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Abstract

The main idea of the “black box” approach in exact linear algebra is to reduce matrix prob-
lems to the computation of minimum polynomials. In most cases preconditioning is necessary
to obtain the desired result. Here good preconditioners will be used to ensure geometrical/al-
gebraic properties on matrices, rather than numerical ones, so we do not address a condition
number. We offer a review of problems for which (algebraic) preconditioning is used, provide
a bestiary of preconditioning problems, and discuss several preconditioner types to solve these
problems. We present new conditioners, including conditioners to preserve low displacement
rank for Toeplitz-like matrices. We also provide new analyses of preconditioner performance
and results on the relations among preconditioning problems and with linear algebra problems.
Thus, improvements are offered for the efficiency and applicability of preconditioners. The
focus is on linear algebra problems over finite fields, but most results are valid for entries from
arbitrary fields. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

In the black box approach [15] one takes an external view of a matrix: it is a linear
operator on a vector space. Information is derived from a series of applications of this
operator to vectors. By contrast most matrix algorithms are internal, involving some
sort of elimination process. The black box approach is particularly suited to the han-
dling of large sparse or structured matrices over finite fields. This fact—well known
in the numerical computation area—has led the computer algebra community to a
considerable interest in black box algorithms for linear algebra. Many developments
have been proposed to adapt Krylov or Lanczos methods to fast exact algorithms.
Wiedemann’s paper [25] was the seminal work to these developments. He showed
how to solve an invertible x n linear system using @) matrix-vector products,
O(n?) additional arithmetic operations in the entry field, an¢hDspace for in-
termediate results. Since a matrix-vector product costs at most) @perations,
Wiedemann'’s algorithm is asymptotically competitive with elimination. For many
problems of the operator application, the matrix-vector producinay be econom-
ically computed both in time and/or in space. Problems of interest may have cost
O(nlog(n)), even Qn). In these cases the black box approach is a substantial im-
provement over elimination. When the matrix is sparse and elimination is subject to
fill-in, it also has the important advantage of modest space demand. Other examples
are matrices that have efficient procedures for generating their entries, for instance,
the Hilbert matrix. A black box algorithm never constructs such a matrix, hence is
substantially more space efficient.

To solve several problems using the algorithms invented by Wiedemann and
his followers the black box coefficient matrix needs to be preconditioned. As de-
tailed in Sections 2 and 3, the preconditioning allows the reduction of problems to
the computation of minimum polynomials and leads to faster solutions. Common
preconditioners, some already known to Wiedemann, are matrix pre- and post-multi-
pliers. These multiplier matrices must have efficient matrix-vector products in order
to avoid too high a slowdown of the matrix-vector product for the resulting precondi-
tioned matrix. Our target problems discussed are linear system solution, determinant,
and rank. Solutions to additional problems such as Diophantine problems (over the
integers) and Smith form computation [7,8,17] also involve these preconditioners.
Future work may concern the use of preconditioners to compute the characteristic
polynomial of a matrix and matrix normal forms, as well as conditioners to preserve
additional structural properties.
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We present more efficient preconditioners for most of the problems discussed
above, including conditioners that maintain low displacement rank. Most of our pre-
conditioners apply to matrices over an arbitrary field, but our focus is on matrices
over a finite field. Our time cost analyses are in terms of the number of arithmetic
operations in the element field and our space cost is measured in terms of the number
of field elements stored. Finite fields are categorized as large or small, depending on
whether they have sufficiently many elements to support these randomized methods
for which the Schwartz—Zippel lemma [22,26] (see also [3]) is used in the probability
analysis. We organize solutions around this distinction and offer new results for large
and small fields.

In Section 2 we offer a list of problems to which preconditioning has been ap-
plied with a discussion of the solution methods advanced to date. In Section 3 the
notion of a preconditioning problem and preconditioner are given precise definitions
and a list of useful preconditioning problems is offered. The problems are of three
general types: linear independence (localizing it), nilpotent blocks (avoiding them),
and cyclicity (achieving it for the nonzero eigenvalues). Results on relations among
them are also given in Section 3. Notably, Wiedemann already used three kinds of
preconditioners: diagonal, Benes'’s permutation network, and sparse preconditioners.
The usefulness of diagonal conditioners is extended and their effects are more thor-
oughly examined in Section 4. Toeplitz preconditioners that increase displacement
rank by at most a small constant are investigated in Section 5. Regarding Bene§’
network-based preconditioners, we show that the size can be cut into half yielding a
butterfly network, the individual switches can be simplified, and the network can be
generalized to arbitrary dimensions that are not powers of 2 (see Section 6). Further,
in Section 7 we prove that Wiedemann'’s sparse preconditioners can be used directly
for the inhomogeneous system solution problem for matrices over small finite fields
without the need of binary search.

2. List of matrix problems and solutions

We present our target linear algebra problems which we labelia®dLy, LIN-
SOLVEOQ, LINSOLVE], DET, and RaNK. We discuss the use of various precondition-
ers to provide reductions between problems and list known solutions.

The objectives are to find algorithms running within the costs stated in Section
1: with n(logn)°@® black box callsp?(logn)°® additional operations in the entry
field and using: (logn)°® intermediate storage [11, Open Problem 3]. Throughout
this paper, when we say of a problem “the questioogeri or “it is an openprob-
lem”, we mean that the question has no known solution within these resource limita-
tions (see for instance the certificate of system inconsistency or the computation of
the determinant). Most of the solutions listed below are randomized. Such algorithms
areMonte Carloif the answer returned is possibly wrong (with quantified probability
of error), and are calletlas Vegasr are said to have eertificateif the solution
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is always correct and unfortunate random choices can only cause violation of the
resource limitations promised. We say problem Adducibleto problem B if A
may be solved by computing an instance for problem B in such a way that the overall
cost is within the resource limitations assuming an algorithm for B which meets the
resource limitations. Problems A and B aguivalentf reductions exist both ways.

