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The Royal Swedish Academy of Sciences has awarded

the 1999 Nobel Prize in Physics
jointly to

ProfessoGerardus 't Hooft, University of Utrecht, Utrecht, the Netherlands,
and

Professor EmerituBlartinus J.G. Veltman, University of Michigan, USA,
resident in Bilthoven, the Netherlands.

The two researchers are being awarded the Nobel Prize for having placed particle
physics theory on a firmer mathematical foundation.

The Academy’s citation:
"for elucidating the quantum structure of electroweak interactions in physics."

One person who had not given up hope of being able to renormalize non-abelian
gauge theories wadartinus J.G.Veltman. At the end of the 1960s he was a
newly appointed professor at the University of Utrecht. Veltman had developed
the Schoonschigomputer program which, using symbols, performed algebraic
simplifications of the complicated expressions that all quantum field theories
result in when quantitative calculations are performed. Twenty years earlier,
Feynman had indeed systematised the problem of calculation and introduced
Feynman diagramthat were rapidly accepted by researchers. But at that time
there were no computers. Veltman believed firmly in the possibility of finding a
way of renormalizing the theory and his computer program was the cornerstone
of the comprehensive work of testing different ideas.



Overview

1. Faster algorithms:
counting bit operations vs. counting arithmetic operations

2. Imprecise inputs
With PhD student Markus Higis« '}

3. Uncertain results
With PhD student Wen-shin L




1. Linear Algebra

Strassen’s [1969]P(n*81) matrix multiplication algorithm

m1 A (al,z — a2,2) (b2,1 — bz,z)
— (ag1+a22)(br1+b22)
— (ag1—ag1)(br1+bi2)

m4 — (ag1+ai2)bo2) laiibi1+ a3 2021 =M+ My —Mu+mg
Ms < a11(D12—b22) |a11b1 2+ a3 2020 =My + Mg
Me <— az2(21—b11) |821b11+a22021 = Mg+ N1
My < (ag1+822)b11) | 821012+ @200 0 = Mp — Mg+ M5 — Ny

Problems reducible to matrix multiplication:
linear system solving [Bunch and Hopcroft 1974],...
Coppersmith and Winograd [1990](n%>®)




Life after Strassen: black box linear algebra

The black box model of a matrix

y e K" A-yeK"

\ \
I4 4

A € K™" singular
K an arbitrary, e.g., finite field

Perform linear algebra operations, e.§.,'b [Wiedemann 86]
with

O(n ) black box calls and
n?(logn)®Y  arithmetic operations i and
O(n) intermediate storage for field elements



Flurry of recent results

Lambert [96], Teitelbaum [98], relationship of Wiedemann
Eberly & Kaltofen [97] and Lanczos approach
Villard [97] analysis ofblockWiedemann
algorithm
Giesbrecht [97] and computation of integral
Mulders & Storjohann [99] solutions
Giesbrecht, Lobo & Saunders [98] certificates for inconsistency
Chen, Eberly, Kaltofen, butterfly network, sparse and
Saunders, Villard & Turner [2K]  diagonal preconditioners
Villard [2K] characteristic polynomial
Diophantine solutions AGXH) =b, x¥ezn
by Giesbrecht: A(%X[Z]) —h, x@ezn
3

Find several rational solutions. gcd(2,3) =1=2.2—1-3
)



LINSOLVEQ: Given blackboXA, computewn # 0 such thatAw = 0.

NONSINGULAR<LINSOLVEO: For Ax= b solve [A|bjw =10
w
and compute =

Wh+1 Wn
Used in sieve-based integer factoring algorithms.

Harder (?) problem
LINSOLVEL: Given blackboXA (possibly singular) andb, com-
putex such thatAx=b.

Random sampling in the nullspace is equivalent te OLVEL:
select a random vectgrand solveAx = b for b = Ay.



