denominatorsxpby continued fractions OE) . o
1 P

Length of integersk = (n max{log||A|, log||b||} )+

Bit complexity:  n®38 max{log||Al|, log]|b||} 1o



With Henselg .. lifting [Moenck and Carter 1979]:

Step 1: Forj =0,1,... ,kand a primep Do
Compute)zm — xl0] + px[l] 4. pjx[” — X (mOd pj+1)

b— A)ij—l] b— (A)ZH—Z] _|_Apj—1x[j—1])
J p

1.a.blll =

1.b. x) = A=1lll (mod p) reusingA—! mod p

viial
Step 3: Recover denominatorsxby continued fractions O§|:I)_k
With classical matrix arithmetic:
Bit complexity of 1.an(nmax{log||Al], ||b||})*°Y + n?(log ||A||) o

Total bit complexity: (n® max{log||A||, log||b||} )oY



Bit complexity of the determinant

Wiedemann'’s [1986] determinant algorithm
Foru,ve K"andA € K"'™" consider the sequence of field elements

ap=UuVv,ay =U Ay a,=u'AV,az=U'Aly,. ..

gees

gees

Wiedemann randomly perturldsand chooses randomandy;
then

det(Al —A) = minimal recurrence polynomial dfg; }i—o1.....



Detail of algorithm
[exactly like my division-free determinant algorithm ISSAC 92]

Fori=0,1,...,2n— 1 Do Compute they = u'Alv;

Done by baby steps/giant steps:ilet [v/2n] ands= [2n/r].
Substep 1. Foj=1,2.... ,r —1 Dol « Aly;

Substep 2Z + A';
[O(n®) operations; integer length/n log||Al|)1 L]

Substep 3. Fok=1,2,... .sDou ' « u"Zk;
[O(n?%) operations; integer lengtm log||Al|)*F°Y]

Substep 4. For=0,1,....r—1Do |
Fork=0,1,...,sDoay ;< (u* v

Using fast rectangular matrix multiplicatiom(n>°*log||Al|)



Problem 1(from my 3ECM 2000 talk)
Improve the bit complexity of algorithms for the determinant,
resultant, linear system solution, over the integers.



2. Determinant computation without division

Gauss’s elimination (1826)

0

Letygjﬁzyjjk.

Fori<1,..., n—1Do
Forj«+i1+1,...,nDo




Exact division elimination

b}
' O N
det(Yl(,..).,i,j;l,...,i,k)
5 .
del(Yl(,..).,i;l,...,i)
LetB® =Y andby,’ = 1.
Fori<1,..., n—1Do

Forj<«<i+1,...,nDo
Fork«<i1+1,...,nDo

RS C e W

this division Is exact;

Observe thaygij( =

det(Y) + by Y.



Division-free elimination (Sasaski and Murao 1982)

Use exact divsion algorithm d&® = Al,+Y,
wherel, is then x n identity matrix.

Then all exact divisions are by the monic polynomials
bfji_l) =detAli+Yi j1..i)= A+ lower order terms

N

Polynomial arithmetic over a commutative ring castsllognloglogn)
ring operations (Sdanhage and Strassen 1971, Sieveking 1972,
Kung 1974, Cantor and Kaltofen 1991).

Algorithm computesiet(Al —Y') with
O(n*lognloglogn) 4+, —, and x operations.



Table of division-free determinant algorithms

Strassen 1973 General method for eliminating divisions;
same complexity for determinant com-
putation as Sasaki and Murao.

Preparata and O(n3,/n) method with divisions by, 3, 5,
Sarwate 1978 [, ...,N.

Berkowitz 1984, O(n*logn) method.
Chistov 1985

Kaltofen 1992 O(n3,/nlognloglogn) method.

Kaltofen & Villard 2000 O(n®¥nlognloglogn) method.

All methods run faster with fast matrix multiplication. E.g., our
2000 method yield®(n>8%) ring operations.

All results extend to computing the adjoint of arx n matrix by
computing all partial derivatives (Baur and Strassen 1983).