For a matrixA € F"*" over a fieldlF, and vectorsss, ..., u, € ", the black
box algorithms (adaptations of Krylov, Lanczos, or conjugate gradient algorithms)
essentially compute minimal relations in Krylov spaces constructed from the vectors.
Using block sizec = 1, we havescalar algorithmgo compute the minimum polyno-
mial of the vector with respect ta [25]. With « > 1, we obtairblock algorithmgo
compute a matrix minimum polynomial [23]. With high probability this will give the
minimum polynomial ofA or a multiple of it and thus a solution to the first problem
to consider:

MINPoLY—Compute the minimum polynomial of @ver any field, a Monte Carlo
solution is given by the original Wiedemann’s algorithm [25]. It is not known how
to certify the resultand how to recover the minimum polynomial from the blocked
versions (only a multiple is computed).

The next problem to consider iSNSOLVEOQ, the computation of a nonzero vector
in the nullspace of a singular matrix. We remark that the goal of homogeneous linear
systems solving is often taken to be to compute a nullspace basis. However, for sparse
or structured matrices of low rank, to compute a basis for the nullspace will entail
construction of many dense vectors, which will consume vastly more space than the
original matrix. Such a project would be antithetical to the spirit of sparse methods.
One may as well use a dense method if the goal is a basis and the rank is low. Thus,
we pose as the basic problem to compute one vector in the nullspace.

In the discussion of this and the following problems we refer to certain precon-
ditioners (see Section 3). The preconditioners are categorized by purpose and given
names such asRECONDNIL, PRECONDCYC, etc. For example, the problenrRE-
CoNDNIL is to produce a matrix equivalent towhich has no nilpotent blocks in its
Jordan form. These must be understood by forward reference to Section 3 where the
preconditioning problems are discussed in detail. Summary of the existing solutions
to these preconditioning problems and presentation of improved methods for them are
the central purpose of this paper. By abuse of notation we also use the label of a pre-
conditioner problem to refer to the use of a solution to this problem in a computation.

LINSoLVEO—Computew # 0 such thatAw = 0. This also gives a singularity cer-
tificate and a Monte Carlo test for nonsingularity: if any of the algorithms repeatedly
fails, the matrix is likely nonsingular.

Over small fields, the block Wiedemann algorithm [2] together with tricks in [10]
leads to(1 + ¢)n or (2 4+ ¢)n matrix-times-vector products. Complete analyses may
be found in [10,23,24]. Comparisons with the block Lanczos algorithm are under
development. Both may incorporate tharly termination strategfirst observed by
Lobo. If the minimum polynomial has small degree, the solution is found without
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completing the sequence to the worst case length. This criterion, probabilistical-
ly correct for randomly preconditioned matrices, is incorporated in Lanczos vari-
ants [6]. Over large fields, a Lanczos variant of the block Wiedemann algorithm
should be superior sindeok-aheads unlikely [5].

Special case ®MREAL—If A is symmetric and is a subfield of the real numbers,
then unblocked Lanczos should be used to solve the sysiem Ay for a randomly
choseny. With high probability,x — y is a nonzero element of the nullspaceliis
singular. Here: matrix-times-vector products are sufficient.

Over a field of positive characteristic problems arise due to the possibility of self-
orthogonal rows in a symmetric matrik and the possibility of nontrivial nilpotent
blocks in its Jordan form. If is sufficiently large and its characteristic is not 2, then
PRECONDNIL together with the above solution allows the problem to be solved with
n matrix-times-vector products [5].

It is not known whether an additional black box faf can improve the above
methods.

LINSoLvE1—GivenA andb, computer such thatAx = b. The problem of finding
a random element of the nullspace (calrandomLINSOLVEO) is equivalent to
LINSoOLVEL. To solve random-iNSOLVEO, solveAx = Ay, wherey is a random
vector. In the reverse direction, considdr| blw = 0.

The reduction of INSOLVEL to LINSOLVEO is immediate ifA is nonsingular.
The preconditioner RECONDNIL together with a block algorithm as discussed un-
der LINSOLVEO solves UNSOLVEL (see [24] over large fields). A solution teARK
together with the preconditioneRRCONDRXR also solves INSoLVEL [14]. A cer-
tificate for inconsistency is known only with an additional black box for [9].
Without a transpose box, the problem is open.

DeT—Computedet(A). The problem is open over small fields except fgrwhere

one may use the singularity test mentioned iR 8oLVEO. Itis also open how to cer-
tify that de{A) # 0. Over large fields, a solution to the problemNPOLY together
with the preconditioner RECONDCYC solves DET [25].

Rank—Compute the rank of. A Monte Carlo algorithm uses the preconditioner
PReCoNDsxsand the singularity test mentioned undexSoLvEO to find the rank

by binary search [25], using@gn) calls to the sparse solver. It is open how to avoid
using Q(logn) of these calls. The problem is also solved over large fields with the
preconditioner RECONDCYCNIL and a solution to problem MPoLy, see [14].
These Monte Carlo algorithms may underestimate the rank. However, the rank can
be certified over real fields [21].