Life after Strassen: bit complexity

Linear system solving = A b whereA ¢ Z"™" andb € Z" :

With Strassen [McClellan 1973]:

Step 1. For prime numbers,... px Do
SolveAxI = b (mod p;) wherex! € Z/(pj)

Step 2: Chinese remaindet!, . Kto AX=b (mod p;--- px)
Step 3: Recover denominatorsxpby continued fractions OE) . o
1 P

Length of integersk = (n max{log||A|, log||b||} )+

Bit complexity:  n®38 max{log||Al|, log]|b||} 1o



With Henselg .. lifting [Moenck and Carter 1979]:

Step 1: Forj =0,1,... ,kand a primep Do
Compute)zm — xl0] + px[l] 4. pjx[” — X (mOd pj+1)

b— A)ij—l] b— (A)ZH—Z] _|_Apj—1x[j—1])
J p

1.a.blll =

1.b. x) = A=1lll (mod p) reusingA—! mod p

viial
Step 3: Recover denominatorsxby continued fractions O§|:I)_k
With classical matrix arithmetic:
Bit complexity of 1.an(nmax{log||Al], ||b||})*°Y + n?(log ||A||) o

Total bit complexity: (n® max{log||A||, log||b||} )oY



Bit complexity of the determinant

Wiedemann'’s [1986] determinant algorithm
Foru,ve K"andA € K"'™" consider the sequence of field elements

ap=UuVv,ay =U Ay a,=u'AV,az=U'Aly,. ..

gees

gees

Wiedemann randomly perturldsand chooses randomandy;
then

det(Al —A) = minimal recurrence polynomial dfg; }i—o1.....



Detail of algorithm
[exactly like my division-free determinant algorithm ISSAC 92]

Fori=0,1,...,2n— 1 Do Compute they = u'Alv;

Done by baby steps/giant steps:ilet [v/2n] ands= [2n/r].
Substep 1. Foj=1,2.... ,r —1 Dol « Aly;

Substep 2Z + A';
[O(n®) operations; integer length/n log||Al|)1 L]

Substep 3. Fok=1,2,... .sDou ' « u"Zk;
[O(n?%) operations; integer lengtm log||Al|)*F°Y]

Substep 4. For=0,1,....r—1Do |
Fork=0,1,...,sDoay ;< (u* v

Using fast rectangular matrix multiplicatiom(n>°*log||Al|)



Problem 1
Improve the bit complexity of algorithms for the determinant,
resultant, linear system solution, over the integers.



2. Factorization of nearby polynomials over the complex
numbers

81+ 16y* — 6487 + 72x%y° — 648« — 288y° + 1296= 0

\
\ !I:‘c

SN

{/

(92 +4y?+18V27 — 36) (9% + 4y* — 18V27 —36) =0

81x* + 16y* — 6480037 + 72x°y* + .002*Z + .001y*Z
— 648¢ — 288° — .0072 +1296=0



Problem 2[Kaltofen LATIN’92]
Given is a polynomiaf (x,y) € Q[x,y] ande € Q.

Decide in polynomial time in the degree and coefficient size if there
is a factorizablef (x,y) € C|x,y] withdeg f) < ded f) and
| f— f|| <&, for a reasonable coefficient vector norml||.

Theorem[Hitz, Kaltofen, Lakshman ISSAC’99]

We can compute in polynomial time in the degree and coefficient
size if there is & (x,y) € C[x,y| with a factor of aconstantdegree
and||f — f|, <e.



Numerical algorithms

Conclusion on my exact algorithm [JSC 1985]:

“D. Izraelevitz at Massachusetts Institute of Technology has
already implemented a version of algorithm 1 using complex
floating point arithmetic. Early experiments indicate that the
linear systems computed in step (L) tend tonbmerically
ll-conditioned. How to overcome this numerical problem is an
iImportant question which we will investigate.”

Galligo and Watt [ISSAC’97]. substitute variables by generic lin-
ear forms: then certain coefficients in true factors must vanish.

Stetter, Haung, Wu and Zhi [ISSAC’2K]: Hensel lift factor com-
binations numerically and eliminate extraneous factors early



Univariate Problem: Given f € C[z anda € C.
Find f € C[Z],such that

f(a)=0, and ||f—f||=min.

Let
f(2) = anZ'+an-1Z" "+ +az+a
f(2) = (z— Q) (Up_1Z"  + Up_2Z" %+ - -+ Up)
= Up_1Z"+ (Up_2— )21+ -+ (Up— iUy )Z— OlUg

In terms of linear algebra:

. 1T -

1 —a ’ Ho 20

~ u 1

| f — fll = min H -
ueCn i
0 1 —a u An—1
n—1

1 | —~— i dn 1

N Jd u ——

1%
@)

(1)



(1) is an over-determined linear system of equations:

. . . c0-norm, or
Linear program, if| - || isthe {
1-norm

Least squares problem,

if || isthe 2-norm (Euclidean).