Ingredients in my division-free determinant algorithm

— Use of Strassen’s general approach to eliminating divisions
— Based on Wiedemann’s determinant algorithm

— Construction of special instance for Wiedemann’s algorithm
— Baby steps/giant steps method in a substep

— NEW: Coppersmith’s 1992 blocking



Show Maple B/M run here

> with(combinat) :

Warning, the protected name Chi has been redefined and unprotected

> for 1 from 0 to 20 do al[i]:=fibonacci(i); od;

Ao .=
a .=
dy .=
az .—
a4 .=
ds .—
ag.=— 8
a; =13
ag.=21
ag .= 34
a10.= 55
a1 .= 89
o= 144
a13.= 233
ayq .= 377
a15.= 610
16 .= 987
a7 .= 1597
ay5.= 2584

a19.= 4181



Ay .= 6765
> read("BM.mpl");
> Dbermass(a,20);

“Delta[”, 1, “|=", 0

1
“Delta]”, 2, =", 1
1
“Delta[”, 3, =", 1
1-2z
“Delta]”, 4, “|=", 1
1—z—7
“Delta]”, 5, =", 0
1—z—7
“Delta[”, 6, “|=", 0
1—z—7
“Delta]”, 7,“|=", 0
1—z—7
“Delta]”, 8, “|=", 0
1—z—7
“Delta[”, 9, “|=", 0
1—z—7
“Delta[", 10, “]=", 0
1—z—7

“Delta[”, 11,“]=",0



1—z—7
“Delta[”, 12,“]=", 0
1—-z—7
“Delta[”, 13,“]=", 0
1—z—7
“Delta[”, 14, “]=",0
1—z—7
“Delta[”, 15, “]=", 0
1—-z—7
“Delta[”, 16, “]=", 0
1—z—7
“Delta[”, 17,“]=", 0
1—z—7
“Delta[”, 18,“]=", 0
1—z—7
“Delta[”, 19, “]=", 0
1—z—7
“Delta[”, 20,“]=", 0
1—z—7
Z—z7—1

> al6]:=9;
a.=9
> bermass(a,20);

“Delta[”, 1, “|=", 0



1
HDeI.ta.[”7 27 H]:” : 1

1
“Delta[’, 3,“]=", 1
1-2z
“Delta[’, 4, “]=" , 1
1—-z—7
“Delta[’, 5,“]=" , 0
1—z—7
“Delta[’, 6, “]=" , 0
1—z—7
“Delta[’, 7,“]=", 1
1-z2—72-27

“Delta[”, 8,"]=", —2
1+z2—-32-22-27
“Delta[”, 9, “]=", =5
142z+4+222—22—-72-57
“Delta[”, 10, “]=", —10
1424272 —-112+ 32— 157
“Delta[”, 11, “]=", —20
1+2+4222—-312+32+52-207
“Delta[”, 12, “]=", —39
19 1 7 9 17 , 29
1_§)Z+§)ZZ_ZZS_1_OZS_ 2—024+2—026



81

“Delta[", 13, “]="
elta[”, 1= 20
19 127 91
1-= —zz——z5——z3——z4——z6——
207 200° ~ 200° _ 200° 200 200~
) o201
Delta[”, 14, “]= 400
1_§z+ 22——25——23——24——26——27
27 27
“Delta[”, 15, “|=", 394
29 65 7
O T
13 1 111 1 517
Delta[”, 16, “]= 273
167 1
1- T07+ 3067 ~ 105> ~ 1537+ 3067+ 1557~ 306 + 3067
13 1 [{g =]} ) _1
Delta[”, 17, “]= 306
167 451 325 845 130 65 r 65
B 102Z 10404ZZ B 3121225 B 3121223 780324 1040426_ 15606° 3121228
B 3121229
111 7 [{y =]} ) 65
Delta[”, 18, “=", 3212
1—z2—7°

“Delta[”, 19, =", 0



1—z—2°
“Delta[”, 20, “]=", 0

1-z—7
-7
> for 1 from O to 20 do b[i] := binomial(i, floor(i/2)) od;
bo =1
b]_ =
b2 =
b3 =
b4 =
b5 =10
bg := 20
b; :=35
bg :=70
by := 126
D1 := 252
by, := 462
byo =924
b]_3 =1716
b14 '— 3432
b]_5 = 6435
b16 '=12870
b17 = 24310

b]_g = 48620



b1g:=92378
b20 ‘= 184756
> bermass(b, 20);
“Delta]”, 1, “]=",1

1
“Delta[”, 2,“]=", 1
1-2z
“Delta[”, 3,“]=", 1
1—-z—7
“Delta[”, 4,“]=",0
1—z—7
“Delta[”, 5, “]=", 1
1-z2—27+4+27
“Delta[”, 6,“]=",0
1-z2—272+7