3. Preconditioners in general

Matrix problems onA may be reduced to simpler problems on a well-chosen
matrix A’ called a preconditioning od. This section is intended to define precisely
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what we mean by a preconditioning problem. New preconditioners for some of the

problems will be given in Sections 4 and 6. We also derive reductions between pre-
conditioning problems that help in characterizing the preconditioners themselves and
will lead to new preconditioners with the sparse matrices of Section 7.

A preconditioning problenis a pair(#, %) of arelation # and acondition ¢
on matrices in a given clas#. A solution to a preconditioning problem is a map-
ping A — A’ on . such that (1)6(A’) holds, and (2%2(A, A’) holds. We say that
A’ is goodfor A with respect to the given preconditioning problem.

Generally speakingg is a property desired so that the input conditions of some
computational techniques are satisfiefljs a relation needed in order for results
computed concerningl’ to yield information aboutd. For most preconditioners
used in linear systems solving, the relati#ns matrix equivalenceA’ = LAR for
L and R two invertible matrices. However, some of the existing preconditioners
are symmetrizing products involving" for which the relation is preservation of
rank [6]. All of the preconditioners discussed in this paper are multiplicative,
being a product involvingl, nonsingulascalingmatrices, and sometimes'.

A preconditionerA — A’ is genericif it is good for all A € .#. The central
issue determining the usefulness of a preconditioner is usually that computation
with A’ be as inexpensive as possible, preferably within a constant factor of the
cost with A alone. A generic preconditioner with good computational performance
is generally not possible to achieve. Generic preconditioners usually involve scal-
ing the given matrix by a multiplier whose entries are multivariate polynomials
over the field of the entries od. They are useful as a step in the construction of
families of preconditioners whose scalings have entries in the field of entries (or
a small extension thereof). The individual members of a family of preconditioners
are obtained by substitution of random field elements for the variables in a gener-
ic preconditioner. The distribution of the preconditioners in such a family should
have the property that for all € .# the probability that a preconditioned — A’
chosen at random is good far is at leastp for a specified probabilityp. When
we solve a preconditioner problem with a random family in this way we prefix the
preconditioner name withp-". For example, we may speak of;aPRECONDIND
preconditioner.

3.1. Preconditioning problems

Since we reduce problems to computing minimum polynomials, the precondi-
tioning questions we address are related to modifications of Jordan structures of
matrices. In general, the purpose is to ensure diagonalizability conditions which
may themselves follow from independence properties (see Section 3.4). We dis-
tinguish three main types of preconditionelisiear independenceonditioners,
nilpotent blockconditioners (to avoid nontrivial ones in the Jordan form), cyclic-
ity conditioners (to ensure cyclicity—only one Jordan block—of the nonzero
eigenvalues).
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Solutions to the following problems will be proposed in subsequent sections.
These problems are listed with the target conditigh®n A’ and the solutions
for small and large fields, where large means big enough for the use of the Sch-
wartz—Zippel lemma. Generally, preconditioners to be appliedtsoLVE preserve
the matrix equivalence relation. Preconditioners to be applied 20 @ RANK
may potentially preserve a weaker condition. For example, in the following list
PRECONDSQUFREE preserves (an unknown) rank while the others preserve matrix
equivalence.

3.1.1. Linear independence preconditioning

PRECONDIND—The r leading columns oA’ are linearly independent, wherds

the rank ofA (see LNSoLvE1). Over small fields, see the solution of [25] presented
in Section 7.

PRECONDRXR—The r x r leading principal minor ofA’ is nonzero, where is

the rank ofA (see LinSolvel). Over small fieldg, = W1 - A - W», whereW; are

the sparse matrices constructed in [25] (see also Section 7). Over large fields, see
PRECONDGEN but note that the failure probabilities are smaller for this condition.

PRECONDSXS—Givens, if s < the rank ofA, thes x s leading principal minor of
A’ is nonzero (see R\K).

PRECONDGEN—-AII leading principal minors ofA’ of size up to and including the
rank are nonzero. This condition was given the najaeeric rank profilen [12].
The question of efficient RECONDGEN is open over small fields. Over large fields,
A" = By - A - B, whereB; encode symbolic Bene§’ permutation networks [25]. A
new, more efficient solution is given in Section 6. AnotheAis= Typper- A - Tiower,
where Typper is @ random unit upper triangular Toeplitz matrix afiglver is a ran-
dom unit lower triangular Toeplitz matrix [14]. This is less efficient but useful for
matrices of low displacement rank [10, AppendixRECONDGEN may be reduced
to PRECONDIND, see Theorem 3.1. A is nonsingular, the preconditioner may be
reduced to a single multiplier, which may be on either side.

These independence preconditioners were used for instance in [25] to compute
the rank by binary search. They are also a main ingredient to consiitfpotent
block preconditionershasically used for INSOLVE1 (see Theorem 3.5).

3.1.2. Nilpotent block preconditioning

PRECONDNIL—A’ has no nilpotent blocks of size greater than 1 in its Jordan ca-
nonical form (see INSoLvE1). A reduction to independence preconditioners is pro-
posed in Section 3.4. Over small fields,= W1 - A - W is a solution, wher&/; and

W> are sparse matrices as shown in Section 7. For large fields wigesymmetric,
useA’=D-AorD- A D,whereD is a random diagonal matrix as established in
Section 4.
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For problems as BT or RANK, independence preconditioners are too weak,
known reductions to MNPoLY need to modify the invariant structure of the matrix.
The correspondingyclicity preconditionersmay be classified with respect to the
effect they have on the nonzero and zero eigenvalues.

