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Overview

1. Faster bit complexity without Strassen matrix multiplication

2. New speed-ups: the use of block vectors
With Gilles Villard (middle) WS

3. Determinant computation without division

4. Matrices over polynomials; practicality issues



The LinBox project www.linalg.org

Objective a generic library for exact linear algebra
(“Symbolic MatLab”)

New abstraction mechanism black box matrix

Programming languages C++, Maple, GAP, C (Saclib)

Design principle
genericity through template parameter types (matrix entries)
and black box matrix model (sparseness and structuredness)

Participants 24 current researchers and students in USA, Canada
and France



Fast matrix multiplication

Strassen’s [1969] O(n>5t) matrix multiplication algorithm

m1 — (ap2—ag2)(bp1—Db22)
— (ag1+ap2)(b11+b22)
— (ag1—ag1)(b11+Db12)
m4 — (ar1+a12)bp2) lag b1+ a1 201 =M+ mpy—Mmu+me
M «— ag1(D12—bo2) |a11b12+ a3 2020 =My+ Mg
M «— ap2(bp1—D11) |A21b114+ 822021 = M+ My
My «— (ag1+822)P11) 821012+ a2 2020 =My — Mg+ M5 — Ny

Problems reducible to matrix multiplication:
linear system solving, determinant [Bunch and Hopcroft 1974],
characteristic polynomial [Keller-Gehrig 1985],...

Coppersmith and Winograd [1990]: O(n>%)



Life after Strassen matrix multiplication: bit complexity

Linear system solving x = A ‘b where Ac Z"™"and b € Z" :

With Strassen and Chinese remaindering [McClellan 1973]:

Step 1: For prime numbers p4,..., px Do
Solve AxJl =b (mod p;) where Xl € Z/(p))

Step 2: Chinese remainder x'Y, ..., x} to Ax=Db (mod p¢--- py)

Step 3. Recover denominators of x; by continued fractions of

P
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Linear system solving x = A ‘b where Ac Z"™"and b € Z" :

With Strassen and Chinese remaindering [McClellan 1973]:

Step 1: For prime numbers p4,..., px Do
Solve Ax) = b (mod p;) where xl € Z/(p;)

Step 2: Chinese remainder x'Y, ..., x} to Ax=Db (mod p¢--- py)

Step 3. Recover denominators of x; by continued fractions of S
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Length of integers: k = (n max{log||Al|, log ||b||} )+

Bit complexity:  n**® max{log ||Al|, log ||| }} o



With Hensel lifting [Moenck and Carter 1979, Dixon 1982]:
Step1l: For | =0.1,...,kand a prime p Do
Compute X1 = x99 + pxt ... + plx = x (mod p'*Y)

Lo b AR Bli~1 _ Axli—1
.d. — .

p! P
1.b. X!l = A~1bll (mod p) re-using A~* mod p
L

: . _ X.
Step 2. Recover denominators of x; by continued fractions of #
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Step 2. Recover denominators of x; by continued fractions of #

With classical matrix arithmetic:
Bit complexity of 1.a: (n-max{log||Al|, log||b||} +n?-log||A|)od

Total bit complexity: (n®-log||A|| + n?-log|/b|| )1+oW



Diophantine solutions AGXY) =b, xUezn

by Giesbrecht, Mulders&Storjohann:  A(2x?) =b, x? 2"

Find several rational solutions. ged(2,3) =1=2.2-1.3
A2xY —x2)=4b—-3b=Db

—Can compute integral solutions of sparse linear systems.



Matrix determinant definition

_Y1,1 Y1,n_
Y21 ... Yon - i
det(Y) =det( |7~ ) = zsn sign(o) ['1Yiewm )
: : o€ ( iu IG(I))
' Yn1 .- Ynn

where y; j are from an arbitrary commutative ring,
and S, is the set of all permutationson {1,2,....n}.

Interesting rings: Z, K|xa, ..., %], K[X] /(X"



An important algebraic reduction and de-randomization

Theorem [Strassen 1973, Baur and Strassen 1983]

Suppose you have a Monte Carlo randomized algorithmon a
random access machine that can compute the determinant of an
nx nmatrixin D(n) arithmetic operations.

Then for any € > 0 you have a deterministic algorithm on a ran-
dom access machine that can multiply two n x n matricesin
O(D(n)*"¢) arithmetic operations.



