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ABSTRACT

For a proof of the monotone column permanent (MCP) con-
jecture for dimension 4 it is sufficient to show that 4 poly-
nomials, which come from the permanents of real matrices,
are nonnegative for all real values of the variables, where the
degrees and the number of the variables of these polynomi-
als are all 8. Here we apply a hybrid symbolic-numerical
algorithm for certifying that these polynomials can be writ-
ten as an exact fraction of two polynomial sums -of-squares
(SOS) with rational coefficients.

Categories and Subject Descriptors: 1.1.2 [Symbolic
and Algebraic Manipulation]: Algorithms; G.1.6 [Numerical
Analysis]: Global optimization
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1. INTRODUCTION

We first state the proven conjecture, which deals with
permanental characteristic polynomials of real matrices. For
an n X n matrix A the permanent of A, denoted perm(A),
is defined as

perm(A) i= Y @1,5(1)82,0(2)** * An,o(n)-
gESp

Let E, denote the n x n matrix of all 1’s. The following
conjecture was given by Haglund, Ono, Wagner [2]:
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Conjecture 1 (Monotone Column Permanent (MCP)).

Let A be a real n X n matriz whose columns are weakly in-
creasing, i.e., a;; < ait1,5 for all1 <i<mnand1l <j<mn.
Then all of the zeros of perm(zA + E,) € R[z] are real.

The n = 3 case of the MCP Conjecture has been proved
by Ray Mayer [9], but it was open for n > 4. Mayer also
proved that for n = 4, in order to prove MCP Conjecture,
it is sufficient to prove the following theorem.

Theorem 1. For all 1 < i < j < 3, the following polyno-
mials are nonnegative

i,y =perm([ni+1, nu, w, v])perm([n;1,m1, u, v])
- perm([ni+1, j+1, U, U})perm([m, ,u, U]) 2 0
for all real values for the variables x, y, a, b, ¢, d, e, f, where

u = am +a’ny + 203 + Fna, v = ym + dPp + €203 + A,
and

=0 O

m= 2 =

=)
=
@

= O OO

— =

All polynomials p;; for 1 < i < j < 3 are of degree 8
with 8 variables. Among them, the polynomials pi,1, ps,3
are perfect squares. In the following section, we will show
that the polynomial p;1 3 can be written as polynomial sum-
of-squares (SOS) and the polynomials pi2, p2,2, p2,3 can
be written as polynomial SOS divided by weighted sum of
squares of variables, which proves the MCP Conjecture for
n =4.

2. EXACT RATIONAL FUNCTION SUM-OF-
SQUARES CERTIFICATES

We present a hybrid symbolic-numeric algorithm in [7]
for certifying a polynomial or rational function with ratio-
nal coefficients to be non-negative for all real values of the
variables by computing a representation for it as a fraction
of two polynomial sum-of-squares with rational coefficients.
Our new approach turns the earlier methods by Peyrl and
Parrilo [10] at SNC’07 and ours [6] at ISSAC’08 both based
on polynomial SOS, which do not always exist, into a univer-
sal algorithm for all inputs via Artin’s theorem which states
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that
Ve, ..., &n €ER:p(&1,...,&n) £ 0 (p is [positive semi-] definite)
(1
) o
o, .. tum € K[X1,. ., Xl p(X1,..., X)) = i)
o, - .., um € K[X3 J: p(Xa ) Z(UO)

i=1
where K = Ror K = Q and p € K[X1,...,Xy»] or p €
K(Xq1,...,X5).

For a chosen denominator degree d, to prove a polynomial
p € Q[X1,...,X,] positive semidefinite, we can apply SDP
to solve the following SOS program:

inf Trace(W)
w

s. t.p(X) =

[ ms (2)
_ w0

0 Wm} W =0,Wh =w.

Here ma(X), ms(X) denote the vectors of monomial terms
of degree no more than A and §, respectively.