3.1.3. Cyclicity preconditioning

PRECONDCYC—For A nonsingular,A’ is nonsingular and cyclic: char-paly’) =
min-poly(A”"). For problem [T, the detA) must be easily derivable from det).

The question is open over small fields. Over large fields, the solutica D - A

given in Theorem 4.2 improves previously known solutions that were reducing the
problem to RECONDGEN(A) - D [25]. The solution to RECONDGEN based on
Toeplitz matrices is also sufficient here [13].

PRECONDCYC-Xx—The nonsingular part ofA’ is cyclic: char-polyA’) =
min-poly(A’) - x! = f(x) - x*, wheref (0) # 0 (ded f) + k — I — 1 is then a lower
bound for the rank). Over large fields, one can A5e= D - A, whereD is a random
diagonal matrix, see Theorem 4.2.

PRECONDSQUFREE-X—Same as RECONDCYcC-X with the additional condition
that f is squarefree. If the characteristic of the coefficient field is O or greatetthan
the same solutiod’ = D - A works, see Theorem 4.3.

PRECONDCYCNIL—The minimum polynomial isf (x) - x and the characteristic
polynomial is f (x) - x¥, where £ (0) + 0. As a consequende= n — rank(A) [14]

(see R\NK). Over large fields and fot symmetricA’=D-AorD - A - D, where

D is a random diagonal matrix, see Theorems 4.3 and 4.5. A solution will solve
PRECONDNIL and RRECONDCYC-X.

PRECONDSQUFREE—Same as RECoONDCYCNIL with the additional condition
that f is squarefree. One also has the same solution in the case of a symmetric
matrix when the field characteristic is O or greater tharsee Theorem 4.7. In

the general case, a solution here will also solge®oNDNIL and RRECONDSQU-
FREE-X. The question is open over small fields. For large fields, a solution is
A’ = PRECONDGEN(A) - D, whereD is a random diagonal matrix [14]. If the trans-
pose black box is availabledA’ = AT - D - A, where D is a random diagonal
matrix [6].

3.2. Reducibility: independence preconditioners

A PRECONDIND scaling forF**" is a solution to RECONDIND of the form
A’ = AR with R € F**" valid for all m x n matrices:.# = J,, F"*". In this
section we show that generic rank profile scaling reduces to two independence
scalings.
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Theorem 3.1. Let L be a(row) p-PRECONDIND scaling for F*** and let R be a
(column g-PRECONDIND scaling forF**". Letr = 1 — (1 — pg)n. Then

h(A) = LAR
forms a pgPRECONDRXR (and pgPRECONDSXS) scaling and a tPRECONDGEN

scaling for F>", Converselyif h is a pPRECONDRXR (or PRECONDGEN) scal-
ing for F**", defined by:(A) = LAR then R is a pPRECONDIND scaling forF**”.

Proof. Let B = LA. ThenB has leading rows independent faor = rank(A) with
probability at leastp. For givenk, with 1 < k < rank(A), let By denote the ma-
trix consisting of the firstc rows of B. Then the leading columns of ByR are
independent with probability at leagt. This implies that the leading x & minor
of (full rank) Bx R is nonzero. This minor is also the leadikg< X minor of LAR
The probability that all these principal minors are simultaneously nonzero is at least
t =1— (1— pg)n, since each is zero with probability at most-1pq.

To prove the second claim, consider a giverk n andA € F"*" of rankr. We
have that the first columns of

A
h(A) =L [o} R

are independent. It follows immediately that the firstolumns ofAR are indepen-
dent. O

Remark 3.2. Considering forA anyn x n matrix with exactlyk honzero columns
being distinct canonical vectors shows thaRifs ag-PRECONDIND preconditioner
for F**", then anyk x k determinant of a submatrix formed from the fikstolumns

of R is nonzero with probability at leagt

3.3. Reducibility: matrices with nonzero minors

The property of independence preconditioners given in Remark 3.2 is not suffi-
cient. The minors in the leading columns must themselves satisfy independence
conditions. We show that simply the addition afiagonal scalingwill ensure these
latter conditions.

Theorem 3.3. Let Q be a matrix such that all minors in the leading k columns of Q
are nonzero. Lez be a diagonal matrix of indeterminates. TherQ is a generic
PRECONDIND conditioner forF*>",

Proof. Let I andJ be sequences df indices withJ = (1, 2, ..., k). Denote the
minor in rows/ columnsJ of matrix A by A; ;. Let the matrixA be conditioned as
B = A" = AZQ. Then for each, the minorB; ; has the expansion

By = ZALK@K,KQK,J-
K
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As a polynomial in the indeterminates in, each summand is a distinct term, since
the Zk k are distinct monomials. As th@k ; are nonzero if any; g is nonzero,
thenB; ; is nonzero and the firgétcolumns ofB are independent. O

3.4. Reducibility: avoiding nilpotent blocks

For A € F**" the generic nilpotency problemPRECONDNIL—is to produce
an equivalent matrixd’ whose minimum polynomial has valuation 1 (the nilpotent
blocks of the Jordan form have dimension 1). Baluationwe mean the degree of
the lowest term. This problem is closely related to the $oLvE1 problem.

Lemma 3.4. Let A € F"*". Then the minimum polynomial of A has valuatibii
and only ifrank A2 = rank A.

