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Overview

1. Second beginning:
Faster bit complexity without Strassen matrix multiplication

2. First beginning:
Determinant computation without division

3. New speed-ups: the use of blocking
With Gilles Villard (middle)



Matrix determinant definition

det(Y) = det(
2

664

y1;1 : : : y1;n

y2;1 : : : y2;n
... ...

yn;1 : : : yn;n

3
775) = ∑

σ2Sn

�

sign(σ)

n

∏
i=1

yi;σ(i)
�

;

whereyi; j are from anarbitrary commutative ring,
andSn is the set of all permutations onf1;2; : : : ;ng.

Interesting rings:Z; K [x1; : : : ;xn]; K [x]=(xn)



1. Bit complexity of linear algebra problems

Strassen’s [1969]O(n2:81) matrix multiplication algorithm

m1 (a1;2�a2;2)(b2;1�b2;2)

m2 (a1;1+a2;2)(b1;1+b2;2)

m3 (a1;1�a2;1)(b1;1+b1;2)

m4 (a1;1+a1;2)b2;2) a1;1b1;1+a1;2b2;1 = m1+m2�m4+m6

m5 a1;1(b1;2�b2;2) a1;1b1;2+a1;2b2;2 = m4+m5

m6 a2;2(b2;1�b1;1) a2;1b1;1+a2;2b2;1 = m6+m7

m7 (a2;1+a2;2)b1;1) a2;1b1;2+a2;2b2;2 = m2�m3+m5�m7

Problems reducible to matrix multiplication:
linear system solving [Bunch and Hopcroft 1974],...

Coppersmith and Winograd [1990]:O(n2:38)



Life after Strassen: bit complexity

Linear system solvingx= A�1b whereA2 Zn�n andb2 Zn :

With Strassen [McClellan 1973]:

Step 1: For prime numbersp1; : : : pk Do
SolveAx[ j ]� b (mod pj) wherex[ j ] 2 Z=(pj)

Step 2: Chinese remainderx[1]; : : : ;x[k] to Ax̄� b (mod p1 � � � pk)

Step 3: Recover denominators ofxi by continued fractions of
x̄i

p1 � � � pk

:

Length of integers:k= (n maxflogkAk; logkbkg )1+o(1)

Bit complexity: n3:38 maxflogkAk; logkbkg1+o(1)



With Hensel lifting [Moenck and Carter 1979]:

Step 1: Forj = 0;1; : : : ;k and a primep Do
Computex̄[ j ] = x[0]+ px[1]+ � � �+ pjx[ j ]� x (mod pj+1)

1.a.b[ j ] =

b�Ax̄[ j�1]

pj

=

b� (Ax̄[ j�2]+Apj�1x[ j�1])

pj

1.b. x[ j ]� A�1b[ j ] (mod p) reusingA�1 mod p

Step 3: Recover denominators ofxi by continued fractions of
x̄[k]i

pk

:

With classical matrix arithmetic:
Bit complexity of 1.a:n(nmaxflogkAk;kbkg)1+o(1)+n2(logkAk)1+o(1)

Total bit complexity:(n3 maxflogkAk; logkbkg )1+o(1)



Bit complexity of the determinant

Wiedemann’s [1986] determinant algorithm
Foru;v2 K n andA2 K n�n consider the sequence of field elements

a0 = uTv; a1 = uTAv; a2 = uTA2v; a3 = uTA3v; : : :

The minimal polynomial ofA linearly generatesfaigi=0;1;::::

By the Berlekamp/Massey [1967] algorithm we can compute in
n1+o(1) arithmetic operations a minimal linear generator forfaigi=0;1;::::

Wiedemann randomly perturbsA and chooses randomu andv;
then

det(λI �A) = minimal recurrence polynomial offaigi=0;1;::::



Detail of algorithm
[exactly like my division-free determinant algorithm ISSAC 92]