Solutions for the2-norm in closed form:

Nowle) = 11 =11~ 5" a1 = 51w

(also derived in Corless et al. [ISSAC’'95] via SVD)



Constraining a Root Locus to a Curve

Let[ be a piecewise smooth curve with finitely many segments,
each having a parametrizatigi(t) in a single real parameter

For a given polynomialf € C|z, we want to find a minimally
perturbed polynomiaf € C[z| that has (at least) one root 6n

Parametric Minimization

We substitute the parametrizatiggit) for the indeterminatet in
N min(0). The resulting expression is a functiontig R.

It attains its minima at itstationarypoints. We have to compute
thereal roots of the derivative.

The derivative of the norm-expression is determisgahbolically
but the roots can be computed numerically.



Bivariate factorization

Givenf =y fi jx'y! € C[x,y] absolute irreducible, find

f = (co-+cox+cyu(xy) € Clxy],  degf) <degf),

such that| f — f||, is minimal.
(“nearest polynomial with a linear factor”).

Approach: minimize parametric least square solution in the real
and imaginary parts of the = o + [3i 1.
— must minimize least squares solution with 6 parameters.

— yields polynomial system with fixed number of variables
hence polynomial time.



An co-norm examplex?+1=1-x>+0-x+1

min (max{\l—ﬁzl,\0—511\,|1—5o|>
ao, 41,49 € R such that
Ja e R: 80°+80+8=0



Special case: nearest polynomial with root

N o
d(a) = min||Pu—Db||e = 2i—ohid

f (@)
— — _| . 2
ST oA ‘z{'om )

(also derived by Manocha & Demmel [1995])

Stiefel’'s theorem also gives algorithm for finding

Parametriax : must minimize rational function (2).

Generalization toéP-norm, wherel < p < oo (Hitz 1999):
f 1 1 1
f(a)] oI and oo
(Sholake)”™ a P °

o(a) =



(x—1)%, 0

WwIN



Sensitivity analysis: component-wise nearest singular matrix

Given are2n® rational numbers, ;, &; .
Let A be theinterval matrix

ai1 --- aAnn

b
|
f_)ﬁ

g <agj<a; forall<i,j<n}.

8n1 .- 8n,

DoesA contain a singular matrix?
This problem ifNP-completgPoljak & Rohn 1990).



3. Will our systems guarantee their answers?

Maple 6 allows calls to NAG numeric library routines

Basic polynomial algorithms with floating point coefficients are
under development



# Example by Corless and Jeffrey
f :=1/(sin(x) + 2);

1

f= sin(x) + 2
g = int(f, x);

g:= g ﬁ,arctar@% (2tar(%x) +1)V3)
plot(g, x=-5..5);

/

_a —2




Early termination strategies

Early termination in Newton interpolation
Fori«+ 1,2,... Do
Pick randomp; and fromf ()

compute

FU(X) 4= co+ cu(X— 1) + Ca(X— pa) (X— p2) + - --
f(x) (mod(x—py)---(X—pi))

If ¢, = O stop.

End For

Threshold :
In order to obtain a better probability, we require= O more than

once before terminating.



The early termination of Ben-Or/Tiwari’s interpolation algorithm.

If pi,...,pnare chosen randomly and uniformly from a suldSet
of the domain of values then for the linearly recurrent sequence

a=f(py,...,p),i=12...

the Berlekamp/Massey algorithm encount&es O (when
2L < r) the first time for = 2t + 1 with probability no less than

t(t+1)(2t+1)deq f)
6-cardinalit(S)

1—

wheret is the number of terms df.

Threshold(:
In order to obtain a better probability, we requite= O (when
2L < r) more than once before terminating.



vV V.V V V

VoV

read ‘../../initpkg.mpl‘:
with(protobox) ;

[BM_stepmod HybridIinterp NewtonlInterpstep bbpoly mod checksame
evalLmonmod evalpolyseqevaltmpprunelistmod find_max find_true,
hevalplist mod hevalpnt.mod list_to_poly, prune raising_pntsmod recover
relocatec, relocateshift.c, rev, rm_elementslice spolyto_slist, tmpprune
tmpprunelistto_plist, vansolvekl mod