Proof. Let J=T"1AT = diag(#1,..., %, N1,...,./,) be the Jordan
normal form of A with A blocks #; having nonzero eigenvalues anchilpotent
blocks./”;. They satisfy ranlgiﬁ =rank#;, 1< j <A, and rankAf? = rank
N (=0 ifandonlyif 4"; =[0], 1< j < v. The assertion of the lemma follows
since rankd? = rankJ?. O

This naturally leads to the fact that preconditioners ensuring independence and
rank properties give preconditioners for the generic nilpotency problem.

Theorem 3.5. Let L be a(row) p-PRECONDIND scaling for F*** and let R be
a (column p-PRECONDIND scaling forF**”. If, in addition, for A of rankr and
Q € F*=*" the columns of

I
AR | 1
] ®
are independent with probability at leastipen LAR and ARL hawankr and their
minimum polynomials have valuatidrwith probability at least pqg.

Proof. For A of rankr and two matriced. and R with appropriate dimensions, if
rank ARLA= r, then rankAR = r. Thus, the column space & together with the
right nullspace ofA and the one oARgenerate all of” and rankARLAR= r. This
also implies that the row space bftogether with the left nullspace of generates
all of F* and rank(LAR)2 = r. In the same way we deduce from raARLAR= r
that rank(ARL? = r. Since the converse statements are true we have

rankARL)?> = r <= rankARLA=r
< rankLAR? =r. 2)

Now if L is such that the first rows of LA are independent, &t be an invertible
matrix such that
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I, O
car=[ 9.
Then
rankAR[IQr} =r — rankARLA=r.

Thus, forL and R the preconditioners of the theorem, rahRLA= r with prob-
ability at leastpg and using (2) together with Lemma 3.4 the theorem is proven.
O

We will establish in Section 7 that a particular class of sparse matrices used in [25]
fulfills the requirements of the theorem. As for Remark 3.2 we have:

Remark 3.6. Taking for A in (2) anyn x n matrix with exactlyk nonzero col-
umns being distinct canonical vectors shows that ¥ RL is a p-PRECONDNIL
preconditioner, then any of its minors is nonzero with probability at Ipast

From independence preconditiondrand R, the additional condition (1) could
be ensured up to a diagonal scaliRgy by analogy with Theorem 3.3.

4. Diagonal preconditioners

Recall that thanvariant factorsof a matrix A are polynomialsfi, ..., fs; such
that f1 - - - f; is the characteristic polynomial of, f; divides f;+1 for 1 <i <s,
and f; is the minimal polynomial ofdA. A matrix A is cyclic up to nilpotent blocks
if the invariant factorsfi, ..., fs—1 are monomials irx, that is, if the ratio of the
characteristic polynomial to the minimal polynomial is a monomiad.in

Lemmad4.l. Let A be a square matrix over a field and le¥ =
diag(8s, ..., d,), whereés, ..., 8, are distinct indeterminates over the field. Then
2 A is cyclic up to nilpotent blocks and the minimal polynomia#A is the product
of a squarefree polynomial and a power of x.

Proof. Itis necessary and sufficient to prove that the characteristic polynahial

of ZA has no repeated factor other thanLet C(x) = x* + c1x" 1 + cox" 2 +

.-+ + co. Each coefficient; is a sum ofi x i minors of ZA and hence is either
homogeneous of degreéen 81, ..., 8, or is zero. Therefore( (x) is homogeneous

of degreen in the indeterminates;, ..., 8, andx. Thus, the factors o€ (x) are
homogeneous in these indeterminates, in any factorization of this polynomial. On
the other hand, eaah is at most linear in each indeterminaltg since each x i

minor of ZA is.
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Suppose now thaf (x) has a repeated fact@f(x), so thatC(x) = f(x)g(x)?
for some polynomialf (x). No indeterminateS; can occur ing(x) for, otherwise,
g(x)%2 andC(x) would not be linear irs;. Thus, the repeated factg(x) must be

homogeneous ify, ..., §,, x and free o84, ..., §,, and must be a monomial n

O
Theorem 4.2. Let F be a field let A be ann x n matrix overlF, and letsS be a
finite subset of. If D = diag(ds, ..., d,), whereds, ..., d, are chosen uniformly

and independently frorfi, then DA is cyclic up to nilpotent blocks with probability
atleastl —n(n — 1)/(2|S)).

Proof. SupposéF| > n(n — 1)—the result is trivial othewise. By Lemma 4.1, ev-
ery invariant factor ofzA except the minimal polynomiaf, is a monomial ofx,

if 9 = diag(sl,A. ..,8,) andéy, ..., 8, are distinct indeterminates over Let k be
the degree offy. If y1,...,y, are distinct indeterminates that are different from
81, ..., 8, and% = [y1, ..., v1", then the vectors

YA(GAY, ... (FA 1y

are linearly independent, so there iska k submatrix of the matrix with these
vectors as its columns whose determinant is a nonzero polynomé#l in., §,,

y1, ..., Y- This polynomial has total degree at mask » in the indeterminates

y1, ..., Y. Therefore, if these indeterminates are replaced by uniformly and inde-
pendently chosen elements §f so that? is replaced by a vectoy € F**1, then

this determinant becomes a nonzero polynomiadiin .., 8, with probability at
least 1— n/|S| > 0, by the Schwartz—Zippel lemma. Fix any such vegttor which

the determinant is nonzero; the determinant is now a nonzero polynomial with total
degree at most(k — 1)/2 < n(n—1)/2in é1,...,8,. Thus, if valuesds, ..., d,

for 81, ..., 6, are chosen uniformly and independently frdmthen the determi-
nant is a nonzero element &fwith probability at least - n(n — 1)/|S|. In this
case, if we seD = diag(ds, . . ., d,), then the vectors, (DA)y, ..., (DA¥~1y are
linearly independent, and the invariant factorsDA are f1, ..., fs—1, fs, Where

f1, ..., fi_1, fs are the invariant factors o#A and £, is obtained fromf, by
replacing the indeterminatés, . . ., §, with the valuesls, ..., d,, respectively. [

It follows that if [ is a large field, then diagonal scaling is a sufficient conditioner
for PRECONDCYC. ChoosingS to be a subset df\{0}, one can ensure th&tA is
nonsingular ifA is, so that the minimal polynomial and characteristic polynomial
of DA agree ifDA is cyclic up to nilpotent blocks.