An important algebraic reduction and de-randomization

Theorem [Strassen 1973, Baur and Strassen 1983]

Suppose you have a Monte Carlo randomized algorithmon a
random access machine that can compute the determinant of an
nx nmatrixin D(n) arithmetic operations.

Then for any € > 0 you have a deterministic algorithm on a ran-
dom access machine that can multiply two n x n matricesin
O(D(n)*"¢) arithmetic operations.

By fast LU-factorization we thus obtain a deter ministic algorithm
that can compute the determinant of an n x n matrix in
O(D(n)*"#) arithmetic operations.



Bit complexity of the determinant

With Chinese remaindering: (n-log |/A||)*"°Y times matrix mul-
tiplication complexity.

Sign of the determinant [Clarkson 92]: n*™°) if matrix has large
orthogonal defect.

Using denominators of linear system solutions [Pan 1989; Abbott,
Bronstein, Mulders 1999]: fast when large first invariant factor.

Using fast Smith form method n>>°)(log [|A[|)1>°1) [Eberly,
Giesbrecht, Villard 2000]



Wiedemann’s 1986 determinant algorithm

For u,v e F"and A € F"™" and consider the sequence of field
elements

ap=Uu'v,a; =UAv, a, = U"A, az = U"Ay, ...

Let fM(N) =co+Cah + - - -+ A € F[A] with fA(A) = 0.
Since u" Al f A (A)v = 0, we have

V] >0: Coapyj+Craryj+ -+ Cedkyj =0,
that is, {&; }i_o1. . satisfies a linear recurrence.
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Wiedemann’s 1986 determinant algorithm

For u,v e F"and A € F"™" and consider the sequence of field
elements

p=UvVva=uA,a=uAVa=UuA,...

Let fA(N) =co+CiA + - - -+ A € F[A] with fA(A) = 0.
Since u" Al f A (A)v = 0, we have

V] >0: Coapyj+Craryj+ -+ Cedkyj =0,
that is, {& }i—o1. . satisfies a linear recurrence.
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Wiedemann randomly perturbs A and chooses random u and v; then

geee



Baby steps/giant steps algorithm [Kaltofen 1992/2000]

Detail of sequence a; = u" A'v computation

Letr = [v2n] and s= [2n/r].
Substep 1. For j =1,2,...,r — 1 Do V!l «— Alv:
Substep 2. Z «— A';
[O(n®) operations; integer length (,/n log || AH)1+0<1)]
Substep 3. Fork = 1,2,... .sDoulk' — uTz*:
[O(n?°) operations; integer length (n log [|Al|)* o]

Substep 4. For | =0.1,....r—1Do |
Fork=0,1,...,5D0 ay; « (u* v,

Overall bit complexity (n**/2log ||A||)*o.



Speed-up with fast matrix multiplication

Suppose k x k matrices can be multiplied in O(k#3>) ring opera-
tions.

Suppose k x k%2%%2 can be multiplied in k*°Y) ring operations.

Overall bit complexity reduces to n>928(log || Al|)**°Y bit opera-
tions.



Speed-up with fast matrix multiplication

Suppose k x k matrices can be multiplied in O(k#3>) ring opera-
tions.

Suppose k x k%2%%2 can be multiplied in k*°Y) ring operations.

Overall bit complexity reduces to n>928(log || Al|)**°Y bit opera-
tions.

Speed-up with early termination

If the determinant is small, it i1s possible to terminate early via
Chinese remaindering [Kaltofen 2002].



Coppersmith’s 1992 blocking

Use of the block vectors x € F™F in place of u
y € F™P in place of v

a=x"AyeF*P 0<i<2n/B+2.
Find a minimal matrix polynomial generator
CoAO -+ cgA? € FR*B[A], d = [n/B]:
d d .
\V/J > 0: %aj+ici — Z}XTAH‘JyCi —(0c FBXB
= <

B
BL_x B

n
n Z|n

n B

Note: A must be in general position, otherwise d > [n/(3| and
more sequence elements are needed.



Advantages of blocking

1. Sequence is shorter, therefore intermediate integers are shorter.

2. Parallel computation of each column of the sequence is possible

Disadvantages of blocking

1. Block Berlekamp/Massey step more intricate
and more expensive: p1-37>°nt+oll)

[Beckermann and Labahn 1994]

2. Must compute det(co+ - - -+ cgA?), which costs extra.
After preconditioning A, with high probability

dEt()\| — A) — det(Co—l- R Cd)\d).