f_3:=9%x[2] "3*x[3] "3*x[5] "2*x[6] "2*x[8] "3*x[9] "3 +

Oxx [1] "3*x[2] "2*x[3] "3*x[5] "2*x[7] "2*x[8] "2*x[9] "3 +
x[1]"4*x[3] "4*x[4] "2*x[5] "4*x[6] "4*x[7]*x[8] "5*x[9] +
10*x[1] "4*x[2] *x[3] "4*x[4] ~4*x[5] "4*xx[7]*x[8] "3*x[9] +
12%x [2] "3*x[4] "3*x[6] "3*x[7] "2*x[8] " 3;

f_3 1= 9x:> X33 X5 X6” Xg° Xg° + 9X1° Xo” Xa° X5° X72 Xg” Xo° + X1 Xa* X4” X5 X6

+ 10x3 %o X5 ¥ Xa* X5™ X7 Xg° Xg + 12%0° X4> X6° X7 Xg°
bb:=bbpoly_mod(f_3, [x[1],x[2],x[3],x[4],x[5],x[6],x[7],x[8],x[9],x[10]
1);

5
X7X8™ Xg



bb:= proc(pntsnfi, modulusnfi)
localpolynf, inf, numvarsnf varlistnf;
polynf:= 9 x X% X X3 X X5° X Xg> X Xg° X Xg°
+ 9% X12 X X0 X X3° X X52 X X7° X Xg° X Xg°
+ X% X Xg® X X4 X X5& X Xg X X7 X Xg° X Xg
+ 10X %1% X Xo X X3% X X% X X5% X X7 X Xg° X Xg
+ 12X Xo° X X4° X Xg°> X X7° X Xg°
numvarsnf.= 10;
varlistnf := [Xq, X2, X3, X4, X5, Xg, X7, X8, X9, X10| ;
polynf := Eval(polynf, {sedqvarlistnf,; = pntsnfi,., inf = 1..numvarsnj})
modmodulusnfi;
RETURN polynf)
end

> NBT:=3; posttest:=2; rndmap:=4;

NBT:=3
posttest= 2
rndmap:= 4
> m:=41; correct:=0; incorrect:=0; error:=0; bbcnt_all:=0;
m:=41
correct:=0

incorrect:=0



vV V.V V V V V V VYV VYV VYV VYV VYV

error :=0

bbcntall :=0
bbcnt_correct:=0; num_test:=100;

bbcntcorrect:= 0

numtest:= 100

for i from 1 to num_test do print(i,’-th’);

result_poly:=traperror (HybridInterp (bb,
[x[1],x[2],x[3],x[4],x[5],x[6],x[7],x[8],x[9],x[10]],100,m,’N_thresh’=
NBT, ’BM_thresh’=NBT, ’mapmon_thresh’=rndmap, ’rndrep_thresh’=rndmap,
’posttest_thresh’=posttest,’print_bbcnt’=’num_bbprobe’ ));

1f lasterror=’lasterror’ then

if 0 = modp(expand(result_poly-f_3),m) then

correct := correct + 1;

bbcnt_all := bbcnt_all + num_bbprobe;
bbcnt_correct := bbcnt_correct + num_bbprobe;
else

incorrect := incorrect + 1;

bbcnt_all := bbcnt_all + num_bbprobe;

fi;

else

error := error + 1;

fi;

od; print(‘correct=°,correct); print(‘incorrect=‘,incorrect);
1, —th

Warning: range of random number generator or the modulus might not be enough



result poly 1= 9x,% X3 X5% Xe” Xg° Xg° + 9X1> X0 X3° X5° X7% Xg° Xg°

+ X1 Xa* X47 X5 X6 X7 X8> Xg + LOX1* X0 Xa* X4* X5 X7 Xg> Xg + 12%5% X4° X6 X7% Xg°

2, —th

Warning: range of random number generator or the modulus might not be enough
result poly:= Interpolation Failure: dropped a nor- zero term

3, —th

Warning: range of random number generator or the modulus might not be enough
result poly .= Interpolation Failure: dropped a non- zero term

4, —th

Warning: range of random number generator or the modulus might not be enough
result poly:= In Zippel algorithm: different terms map to the same valdetimes

5, —th

Warning: range of random number generator or the modulus might not be enough
result poly:= Interpolation Failure: dropped a nor- zero term

6, —th



Warning: range of random number generator or the modulus might not be enough
result poly:= Interpolation Failure: dropped a nor- zero term

7, —th

Warning: range of random number generator or the modulus might not be enough

result poly 1= 9%,3X3> X5% Xe° Xg° Xg° + 9X1> X0 X3° X5° X7% Xg° Xg°

+ X1 Xa* X4% X5 X6 X7 X8> Xg + LOX1* X0 Xa* X4¥ X5 X7 Xg2 Xg + 12%5% X4° X6 X7% Xg°