A conditioner for RECONDSQUFREE-X is also obtained, unless the characteris-
tic of [ is positive and small.

Theorem 4.3. LetF be a field whose characteristic is eith@pr greater than nlet
A be armm x n matrix overF, and letS be afinite subset &. If D = diag(dy, ..., d,),
wheredy, .. ., d, are chosen uniformly and independently fréimthen the charac-
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teristic polynomial of DA is the product of a squarefree polynomial and a power of x
with probability at leastl — (212 — n)/|S].

Proof. Once again, it follows by Lemma 4.1 thatd = diag(sy, ..., 8,), where
81, ..., 8, are distinct indeterminates ov&r then the characteristic polynomial of
Z A is the product of a squarefree polynomfasuch thatf (0) # 0 and a powex*

of x. The coefficients off are clearly polynomials ids, ..., §,, since these are also
coefficients of the characteristic polynomial.

Since the degree of is at mostn, f is squarefree, and the characteristicFof
is either zero or greater tham the discriminant off with respect tor is a nonzero
polynomialinédy, ..., 8,. This polynomial has degree at most2 1 in each indeter-
minates;. So it follows, once again by the Schwartz—Zippel lemma, that if. . , d,
are chosen uniformly and independently fréipnand D = diag(ds, ..., d,), then
the polynomial inF[x] obtained fromf by replacingds, ..., 8, with d1, ..., d,,
respectively, is squarefree with probability at least 1222 — n)/|S|. In this case,
the characteristic polynomial @A is clearly the product of a squarefree polynomial
and a power ok. [

Suppose once again thatis ann x n matrix overF, and letr be the rank ofa.
Then there exist altm — r) x n matrix L and ann x (n — r) matrix R, each with
full rankn — r such thatLA = 0 andAR= 0.

Lemma4.4. Let A L, and R be as above. If LR is nonsinguldhen A has no
nilpotent blockgof size greater thad) in its Jordan normal form.

Proof. SupposeA is a matrix with at least one nilpotent block of size greater
than 1 in its Jordan normal form. K is a nonsingular matrix and’ = X~1AX,
thenL’ = XL andR’ = X 1R are clearly matrices with full rank — r such that
L'A’=LAX =0 and A’/R' = X~1A =0. Since L'R' = LR, we may assume
without loss of generality that is block diagonal, with a nilpotent Jordan block of
size greater than 1 in its lower right corner. In this case, the vectofO, ..., 0, 1]"

is a vector such thativ = 0 andu"v = 0 for every vectom such thatu™ A = 0.
Thus,v is a nonzero vector in the column spacefgfandLv = 0. ThereforeLRis
singular. O

Theorem 4.5. Let A be a symmetria x n matrix over a fieldF and letS be a
finite subset of\{0}. If dy, ..., d, are chosen uniformly and independently frém
and D = diag(dy, ..., d,), then the matrices A and DA have the samaekr, and
the probability that DA has a nilpotent block of size greater tham at most(n —
r)/IS| < n/|S|.

Proof. It is sufficient to prove that the matriv—1A has no nilpotent blocks of
size greater than 1 with high probability, since the entrie®ot are clearly chosen
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uniformly and independently from a finite subsét= {s~1: s € S} with the same
size asS.

Let L andR be as above, so thatandR are(n — r) x n andn x (n — r) ma-
trices, respectively, of full rank — r such thatLA = 0 andAR= 0. SinceA is
symmetric we may assume th&t= LT. In this casel’ = LD andR' = R = L'
are matrices of full rank such that(D~1A) = 0 and(D~1A)R’ = 0. Itis sufficient,
by the above lemma, to prove that the— r) x (n — r) matrix L'R’ = LDLT is
nonsingular with probability at leagt — r)/|S].

Consider the matrit. ZLT, where as usuab = diag(81, ..., 8,) andsy, . .., 8,
are distinct indeterminates ovér The determinant of this matrix has total degree at
mostn — r in these indeterminates.

SinceL has full rank, it has a nonsingulét — r) x (n — r) minor, L’. SetD’ to
be a diagonal matrix whos¢h diagonal entry is one if thah row of L is included
in this minor, and whoséth entry is zero otherwise. Thel = (D')2, LD'L" =
L(D)2LT = L'(L"7, and the determinant dfD’LT is the square of that of’,
which is clearly nonzero. The determinantlo LT is therefore a nonzero polyno-
mial, and the result follows by the Schwartz—Zippel lemmaé.]

A diagonal scaling that preserves symmetry will also be useful. Note tHaisif
symmetric and is a nonsingular diagonal matrix, th&AD is a symmetric matrix
with the same invariant factors (and rational Jordan formpaa. The next result
can therefore be established from the previous one.