For the fixed degree §, the SOS program (2) can be solved
efficiently by algorithms in GloptiPoly [3], SOSTOOLS [11],
YALMIP [8] and SeDuMi [13]. However, since we are run-
ning fixed precision SDP solvers in Matlab, we can only
obtain numerical positive semidefinite matrices WM,W[Q]
which satisfy approximately

ma(X)T W ma(X)

whl =0 ,wt = o.
ms(X)T W2l ms(X) "’ - -

p(X) ~

®3)

The polynomial p can be certified as non-negative if W[l], w2

satisfy the following conditions exactly:

ma(X)T W ma(X)
ms(X)T W2l ms(X)

p(X) = wi=0, W =0. (1)

In [7], we start with finding a rational positive semidefinite
matrix W2 near to W by solving the SOS program (2),
then for the fixed denominator, we use Gauss-Newton it-
erations to refine the matrix WM. The rational positive
semidefinite symmetric matrix W which satisfies (4) ex-
actly can be computed by orthogonal projection (WM is of
full rank) or rational vector recovery (WM is singular).

Lemma 1. The polynomial p1,3, which has 53 monomials,
can be written as polynomial SOS with 10 polynomials.

Let 6 =0and W = [1], by solving the SOS program (2),
we obtain a 29 x 29 numerical positive semidefinite matrix
W, After rounding the entries of Wil to integers and
computing its exact LDLT-decomposition, we can write p; 3
as an SOS of 10 polynomials:

1 1o 1 5 1 5 1 5 1 1
PLs = 1500 T0a+g Git 0it 03+ g0ty 97 TR+ 6+,

2 4 4 2 2 2

where
g1 = 12zy + 6yb> + 12ya® + 6 xe® + 6 b°d> + 12 xd”

+6a%e? +12a%d?,
g2 = yb? —ze? +b%d*> —a’e?,
ga = 4yac+2ace® +4acd?,
g6 = 2ade + 2b%de + 2 a>de,

g3 = 2yab+2 abe®+2 abd?,
g5 = 4xdf +20%df +4 a*df,
g7 = 2ybe + 2 bed?,
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gs = bede, g9 = 2zef +2a%ef, gio = abef.

For the polynomials pi,2,p2,2,p2,3, if we set 6 = 0, the
SDP solver reports that the SOS program (2) is probably
infeasible. Hence it is unlikely (we have not proven this)
that these polynomials are sums of squares of polynomials.
Even if they were, our methods first try rational coefficients,
which for polynomial sums of squares are only conjectured
(Sturmfels—see [4]). Therefore, in the following, we start
with setting 6 = 1 and show that each can be written as
a rational polynomial SOS divided by a weighted sum of
squares of variables.

Lemma 2. The polynomial p2.2 which has 67 monomials
can be written as polynomial SOS with 11 polynomials di-
vided by the polynomial a® + 2b% + 2.

Letting ms(X) = [1,e,d, ¢, b,a,y, z]" and solving the SOS
program (2), we obtain the matrix W2

106 —10=1% _10=15 10-14 4014 4014 406 106 1
—10=15 1075 10714 10714 10713 _q10-13 _10-15 1015
—10=1% 10-14  10=5% _10=13 _10=14 1013 1014 q10—15
10714 qo=14  _10-13 620 —10713 10713 _j10-14 1013
10714 10713 _10714 _10713  1.26 10713 1014 4013
1014 1013 10=13  40=13  40=13  ge32 10714 _j10-13
1076 —1071% 10714 _y0-14 1014 10-14  10=6 _10°6

L 1076 10715 10715 40=13 _10=13 _10713 _10=6 1075 |

After converting the matrix W2 to a nearby rational ma-
trix, we obtain the polynomial %az + %bQ + %cQ as the
denominator. Then we compute the polynomial SOS of
(a® 4+ 2b* 4 ¢?) - p2.2. The singular values of the 64 x 64
matrix W obtained by the SDP solver are

302.,155.2, . ..,8.00,2.00,0.144e-1,0.143e-2,0.165¢-3, . . . .
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After rounding the matrix W to an integer matrix, we
obtain the integer matrix W' which satisfies (4) exactly.
Therefore, the polynomial (a? +2b*4¢?)-pa,2 can be written
as an SOS of 11 polynomials:

1 1 1 1
(a* +26° +¢%) oo =00l +05 + G 03 + 5 00 + 2 05 + 66

48 96
1 5

i+t lela sl
897 498 499 8910 29117

where
g1 = 36 zad>+24 zae® +24 yab® +36 ya® +6 a> f2+12 a’e?