Sketch of multivariable control theory

From (Al —A) 1 =IN"1T - AN 2L AN 3.
XT(Al — A)~Yy(Co+ - - + CgA9) = R(A) € F[A]P*P

we obtain a matrix Padé approximation (“realization”)

X'\ =A) "ty = JiaN =R\ (Co+ -+ +CA) ?

Denominator on left side: det(Al —A).
Denominator on right side: det(co+ - - -+ cgAd).



Sketch of multivariable control theory

From (Al —A) 1 =IN"1T - AN 2L AN 3.
XT(Al — A) " Yy(Co+ -+ CgAd) = R(A) € F[A]P~P

we obtain a matrix Padé approximation (“realization”)
XT(\ —A) "ty = 58\ = R(\)(Co+ -+ CaA )

Denominator on left side: det(Al —A).
Denominator on right side: det(co+ - - -+ cgAd).

Theorem 1

The determinant of an integer matrix can be computed in
n>%9%3(log || A)1+°) bit operations (at B = n®>° and giant step-
pi ngs= r10.172)_



Division-free determinant complexity

Special sequence for Berlekamp/Massey

Inf[2]:= S = {1,1,2,3,6,10,20,35,70,126,252,462,924,1716%}
In[3]:= BM[S, x]

Discrepancy for r = 1 is 1

L updated to 1, Lambda =1

Discrepancy for r = 2 is 1

Lambda updated to 1 - x

Discrepancy for r = 3 is 1

L updated to 2, Lambda =1 - x - x
Discrepancy for r = 4 is O
Discrepancy for r = 5 is 1

L updated to 3, Lambda =1 - x - 2 x + X
Discrepancy for r = 6 is O
Discrepancy for r = 7 is 1

L updated to 4, Lambda =1 - x - 3 x + 2 x + X
Discrepancy for r = 8 is 0

Discrepancy for r = 9 is 1

L updated to 5, Lambda =1 -x-4x + 3 x +3x - X



10 is O
11 is 1

Discrepancy for r
Discrepancy for

H
I

L updated to 6, Lambda =1 - x-5x +4x +6x - 3X
6

- X
Discrepancy for r = 12 is 0O
Discrepancy for r = 13 is 1
2 3 4
L updated to 7, Lambda =1 -x-6x +5x +10x -6 x
6 7
-4 x +x

Discrepancy for r = 14 is O



Special case for Wiedemann’s determinant algorithm: for

0 1
0 1 .
C= ci:(_l)uni1>/2J<L(”+')/2J>
0 1 |
_CO Ci ... Cho2 Cn—l_
and
ao .
i a; |
a=|100...0] xC'xv, v= S a4:<U/2J)
u' =ef | n-—1 |

the algorithm needs no divisions/decisions.

Block algorithm: x = | -.. |, o | andy =




Strassen’s homotopy:

Compute det(C+ z(A—C)) by truncated power series operations
in Z[z| /(Z"1).

Polynomials in zare like integers: length < degree.

Theorem 2

The determinant and adjoint of a matrix over a commutative ring
can be computed with O(n>%°"3) ring additions, subtractions and
multiplications. The characteristic polynomial with O(n%%°) ring
additions, subtractions and multiplications.



More recent results

Storjohann 2002: determinant of matrix with polynomial entries
in n?37° x (input degree)*°Y field operations;
possibly generalizable to integers.

Jeannerod and Villard 2003: inverse of matrix with polynomial
entries in (n® x (input degree))**° straight-line steps.



Practicability

Without Strassen matrix multiplication and Knuth/Schonhage GCD
we have (n>*Y/2log[|Al|)*°™) bit operations.

+0(1) from Chinese remaindering, but Iogz< |_| p) > 0.5-10%.

p prime
p< 232

Poly-logarithmic factors in further speedups are Killers:

log,n
for ny = 10000: —22." >277
Ny
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Practicability

Without Strassen matrix multiplication and Knuth/Schonhage GCD
we have (n**3log ||Al|)¥°Y) bit operations.

+0(1) from Chinese remaindering, but Iogz( |_| p) > 0.5-10%.

p prime
p< 232

Poly-logarithmic factors in further speedups are Killers:

|
for ny = 10000: —2;"* > 0.616
Ny

We have run the algorithm against Gaussian elimination and it
barely wins. However, the block version is highly parallelizable.