Theorem 4.6. Let A be a symmetrie x n matrix over a fieldF and letS be a
finite subset ofF\{0}. If d1, ..., d, are chosen uniformly and independently from
S and D = diagds, ..., d,), then the matrices A and DAD have the same rank
and the probability that DAD has a nilpotent block of size greater thasmat most
2n/|S|. Furthermore if the squares of elements §fare distinct(that is, if s2 # 12
wheneves, t € S ands # ), then DAD has a nilpotent block of size greater tHan
with probability at most:/|S|.

A conditioner for RECONDSQUFREE can also be obtained unless the character-
istic of I[F is small.

Theorem 4.7. Let A be a symmetric x n matrix over a field- whose characteristic

is 0 or greater than n and le§ be a finite subset df\{0}. If dy, ..., d, are chosen
uniformly and independently frohand D = diag(ds, . .., d,), then the matrices A
and DAD have the same ranthe minimal polynomial of DAD is squarefreand

the characteristic polynomial is the product of the minimal polynomial and a power
of x, with probability at leastl — 4r2/|S|. This probability increases tb — 212/|S|

if the squares of elements &fare distinct.

Proof. Once again, it should be noted that the matribéd and D24 have the
same minimal polynomial.
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Consider the first claim. IfS| < 4n?, then this is trivial. Otherwise, there is a
subsets’ of S with size greater thansiZ whose squares are distinct, and one can
apply Theorem 4.3 to establish the existence of a nonsingular diagonal iatuigh
that the characteristic polynomial 624 (andDAD) is the product of a squarefree
polynomial and a power of. The argument used to prove Theorem 4.6 can now be
applied, with the matriX? A% instead ofZ A, whereZ is as above, to conclude that
if d1, ..., d, are chosen uniformly and independently fréinthen the characteristic
polynomial ofDAD is notthe product of a squarefree polynomiiand a power of,
with probability at most(4n? — 2rn)/|S|. On the other hand, Theorem 4.6 implies
thatDAD has a nilpotent block of size greater than 1 with probability at megts.
Consequently, the characteristic polynomial is the product of a squarefree polynomi-
al f such thatf (0) # 0, and a power of, and the minimal polynomial dDAD is
either f or xf, with probability at 1— (4n2)/|S|, as needed.

If the squares of elements Sfare distinct, then the sét of squares of elements
of S is another subset df\ {0} of the same size, and, sinBAD and D2A have the
same minimal polynomial for any nonsingular diagonal mafrjxhe likelihood that
the minimal polynomial oDAD is squarefree, and that the characteristic polynomial
is the product of the minimal polynomial and a powerxgfis the same when the
entries of D are chosen uniformly and independently fréhas the likelihood that
these properties hold f@A when the entries oD are chosen uniformly and inde-
pendently fromS’. The second claim therefore follows from Theorems 4.3 and 4.5.

Il

5. Toeplitz preconditioners

Random diagonal matrices as preconditioners have a very low cost but may be
a drawback for structured matrices such as matrices with small displacement rank.
Indeed, a random diagonal matrix has displacement natkere we will focus on
Toeplitz preconditioners. Preconditioners based on other types of structured matrices
could certainly be derived in a similar way or using the reducibility properties given
in Section 3. It may also be that problems of other structured types can be solved
by using the Toeplitz preconditioners together with the transformations described in
[18,19].

A linear independence preconditioning foRECONDGEN has been proposed by
Kaltofen and Saunders [14, Theorem 2]. As previously noted, random unit triangu-
lar Toeplitz matrices are sufficient. For cyclicity preconditioning, the probles-P
CoNDCyc has been solved by Kaltofen and Pan [13, Proposition 1]. They have
shown that a solution based on random triangular Toeplitz matrices will also work.
In Theorem 5.3 we state a new application of random Toeplitz multipliers. We show
that they can be used foRRCONDCYCNIL (see problem RNK). Our solution is
close to the one given in [14, Theorem 3]. However, we will prove that the random
diagonal matrix used there can be replaced by a random Toeplitz one. We first reduce
the problem to RECONDGEN:
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Lemma5.1. Let A be a square x n invertible matrix over a field and let

vy V2 v3 ... U
VT V2 ... Up_1
Y = V1 (3)
v2
v1
be an upper triangular Toeplitz matrixvherevy, . . ., v, are distinct indeterminates

over the field. If the lower left x i submatrix of A is invertible for all < i < n,
then the characteristic polynomial @f% is squarefree.

Proof. We follow the proofs of Wiedemann [25, lemma in Section V] and of Kal-
tofen and Pan [13, Proposition 1]. The argument is by induction. diorn = 1 the
statement is obvious. The characteristic polynomialxdet- A%) of A% is a poly-
nomial inx, vy, ..., v,. Forvy = 0 this polynomial isx detx/ — A¢,_1,%"~Y),
whereA,_1) denotes the lower left: — 1) x (n — 1) submatrix ofA and %"~V
denotes the upper righi — 1) x (n — 1) submatrix of%. Since"~ is upper
triangular Toeplitz, as shown in (3), and singg,_1) is invertible, by the inductive
hypothesis dék 7 — A(n_l)%(”‘l)) is squarefree. Moreover, this determinant is not
divisible by x. Thus, detxI — A%) is squarefree for; = 0 and remains squarefree
for an indeterminate;. 0O

A similar result holds in the singular case:

Lemma5.2. Let A be a square x n matrix ofrankr over a field and let” be an
upper triangular Toeplitz matrix with distinct indeterminate entries ag3n If the
lower lefti x i submatrix of A is invertible for all < i < r, then the characteristic
polynomial ofA% is f(x) - x"~", where f(0) # 0 and f is squarefree.