“Delta[”, 7,*]=", 1
1-z—-322+22+27
“Delta[”, 8, “]=", 0
1-z2—-32422+7
“Delta[”, 9, “]=", 1
1-z2—472+32+32 -7
“Delta[”, 10,“]=", 0
1-z2—472+32+32 -7
“Delta[”, 11, “]=", 1



1-z—572+47224+62—-32-2°
“Delta[”, 12,“]=", 0
1-z2-5724+472+62-32-7
“Delta[”, 13,]=", 1
1-z2—62+52+102-622—425+7
“Delta[”, 14, “]=", 0
1-z—62+52+102-622— 425+ 7
“Delta[”, 15,]=", 1
1-z2—T722+62+152—-102—- 1082 +472' +
“Delta[”, 16, “]=", 0
1-72—72462+1524-102 - 108 +472'+ 7
“Delta[”, 17, “]=", 1
1-z2—8Z2+72+42172 - 152 —-204+10Z2'+52—-2°
“Delta[”, 18,“]=", 0
1-2z2—8Z2+72+42172 - 152 —-204+102'+52—-2°

“Delta[”, 19, “]=", 1
1-72—972+872+2872—2172°— 352+ 202’ + 152 —-52°— 710

“Delta[”, 20, “]=", 0
1-72—92+872+2872—212°—358+2072'+ 158 - 52— 719
702 _9A84+872'+284 2123524+ 202+152-5z—1



Computer generated binomial identities

()25 (T ()

L%J - m=2 mH-2i m -
()= s ) ()
J. Riordan

Combinatorial Identitie§1968, p. 37)



Special case for Wiedemann’s algorithm

For
0 1 _
0O 1 0 .
C= ci:(_l)uni1)/2J<L(”+')/2J
0 0 1 |
_CO Ci1... Cho2 Cn—1_
and
ao .
i ad; |
8=100... 0] xC'xv, v=| 7 [, aZ(Li/2j)
Jﬂ:eIr | an-—1 |

the algorithm needs no divisions/decisions.

)



Detail of “symbolic homotopy” algorithm

Fori=0,1,...,2n—1Do
{Compute the coefficients af, 0 < | <1, of

-
0i(z) =el'(C+2z(Y-C))vo, Vo= | :

| An-1]
whereC is the previous companion matrix angd= (U}ZJ)'}

Done by baby steps/giant steps: et [/2n] ands= [2n/r].
Substep 1. Fof=1,2,...,r—1Do
Vj(z) = (C+2z(Y —C)) w;
Substep 2Z(z) = (C+z(Y —C))";
Substep 3. Fok=1,2,... .sDou!"(z) = el'Z(2);
Substep 4. For=0,1,....r—1Do
Fork=0,1,...,sDo

e+ 1(2) = W' (2)v) (2).




Analysis with fast matrix multiplicatio®(n®) wherew < 2.3755

Splitintor-s>2n, r = [(2n)*F], s= [(2n)P] :

Asymptotic time for My choice3 = 2 T. Spencer’s choice
B=22=0.273
Substep 10(n®t1-F) O(n?875) O(n3 109

Substep 2: same as Substep 1
Substep 3s- O(r2s®) - O(r)

_ O(n3—|—(w—2)[3) O(n3.188) O(n3.103)
2 ~
Substep 4:rg .0(<®) - O(n)
_ O(n3—(3— )[3) O(n2-688) O(n2.830)

Using fast rectangular matrix multiplication, one can even get
O(n>9%%) arithmetic arithmetic operations.



3. Coppersmith’s blocking

Use of the block vectors € K™ in place ofu
y € K™B in place ofv

: . 2n
a=x"ByeKPP 0<i <E+2'

Find a matrix polynomiaty + cih + - - - + cgA? € KPP,
d = [n/B], such that

d d -
V) >0: Zathici = Z}XTrB'“yci =0ec KPP
= =



Probabilistic analysis

Theorem [K&V 2000]: If B is nonsingular with distinct eigenval-
ues then we have for thminimal generating polynomial

det(Co+ CiA + - -+ cgA%) = detAl — B)

for randomx, z with probability
2n—1

>1- .
K]

Distinct eigenvalues can be obtained by preconditioriing la
[Wiedemann, 1986], for instance

B+ V-B-W-G where V is randomized butterfly network
W is randomized butterfly network
G Is random diagonal



Proof idea for probabilistic analysis

(I—=AB) ' =1+BA+BA+--.