8, —th

Warning: range of random number generator or the modulus might not be enough
result poly:= Interpolation Failure: dropped a nor- zero term

9, —th

Warning: range of random number generator or the modulus might not be enough
result poly .= Interpolation Failure: dropped a non- zero term

10, —th

Warning: range of random number generator or the modulus might not be enough

result poly := 9%, X3>X5% Xs” Xg> Xo° + 9X1° X0 X3° X% X7° Xg° Xg°

+ X1 Xa* %47 X5 X6 X7 X8> Xg + L0X1* X0 X3* X4* X5 X7 X8> X9 + 12%2° X4° X6™ X7% Xg°



vV V. V V

Warning: range of random number generator or the modulus might not be enough
result poly:= Interpolation Failure: dropped a nor- zero term

99, —th

Warning: range of random number generator or the modulus might not be enough

result poly := 9x%,° X3 X5 X2 Xg> Xg° 4 9X1° X0 X3° X52 X7 Xg° Xg°

+ X1 Xa* X7 X5 X6 X7 X8> Xg -+ 10X X0 Xa* X4* X5 X7 X8> Xg + 12%5% X4° X6™ X7% Xg°

100, —th

Warning: range of random number generator or the modulus might not be enough

result poly .= Interpolation Failure: dropped a non- zero term

correct=, 26

incorrect=, 0

print(‘error=‘,error); if not expand(error-num_test)=0 then if

not (correct=0) then print(‘average bbcnt for correct results=‘,
evalf (bbcnt_correct/correct)); fi; print (‘overall average bbcnt=‘,
evalf (bbcnt_all/(incorrect+correct))); fi;

error =, 74

average bbcnt for correct results, 226.0384615
overall average bbcnt, 2260384615



Success and failure under different moduli and thresholds

f1 = XEX3X4XeXaX5 + X1XoXaXGXEXGXg + XpXaXaXeXgXg + XIXSXEGXEXEXTXE + XoXaXaXeXeX7Xa

fo = XiXEXEXGXEXT o+ XoXgXEXGXTXGXE o + XTXoXIXEXEXE —+ X XEXGXEXE -+ XaXaXgX5X5

o= DDDREDE + HEDDADK + Xorbarxddis + 10 + 12504
fa= 9oy + 1 DA, | 17EXbEXEy + FEREE, + 10X

Thresholds| mod 31 | mod 37 | mod 41 | mod 43 | mod 47 | mod 53
N,C|IT|K Y| =|#] Y =|#| Y =#]| '"|=|#] '|=|#| !'|=|#]| !
1 /0] O | 8 2(90|| 7| 1/92||15| 3/82|11|5|84|25| 3|72|20| 2|78
fil 2 |1] 2 |30] 0(70|38] 1/61||44| 0/56| 55| 0/45|71| 0|29|52| 0|48
3 (2 4 |38/, 0|62|36| 0/64|50 0/50(60 0/40|79| 0(21||70| 0|30
1 |0 O | 43|93 4| 3|93|| 5/ 3|92 7|5|88|22| 4|74|23| 1|76
fol 2 |1] 2 |22] 0/78|36| 0/64|38| 0/62/48| 1|51|61| 0/39|66| 0|34
3 (2| 4 (41| 0|59|45| 0|55|51 0/49|57| 04383 017|81| 0|19
1 |0 O | 0] 298| 0/ 6/94|| 3| 3|94 4|, 0|96 6|/ 5/89| 9 1,90
fal 2 |1 2 | 3/1/96|| 8/ 0[/92||16| 0/84|10| 0/90/37| 0|63|27| 0|73
3 (2 4| 9, 0|91 8 0/92|26| 0/74|15| 0|85||52| 0/48||54| 0|46
1 |0 O | 1/4(95)| 0] 298| 4| 2/94|| 8| 3/89|18| 2|80 5| 3|92
fal 2 1] 2 | 8/ 0(92|| 5/ 09520 0/80|22| 0/78|63| 0|37|44| 0|56
3 (2 4 |10/ 0|90(10, 0/90(33, 0/67|32| 06880 0/20|47| 0|53




Problem 3
Provide reasonable correctness specifications for our systems in

the presence of floating point numbers, randomizations, and mul-
tivalued functions.