+24a®d® + 12 xaf? + 6 ac*d® + 48 xya + 12 yac®
+12ab?d?,

ge = zad® — 2zac® + 2yab® +ya® — 1/2a® f* — a®e?
+2a*d? — zaf? 4+ 3/2ac’*d? + yac® + 3ab*d?,

g3 = 48 yb® +24 b3d* + 96 xyb+ 24 ybc® + 72 ya’b+24 xbf?
+48 zbe? + 72 xbd? + 12bc%d? 4+ 12 a®bf? + 24 a>be?
+48 a”bd”,

gs =4 yb® +2b3d% + 2ybc® + 2ya®b — 2abf? — 4 xbe?
—2xbd? 4+ bc?d? — a®bf? — 2a°be?,

g5 = 12yc® +6 3d? + 48 zyc+ 24 yb*c + 36 ya*c+ 12 e f?
+24 zce? 4+ 36 zed? + 12b%cd® + 6 a’cf? + 12ace?



+24 a%cd?,

g6 = ycd +1/2c3d* + 2yb*c+ya’c+wef? — 2xce? — xed?
+b%cd® +1/2a%cf? — a®ce?,

g7 = 8xade + 4 ac’de + 8 ab*de + 8 a’de,

gs = dzadf + 4 ab’df + 4a>df,

go = 4xcdf +4a’cdf, gio = Szcef +4a’cef, gin = 2abcdf.

Lemma 3. The polynomial p1,2, which has 77 monomials,
can be written as polynomial SOS with 27 polynomials di-
vided by the polynomial a® + 2b% + 2.

We use the same polynomial a®+2 b*+¢? as the denomina-
tor and compute the polynomial SOS of (a?+2b%+c?)-p1,2.
The singular values of the 77 x 77 matrix W obtained by
the SDP solver are

224.88,150.88, . . ., .92067, .89573, .45125, 0.68340e—4 , ....
27

Let us truncate the matrix WU to be of rank 27 for the

given tolerance 1073, and refine it by applying structure-

preserving Newton iteration to its LDLT- factorization. Since
W has rank deficiency 50, the orthogonal projection can-

not project W™ on to the cone of symmetric positive semidef-
inite matrices. However, after rounding the matrix 612- Wl

to an integer matrix and then dividing it by 612, we obtain

the rational matrix W' which satisfies (4) exactly. There-

fore, the polynomial p; o - (a® + 2b? + ¢?) can be written as

an SOS of 27 polynomials.

Lemma 4. The polynomial p2 3, which has 45 monomials,
can be written as polynomial SOS with 41 polynomials di-
vided by the polynomial 2a* + 4b> + 3 2.

We obtain the polynomial a? + 2b% + %CQ as the denom-
inator by converting Wi to a nearby rational matrix. We
compute the polynomial SOS of p 3-(2a®+4b*+3c?). The
singular values of the 53 x 53 matrix W obtained by the
SDP solver are

289.14,199.58, ...,0.97004, 0.82641,0.0062362 , . . ..

27

Let us truncate the matrix W1 to be of rank 27 for the
given tolerance 1072, and refine it by applying structure-
preserving Newton iteration to its LDL™- factorization. Af-
ter rounding the matrix 979 - W to an integer matrix and
then dividing it by 979, we obtain the rational matrix Wil
which satisfies (4) exactly. Therefore, we can write the pol-
ynomial (2a? +4b% +3¢?)-pa3 as an exact SOS of 27 poly-
nomials.

It should be noted that the denominator can be chosen in
many different ways. For example, using the same denomi-
nator as for p2.2 and p; 2, the polynomial (a+2b*+c*)-p2 3
can also be written as an SOS of 27 polynomials. However, if
we let ms(X) =[1,e,d,¢,b,a,y,z]” and solve the SOS pro-
gram (2), we obtain the polynomial a2 4 2b* +2¢* + d? + 2¢?
as the denominator after converting Wi to a nearby ratio-
nal matrix. The polynomial pa 3 - (a® + 2b% 4 2¢2 + d? 4 2¢?)
can be written as an SOS of 41 polynomials.
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Remark 1. Mohab Safey El Din has told us that he could
also with his RAGlib Maple package for real algebraic ge-
ometry determine that the polynomials pi 2, p1,3,p2,2,P2,3
are non-negative. He reports that his computation took less
than 5 minutes (on a laptop) and the time could be reduced
to less than 2 minutes by using internal routines of RAGIib
and the results in [12]. RAGIib analyzes the critical and
asymptotic critical values of the polynomials and does not
yield an easily verifiable certificate of non-negativity such as
our SOSes.