For i = 0;1; : : : ;2n�1 Do Compute theai = uTAiv;

Done by baby steps/giant steps: letr = dp2ne ands= d2n=re:

Substep 1. Forj = 1;2; : : : ; r�1 Do v[ j ] Ajv;

Substep 2.Z Ar;
[O(n3) operations; integer length(

p

n logkAk)1+o(1)]

Substep 3. Fork= 1;2; : : : ;sDo u[k]T uTZk;
[O(n2:5) operations; integer length(n logkAk)1+o(1)]

Substep 4. Forj = 0;1; : : : ; r�1 Do
Fork= 0;1; : : : ;sDo akr+ j hu[k];v[ j ]i:

Using fast rectangular matrix multiplication:O(n3:064logkAk)



Problem 1(from my 3ECM 2000 talk)
Improve the bit complexity of algorithms for the determinant,
resultant, linear system solution, over the integers.



2. Determinant computation without division

Gauss’s elimination (1826)

Let y(0)j ;k = yj ;k:

For i 1; : : : ;n�1 Do
For j i +1; : : : ;n Do

Fork i +1; : : : ;n Do

y(i)j ;k y(i�1)

j ;k �

y(i�1)

j ;i y(i�1)

i;k

y(i�1)

i;i

det(Y) y(0)1;1y
(1)

2;2 � � �y(n�1)

n;n



Exact division elimination

Observe thaty(i)j ;k =

b(i)

j ;kz }| {

det(Y(0)

1;::: ;i; j ;1;:::;i;k)

det(Y(0)

1;::: ;i;1;::: ;i)
:

Let B(0) =Y andb(�1)

0;0 = 1:

For i 1; : : : ;n�1 Do
For j i +1; : : : ;n Do

Fork i +1; : : : ;n Do

b(i)

j ;k 
�

b(i�1)

j ;k b(i�1)
i;i �b(i�1)

j ;i b(i�1)

i;k

��

b(i�2)

i�1;i�1

this division is exact;
det(Y) b(n�1)

n;n :



Division-free elimination (Sasaski and Murao 1982)

Use exact divsion algorithm onB(0) = λIn+Y,
whereIn is then�n identity matrix.

Then all exact divisions are by the monic polynomials

b(i�1)

i;i = det(λ Ii +Y1;::: ;i;1;::: ;i) = λi + lower order terms:

Polynomial arithmetic over a commutative ring costsO(nlognloglogn)

ring operations (Scḧonhage and Strassen 1971, Sieveking 1972,
Kung 1974, Cantor and Kaltofen 1991).

Algorithm computesdet(λI �Y) with

O(n4logn loglogn) +,�, and� operations.



Table of division-free determinant algorithms

Strassen 1973 General method for eliminating divisions;
same complexity for determinant com-
putation as Sasaki and Murao.

Preparata and
Sarwate 1978

O(n3pn)method with divisions by2;3;5;

7; : : : ;n:

Berkowitz 1984,
Chistov 1985

O(n4logn) method.

Kaltofen 1992 O(n3pn logn loglogn) method.
Kaltofen & Villard 2000 O(n3 3

p
n logn loglogn) method.

All methods run faster with fast matrix multiplication. E.g., our
2000 method yieldsO(n2:809) ring operations.

All results extend to computing the adjoint of ann�n matrix by
computing all partial derivatives (Baur and Strassen 1983).