X"(1 = AB)~ly(Cg + -+ coA”) = R(A) € K[AJP*F

XT(1 = AB) 1y = R(A)(Cg+ -~ + CoAd)

Use theorems from multivariable control theory (irreducible real-
Izations) to show that polynomial denominators are the same.



Show run-time estimates in Maple worksheet

> Dbeta := n"sigma; # blocking factor
B:=n°
> 8§ := n"tau; # number of giant steps
s:=n'
> r := simplify( (n/beta) / s); # number of baby steps
r:=n1-9-7

Standard matrix arithmetic, quadratic B/M, Chinese remainder integer arithmetic
Step 1.1: ComputBly, j=0,...r
> substepl := simplify( r * beta * n"2 * r );
substepi= n(4-°-27
Step 1.2: ComputZ = B" by repeated squaring
> substep2 := simplify( n”3 * r);
substep2= n4-°-Y
Step 1.3: Compute™ ZK, k=0,...s
> substep3 := simplify( s * beta * n"2 * n/beta);
substep3= n(t+3)
Step 1.4: ComputeX™ Z¥) (Bly)
> substep4 := simplify( r * s * beta”™2 * n * n/beta );
substep4= n®
Step 2: Blocked Berlekamp/Massey fomoduli
> step2 := simplify( (n/beta)”2 * beta”™3 * n );



step2:= n(3+9)
Step 3: Determinant of generator matrix polynomialdionoduli
> step3 := simplify( beta”™3 * n * n );
step3:= n(39+2)

Overall bit complexity
> eval([substepl, substep2, substep3, substep4, step2, step3],

>{sigma=1/3, tau=1/3});
e, n(10/3) R(10/3) 3 K(10/3) )

“The asymptotically best algorithms frequently turn out
to be worst on all problems for which they are used.
— D. G. CANTOR and H. ZASSENHAUS (1981)

Fast matrix multiplication OQ®), linear B/M, linear integer arithmetic
Step 1.1: ComputBly, j=0,...r by B@) [ By — ... —B@-1y]
> fastsubstepl := simplify( n"omega * r );
fastsubstepi= n(@t1-0-10
Step 1.2: ComputZ = B" by repeated squaring
> fastsubstep2 := simplify( n"omega * r);
fastsubstep2= n(@+1-0-17

Step 1.3: Compute™ Z¥, k = 0,...s asfat vectors times #hin matrix
> fastsubstep3 := simplify( s * (n/(betax*s))”2 * (beta*s) omega * r,
> ’power’, ’symbolic’ );

fastsubstep3= n(-21+3-30+(0+1)w)



Step 1.4: ComputeX™ Z¥) (Bly)
> fastsubstep4 := simplify( r~2/s * (betax*s) omega * n/beta, ’power’,
> ’symbolic’ );
fastsubstep4= n(3-30-3T+(0+1)w)
Step 2: Blocked Berlekamp/Massey fomoduli
> faststep2 := simplify( beta”™2 * n * n);
faststep2= n(29+2)
Step 3: Determinant of generator matrix polynomialdionoduli
> faststep3 := simplify( beta”omega * n, ’power’, ’symbolic’ );
faststep3= n(@@+1)

Overall bit complexity
> total := eval([fastsubstepl, fastsubstep2, fastsubstep3,

> fastsubstep4, faststep2, faststep3]l);

total := |

n(w+1—o—r)7n(w-|—l—0—T) n(—21+3-30+(0+T) W) [(3-30-3T+(0+T)w) [(20+2) [(owt1)

> expos:=simplify(map(x -> log[n](x), total), ’symbolic’);

expos=[w+1-0-1T,w+1-0—-1,-214+3-304+0wW+WT,3—30—- 31+ 0W+ WT, 20+ 2,

ow+ 1]
> numexpos:=eval (expos, omega=2.3755);

numexpos= [3.3755— 0 —1,3.3755— 0 -1, .37551 + 3. — .62450, 3. — .62450 — .6245r,
20+ 2,2.37550 + 1]

> minexpo := solve({numexpos[2]=numexpos[3],
> numexpos [2] =numexpos[5]}, {sigma,tau});



minexpa= {0 = .4042922554t1 = .1626232338
> eval (numexpos, minexpo);

[2.8085845112.8085845112.8085845102.6459612762.8085845111.960396253