All polynomials in Maple input representation and veri-
fication of the claimed identities via Maple expansion can be
downloaded from http://www4.ncsu.edu/~kaltofen/software/
mcp_conj4/.

Acknowledgments: We thank Joe Buhler who has brought
the MCP Conjecture and Ray Mayer’s work to our attention
and on January 29, 2009 has kindly sent us the polynomials
for n = 4.
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APPENDIX

p13 =222 f2+129%a +12ad" +4a’e* +49y*b* +40*d*

+a?c?et + b d2 2 4+ 422t + 24 2%yd® + a®b?e? f2
+1222d* +b?Pd?e® + 48 aya’d® + 12 2%y? + 12 22 ye?
+ldz?d?e? +422d? f2 4+ 24 xy’a® + 24 xa’d* + 8 za’e?
+122y%0% + 12 2b%d* + 24 ya*d®> + 12 ya*e? + 14 a* d*e>
+aa*d® 2420 214920 b* +14 a®b2d +2 a®b2e?
+4y2a’ A +4a?Ad 48 ybrd? +24 zya’e? +28 za’d2e?
+8za’d? f? + 4xae® f? + 24 xyb®d® + 4 zyb®e®
+8zb?d%e? + 4 ab?d? f% + 28 ya?b*d? + 8 ya’b?e?
+12a%b2d%e? + 4 a*V2d% f? 4 Sya’Pd? + 4ya’cPe?
+4 a2 d?e? +4yb?PdP 42 b d*e* +-2 2 b2 P +2 b2 Pd,

pao = 24 %y 2+ 16 yb*d> +40 22d*e* +4a* f2e* + 16 a*e?d?

+72a%xy? + 407Ad + 8a' F2d* + dyctd® + 8xctd?
+48 220?420 a?y? 2 + 16 2b%d* + 16 a' e’y + 48 2% ye?
+40 a®>xd* + 4a’zf* + 20 22d? 2 + 72 2%yd? + *d?
+40 a*d*y+40 ®>y*b* +16 22e® f2 +-8 o fRy+ 24 wyPc?
+4a'e +16a*d* + 16 y?b%c® + 8 xyb® f2 + 16 zyb2e?
+56 zyb?d® + 16 a’ze® + 4y%c* + 4b*d* 4 16 yb?
+42% 1+ 16 2% + 28 22d* 4 48 2%y* + 8 ab’d?e?
+42b?d® f? + 28 zyc?d® + 8 xyce? + 8ayc? f?
+dzctd?e® + 4acPd® f2 + 16 yb?cPd® + 16 a’ze? f?
+2a?Ad* 2 + 4a*02d? 2 + 104 a*xyd? + 56 a*zye?
+28a’zy f? + 24 a’yc?d® + 48 a*yb*d® + 24 a’xd? f?
+8a’yb?e? + 4 a’yc?e® + 48 alxd*e® + 4 a’yb f>
+8a’b*d’e® + 8a’c*d* + 16 a’b*d" + 4 a’c*d’e?
+4a?yc? f? + 28aty® + a' f4,

P12 = 8y2b%c® + 8a'f2e? + 2a°c%et + 24 2°ye? + 48 a*xy?

+24 xb?d* + 12 2%y f? + 122y + 24 a*e?y
+28a2b%d* + 4a?b%et + 28a2y?b? + 124 f2y
+822e? 2 + 16 a’ze* + 4yctd® + 28 a*e?d® + a?b* f*
+24 22b% + 20 A% f? + 4b*dPe? + 16 yb*d® + 4 a’x f*
+48 azd* + 14 a®y*c? + 14 a>Pd* + 822 d*

+48 22yd? + 14 22d? f? + 28 22 d?e? + 48 a*d%y

+24 zyc?d® + dxyc’e® + dxyc® f? + 8xctd?e?
+haPd® f2 + 16 yb*2d? + 462 P d%e? + b2 2d2 f?
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+48 zyb*d® + 12zc%d + *d*e® + 2% + 24t

+89%b* +8b%d* + 24 22y% 4+ 24 22d* + 8 x2et + 222 f4
+8xyb?e® +4xyb® f2+16 b’ d*e* +8 2b’d® f2 +2a f4

+14a* f2d? 4 48 a’zye® + 28 a’ycPd® + 122 d% f?