Ingredients in my division-free determinant algorithm

— Use of Strassen’s general approach to eliminating divisions

— Based on Wiedemann’s determinant algorithm

— Construction of special instance for Wiedemann’s algorithm

— Baby steps/giant steps method in a substep

— NEW: Coppersmith’s 1992 blocking



Show Maple B/M run here
> with(combinat):

Warning, the protected name Chi has been redefined and unprotected

> for i from 0 to 20 do a[i]:=fibonacci(i); od;

a0 := 0
a1 := 1
a2 := 1
a3 := 2
a4 := 3
a5 := 5
a6 := 8
a7 := 13
a8 := 21
a9 := 34
a10 := 55
a11 := 89
a12 := 144
a13 := 233
a14 := 377
a15 := 610
a16 := 987
a17 := 1597
a18 := 2584
a19 := 4181



a20 := 6765
> read("BM.mpl");

> bermass(a,20);

“Delta[” ; 1; “]=” ; 0
1

“Delta[” ; 2; “]=” ; 1
1

“Delta[” ; 3; “]=” ; 1
1�z

“Delta[” ; 4; “]=” ; 1
1�z�z2

“Delta[” ; 5; “]=” ; 0
1�z�z2

“Delta[” ; 6; “]=” ; 0
1�z�z2

“Delta[” ; 7; “]=” ; 0
1�z�z2

“Delta[” ; 8; “]=” ; 0
1�z�z2

“Delta[” ; 9; “]=” ; 0
1�z�z2

“Delta[” ; 10; “]=” ; 0
1�z�z2

“Delta[” ; 11; “]=” ; 0



1�z�z2

“Delta[” ; 12; “]=” ; 0
1�z�z2

“Delta[” ; 13; “]=” ; 0
1�z�z2

“Delta[” ; 14; “]=” ; 0
1�z�z2

“Delta[” ; 15; “]=” ; 0
1�z�z2

“Delta[” ; 16; “]=” ; 0
1�z�z2

“Delta[” ; 17; “]=” ; 0
1�z�z2

“Delta[” ; 18; “]=” ; 0
1�z�z2

“Delta[” ; 19; “]=” ; 0
1�z�z2

“Delta[” ; 20; “]=” ; 0
1�z�z2

z2�z�1

> a[6]:=9;

a6 := 9

> bermass(a,20);

“Delta[” ; 1; “]=” ; 0



1
“Delta[” ; 2; “]=” ; 1

1
“Delta[” ; 3; “]=” ; 1

1�z
“Delta[” ; 4; “]=” ; 1

1�z�z2

“Delta[” ; 5; “]=” ; 0
1�z�z2

“Delta[” ; 6; “]=” ; 0
1�z�z2

“Delta[” ; 7; “]=” ; 1
1�z�z2�z5

“Delta[” ; 8; “]=” ;�2
1+z�3z2�z5�2z3

“Delta[” ; 9; “]=” ;�5
1+z+2z2�z5�7z3�5z4

“Delta[” ; 10; “]=” ;�10
1+z+2z2�11z5

+3z3�15z4

“Delta[” ; 11; “]=” ;�20
1+z+2z2�31z5

+3z3

+5z4�20z6

“Delta[” ; 12; “]=” ;�39

1�

19
20

z+

1
20

z2�

7
4

z5�

9
10

z3�

17
20

z4

+

29
20

z6



“Delta[” ; 13; “]=” ;

81
20

1�

19
20

z+

101
400

z2�

457
400

z5�

279
400

z3�

89
200

z4�

127
80

z6�

891
400

z7

“Delta[” ; 14; “]=” ;

201
400

1�

29
27

z+

10
27

z2�

28
27

z5�

19
27

z3�

1
3

z4�

37
27

z6�

65
27

z7

“Delta[” ; 15; “]=” ;

34
9

1�

29
27

z�

410
729

z2�
16
81

z5

+

133
729

z3�

277
729

z4�

421
729

z6�

565
729

z7�

986
729

z8

“Delta[” ; 16; “]=” ;

517
243

1�

167
102

z+

13
306

z2�

1
102

z5�
4

153
z3

+

5
306

z4

+

1
153

z6�

1
306

z7

+

1
306

z8

“Delta[” ; 17; “]=” ;
�1

306

1�

167
102

z+

451
10404

z2�

325
31212

z5�

845
31212

z3

+

130
7803

z4

+

65
10404

z6�

65
15606

z7

+

65
31212

z8

�

65
31212

z9

“Delta[” ; 18; “]=” ;

65
31212

1�z�z2

“Delta[” ; 19; “]=” ; 0



1�z�z2

“Delta[” ; 20; “]=” ; 0
1�z�z2

z9�z8�z7

> for i from 0 to 20 do b[i] := binomial(i, floor(i/2)) od;

b0 := 1
b1 := 1
b2 := 2
b3 := 3
b4 := 6
b5 := 10
b6 := 20
b7 := 35
b8 := 70
b9 := 126
b10 := 252
b11 := 462
b12 := 924
b13 := 1716
b14 := 3432
b15 := 6435
b16 := 12870
b17 := 24310
b18 := 48620



b19 := 92378
b20 := 184756

> bermass(b, 20);

“Delta[” ; 1; “]=” ; 1
1

“Delta[” ; 2; “]=” ; 1
1�z

“Delta[” ; 3; “]=” ; 1
1�z�z2

“Delta[” ; 4; “]=” ; 0
1�z�z2

“Delta[” ; 5; “]=” ; 1
1�z�2z2

+z3

“Delta[” ; 6; “]=” ; 0
1�z�2z2

+z3

“Delta[” ; 7; “]=” ; 1
1�z�3z2

+2z3

+z4

“Delta[” ; 8; “]=” ; 0
1�z�3z2

+2z3
+z4

“Delta[” ; 9; “]=” ; 1
1�z�4z2

+3z3

+3z4�z5

“Delta[” ; 10; “]=” ; 0
1�z�4z2

+3z3

+3z4�z5

“Delta[” ; 11; “]=” ; 1



1�z�5z2

+4z3

+6z4�3z5�z6

“Delta[” ; 12; “]=” ; 0
1�z�5z2

+4z3

+6z4�3z5�z6

“Delta[” ; 13; “]=” ; 1
1�z�6z2

+5z3

+10z4�6z5�4z6

+z7

“Delta[” ; 14; “]=” ; 0
1�z�6z2

+5z3

+10z4�6z5�4z6

+z7

“Delta[” ; 15; “]=” ; 1
1�z�7z2

+6z3

+15z4�10z5�10z6

+4z7

+z8

“Delta[” ; 16; “]=” ; 0
1�z�7z2

+6z3

+15z4�10z5�10z6

+4z7

+z8

“Delta[” ; 17; “]=” ; 1
1�z�8z2

+7z3
+21z4�15z5�20z6

+10z7

+5z8�z9

“Delta[” ; 18; “]=” ; 0
1�z�8z2

+7z3

+21z4�15z5�20z6

+10z7

+5z8�z9

“Delta[” ; 19; “]=” ; 1
1�z�9z2

+8z3

+28z4�21z5�35z6

+20z7

+15z8�5z9�z10

“Delta[” ; 20; “]=” ; 0
1�z�9z2

+8z3

+28z4�21z5�35z6
+20z7

+15z8�5z9�z10

z10�z9�9z8

+8z7

+28z6�21z5�35z4
+20z3

+15z2�5z�1



Computer generated binomial identities

�
2m
m

�
= 1 +

m�1

∑
i=0

(�1)
bm�i�1

2 c
�

bm+i
2 c

i

��

m+ i

bm+i
2 c
�

�

2m+1
m

�
=

m

∑
i=0

(�1)
bm�i

2 c
�

bm+i+1
2 c

i

��

m+ i

bm+i
2 c

�

�

2m
m

�
= 2m�

bm
2c�1

∑
i=0

(�1)
bm�2i

2 c
�

dm+2i
2 e

2i+ dm
2e�bm

2c
��

2dm
2e+2i

dm
2e+ i

�

J. Riordan
Combinatorial Identities(1968, p. 37)



Special case for Wiedemann’s algorithm

For

C=
2

66664
0 1

0 1 0
... ...