+24 a®xyf? 4 28 a®xd? f2 4 56 a’xd?e® + 4 a*b%e?
+a’c’e? f? + 8a’yb® f? + 56 a’yb’d® + 16 a’yb’e”

f2

+96 a’zyd® + 4a>d? 2 + 8 a’ycie® + 24 a*b*d%e?

+16 a®ze’ f2 + 12a°cPd?e® + 4a’yc® f2 + 24 a'y?
+24 a*d* + 8a*e?,

P23 = 8e'a? 4+ 36 2%yd® + 36 xyPa® + 22%d% f2 + 8 xb’d?
+24 2yb? + 20 xad* + 24 e®za’d?® + 28 e*zya’®

+aelab?d? 48 2ayb® +4 e2xa’ f2+-8 etua® +24 22y
+4e*z? f2 +20e*2%d* + 8b*y? + 2d*b* + 4 Pb7y?
+d*e?b? + 8 d®bry + 4 3PPy + 2y’ + 2% Pd?
+20y2a?b? 4+ 8 a?b2d* + 20 ya*d® + 8 ya*e? + 8 atd?e?

+2a*d*f% + a'e®f2 + 14y%a” +8a’d* +2ae!
+4ya’Pd® + a’Pd%e® + 24 ya®*b*d® + 4 yabZe?
+4a?b?d%e® + a®b2d® f? + dxa’d> f? + 24 22y
+1422d* + 52 xya’d® + 28 zyb?d>.

8989056 9673656

03

2 2, 2 12 2
P12 (a” +2b° +¢%) = 57 91 + 37613055 92 +
1843005591608 2

199125180045 2 12, 2
+ 37103023106 94 T 36701015087 95 T as 96 97 +
2247264 2 | 37145 2

+31 95 + 298 + 3316517 911 T 36857 912

12 1.2 , 1.2 , 1 2 , 1498176
+5 915 + 7 916 T 3 917 + 7 91s + 1367855

gio + % 930

4164709648

70227
172616

2
3

98

306 2 1 2
+ 2185 913 + 1 914

s g2 1 g+ S ol + SBEE oF, + } o + 10088
+% 9377
where

g1 = % yab2 + 6avaf2 +12zae® + % yac2 + % ac’e?
+% ab? f24+-24 mya—l—% a02d2+% ab%%—% ab*d?
+24 zad® + 24 a®d® + 12a%€* + 6 a® £ + 24 ya®,

92 = ﬂéigi yab® + % 2 - % wae® + 381968193025565 :
+282958392035969 ace® + ﬁ)gégg; ab®f? + 381968193025565 acd?
— Botsts ab’e” + gia; ab’d® — Bt a’e? + B o’ 1,

93 = “Gorsonaon vab” — Seraessos vaf” + Sateet wae®
+ 533501 ac’e” + SETEE ab’ f? + e ab’e?
+Goraase0s. ab d” + S5aat a’e® — SeTiiagos o f%,

94 = 12979110235012830400465 zaf’+ 14312977590010290004370 zae’+ 24615957090020490004670 ac’e?
+ 12979110235012830400465 ab® {2+ 14312977590010290004370 ab g"’% Ze?
+ Hootasrao0as @ 7,

95 = Toeaoosborons T0€” T 3oss011159516 AC €+ 125astas0160s AD €’
+ 1343003591608 0 €

g6 = % ya?b+ 12bc%d? + % a’bd? + 48 zyb + 12 ybc?
+12zbf% + % a’be? 4 48 zbd> + 1135636 a’bf?
+24 zbe® + 24 b3d? + 24 yb°,

g7 = % ya?b+bctd® + % a?bd? +ybc? —zbf? — % a’be?
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_ 173 2bf2 21’()62 + 2b3d2 + befi’ g2 = 59454035921 yac % yab2 977 Tae + 977 ad2 2931 ab2d2

306 979 1958 1958
_ 172616, 2p | 172616 ,2p 72 | 172616 2 86308 27 42 544391 232 | 977 _ 97T 302 4 97T 1342
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