0 0 1
c0 c1 : : : cn�2 cn�1

3
77775 ; ci = (�1)b(n�i�1)=2c
�b(n+ i)=2c

i

�

and

ai =
�

1 0 0 : : : 0

�| {z }

uTr = eTr
1

�Ci�v; v=
2

664

a0

a1
...

an�1

3
775 ; ai =
�

i

bi=2c
�

the algorithm needs no divisions/decisions.



Detail of “symbolic homotopy” algorithm

For i = 0;1; : : : ;2n�1 Do

fCompute the coefficients ofzj; 0� j � i; of

αi(z) = eTr
1 (C+z(Y�C))iv0; v0 =

2
4 a0

...
an�1

3
5

whereC is the previous companion matrix andaj =
� j

b j=2c
�

:g

Done by baby steps/giant steps: letr = dp2ne ands= d2n=re:

Substep 1. Forj = 1;2; : : : ; r�1 Do
vj(z) = (C+z(Y�C)) jv0;

Substep 2.Z(z) = (C+z(Y�C))r;
Substep 3. Fork= 1;2; : : : ;sDo uTr

k (z) = eTr
1 Z(z)k;

Substep 4. Forj = 0;1; : : : ; r�1 Do
Fork= 0;1; : : : ;sDo

αkr+ j(z) = uTr
k (z)vj(z):



Analysis with fast matrix multiplicationO(nω) whereω/ 2:3755

Split into r �s� 2n; r = d(2n)1�βe; s= d(2n)βe :

Asymptotic time for My choiceβ = 1
2 T. Spencer’s choice

β = ω�2
ω�1 = 0:273

Substep 1:O(nω+1�β) O(n2:875) O(n3:103)

Substep 2: same as Substep 1

Substep 3:s�O(r2sω) � eO(r)

= O(n3+(ω�2)β) O(n3:188) O(n3:103)

Substep 4:
r2

s

�O(sω) � eO(n)

= O(n3�(3�ω)β) O(n2:688) O(n2:830)

Using fast rectangular matrix multiplication, one can even get
O(n3:064) arithmetic arithmetic operations.



3. Coppersmith’s blocking

Use of the block vectorsx 2 K n�β in place ofu
y 2 K n�β in place ofv

ai = xTrBiy 2 K β�β; 0� i <

2n
β

+2:
Find a matrix polynomialc0+c1λ+ � � �+cdλd 2 K β�β[λ];

d = dn=βe; such that

8 j � 0:
d

∑
i=0

a j+ici =

d

∑
i=0

xTrBi+ jyci = 02 K β�β



Probabilistic analysis

Theorem [K&V 2000]: If B is nonsingular with distinct eigenval-
ues then we have for theminimal generating polynomial

det(c0+c1λ+ � � �+cdλd) = det(λI �B)

for randomx; z with probability
� 1� 2n�1

jK j :
Distinct eigenvalues can be obtained by preconditioningB à la
[Wiedemann, 1986], for instanceeB V �B�W �G where V is randomized butterfly network

W is randomized butterfly network
G is random diagonal



Proof idea for probabilistic analysis

(I �λB)�1 = I +Bλ+B2λ2+ � � �

xTr(I �λB)�1y(cd+ � � �+c0λd) = R(λ) 2 K [λ]β�β

xTr(I �λB)�1y = R(λ)(cd+ � � �+c0λd)�1

Use theorems from multivariable control theory (irreducible real-
izations) to show that polynomial denominators are the same.



Show run-time estimates in Maple worksheet
> beta := n^sigma; # blocking factor

β := nσ

> s := n^tau; # number of giant steps

s := nτ

> r := simplify( (n/beta) / s); # number of baby steps

r := n(1�σ�τ)

Standard matrix arithmetic, quadratic B/M, Chinese remainder integer arithmetic
Step 1.1: ComputeBj y, j = 0,...,r

> substep1 := simplify( r * beta * n^2 * r );

substep1:= n(4�σ�2τ)

Step 1.2: ComputeZ = Br by repeated squaring

> substep2 := simplify( n^3 * r);

substep2:= n(4�σ�τ)

Step 1.3: ComputexTr Zk, k = 0,...,s

> substep3 := simplify( s * beta * n^2 * n/beta);

substep3:= n(τ+3)

Step 1.4: Compute (xTr Zk) ( Bj y)

> substep4 := simplify( r * s * beta^2 * n * n/beta );

substep4:= n3

Step 2: Blocked Berlekamp/Massey forn moduli

> step2 := simplify( (n/beta)^2 * beta^3 * n );



step2:= n(3+σ)

Step 3: Determinant of generator matrix polynomial forn moduli
> step3 := simplify( beta^3 * n * n );

step3:= n(3σ+2)

Overall bit complexity

> eval([substep1, substep2, substep3, substep4, step2, step3],

>fsigma=1/3, tau=1/3g);
[n3; n(10=3); n(10=3); n3; n(10=3); n3

]

“The asymptotically best algorithms frequently turn out

to be worst on all problems for which they are used.”

— D. G. CANTOR and H. ZASSENHAUS (1981)

Fast matrix multiplication O(nω), linear B/M, linear integer arithmetic
Step 1.1: ComputeBj y, j = 0,...,r by B(2i) [ B0y — ... — B(2i

�1) y]

> fastsubstep1 := simplify( n^omega * r );
fastsubstep1:= n(ω+1�σ�τ)

Step 1.2: ComputeZ = Br by repeated squaring

> fastsubstep2 := simplify( n^omega * r);

fastsubstep2:= n(ω+1�σ�τ)

Step 1.3: ComputexTr Zk, k = 0,...,sasfat vectors times athin matrix

> fastsubstep3 := simplify( s * (n/(beta*s))^2 * (beta*s)^omega * r,

> 'power', 'symbolic' );

fastsubstep3:= n(�2τ+3�3σ+(σ+τ)ω)



Step 1.4: Compute (xTr Zk) ( Bj y)
> fastsubstep4 := simplify( r^2/s * (beta*s)^omega * n/beta, 'power',

> 'symbolic' );

fastsubstep4:= n(3�3σ�3τ+(σ+τ)ω)

Step 2: Blocked Berlekamp/Massey forn moduli

> faststep2 := simplify( beta^2 * n * n);

faststep2:= n(2σ+2)

Step 3: Determinant of generator matrix polynomial forn moduli

> faststep3 := simplify( beta^omega * n, 'power', 'symbolic' );

faststep3:= n(σω+1)

Overall bit complexity

> total := eval([fastsubstep1, fastsubstep2, fastsubstep3,

> fastsubstep4, faststep2, faststep3]);

total := [

n(ω+1�σ�τ); n(ω+1�σ�τ); n(�2τ+3�3σ+(σ+τ)ω); n(3�3σ�3τ+(σ+τ)ω); n(2σ+2); n(σω+1)

]

> expos:=simplify(map(x -> log[n](x), total), 'symbolic');

expos:= [ω+1�σ� τ; ω+1�σ� τ;�2τ+3�3σ+σω+ωτ; 3�3σ�3τ+σω+ωτ; 2σ+2;

σω+1]

> numexpos:=eval(expos, omega=2.3755);

numexpos:= [3:3755�σ� τ; 3:3755�σ� τ; :3755τ+3:� :6245σ; 3:� :6245σ� :6245τ;

2σ+2; 2:3755σ+1]

> minexpo := solve(fnumexpos[2]=numexpos[3],

> numexpos[2]=numexpos[5]g, fsigma,taug);



minexpo:= fσ = :4042922554; τ = :1626232338g

> eval(numexpos, minexpo);

[2:808584511; 2:808584511; 2:808584510; 2:645961276; 2:808584511; 1:960396253]