Proof. The characteristic polynomial detl — A%) of A% is a polynomial inx,
V1,...,Uy. FOr v1 =vp=---=v,_, =0 this polynomial is x"~" det(x] —
A", where A,y denotes the lower lefi x r submatrix of A and %
denotes the upper rightx r submatrix of%. By Lemma 5.1, sincd ) is invertible

and since%" is as in (3), detx/ — A %™) is a squarefree polynomial such

that g(0) + 0. The statement of the lemma thus holds with some indeterminates
set to zero. In addition,A has rankr. Therefore, x"~" must divide the
characteristic polynomial 0% and the statement must hold for indeterminates
V1, V2, ..., Up_p.

From there, a solution toBECONDGEN can be used to ensure the conditions of
Lemma 5.2 and to establish the solution ®EEONDCYCNIL.
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Theorem 5.3. Let A be am x n matrix ofrankr over a field and letS be a finite
subset ofr. Let V and W be two unit lower triangular Toeplitz matrices with entries
randomly and uniformly selected from the Set.et U be upper triangular Toeplitz
with entries randomly and uniformly selected from the&ethen(V - A- W) - U
hasrankr and its minimal polynomial is squarefree with probability at ledst
(Bn?+n)/|S|.

Proof. Using an argument of Kaltofen and Saunders [14, Theorem 2] we know
that V- A - W has a singular lower left x i matrix, 1< i < r, with probability

at mostr(r + 1)/|S|. On the other hand we may apply Lemma 5.2 to the matrix
V. A-W. The constant term of in Lemma 5.2 has total degree of at mesn

v1, ..., vy and the discriminant of has total degree of at most®— r. Therefore,

by the Schwartz—Zippel lemma (compare with the proof of Theorem 4.3), the poly-
nomial in[F[x] obtained fromf by replacing the indeterminates, . . ., v, with the
corresponding entries @f is not squarefree or has a zero constant term with proba-
bility at most 2-2/|S|. The assertion of the theorem follows singe + 1) + 2 =
324+r<Mme+n. O

6. Preconditioners based on Benes networks

Preconditioners based on Bene§’ networks work on the problem of localizing lin-
ear independence. The objective is to precondition an: matrix of rankr so that
the firstr rows of the preconditioned matrix become linearly independent. In this
section, we improve on the earlier work presented in [20,25] in two ways. First, in
Section 6.1, instead of using Bene§ permutation networks as in [25] we use but-
terflies as Parker does in [20]. However, unlike Parker, we generalize our networks
to arbitraryn and are not limited to powers of 2. Then in Section 6.2, we improve
on [20] again by using an exchange matrix that saves one multiplication per switch
over Parker’s.

6.1. Butterfly networks

Let us consider the rows of ann x n matrix. We want to make the firgt of
these linearly independent. We can use a switching network to exchange rows until
the firstr are linearly independent. Our goal is to switch ampws of an arbitrary
numberm rows to the beginning of the network. However, we must first consider the
case of switching any rows into any contiguous block far= 2'.

An |-dimensional butterfly network is a recursive network of butterfly switches
with 2/ nodes at each level such that at levelthe nodei is merged with node
i +2"1 Fig. 1 illustrates a three-dimensional butterfly with eight nodes at each
level.
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1 0 0 1 0 1 1

-
X

X
X

[N

0

o

0 1 1 1

0 0 1 0 1 1 0 1

===

1 1 1 0 0 0 0 1
Fig. 1. Butterfly network.

Lemma6.1. Letn = 2. The I-dimensional butterfly network discussed above can
switch any rindiced < i1 < --- < i, < n into any desired contiguous block of in-
dices wrap around outsidewhich for our purposesshall preserve contiguity. For
examplein Fig. 1, the ones would be considered contiguous. Furtherpibie net-
work contains a total of log,(n)/2 switches.

Proof. Let us prove this lemma by induction. Fer= 1 the proof is trivial because
no switches are required.

Suppose the lemma is true fay2. Then let us divide the nodes in half with
r1 given such thai,, <n/2 < i,+1. We now can construct butterfly networks of
dimension/ — 1 for each of these collections af2 nodes. By the lemma, each of
these subnetworks can arrange the indiges. ., i,, andi,, 11, ..., ir, respectively,
to any desired contiguous blocks.

Let us consider the contiguous block desired from the network. It is either con-
tained in the interior of the network in indicesj, ..., j +r — 1 < n or it wraps
around the outside of the network and can be denoted by indices,} — 1 and
n—r+j,...,n. This second situation can be converted into the first by instead
thinking of switching then — r indices not originally chosen into the contiguous
blockj, ..., j+n—r —1. Thus, we only have to consider the first situation. This
can then be further divided into the two cases when the contiguous hlock j +
r — 1is contained within one-half and when the block is in both halves and connect-
ed in the center.

For the first case, let us assume the desired block is completely within the first
half: j +r — 1 < n/2. Then we can use the first subnetwork to plage. ., i,, so
they switchintoj, ..., j + r1 — 1, and we can use the second subnetwork to position
iy 41, - - -, Ip tOSWItChintoj +r1, ..., j +r — 1 asinFig. 2. A symmetric argument
holds when the desired contiguous block is contained in the second half:/2.

For the case whep < n/2andj +r — 1> n/2,letusassumg <n/2—j+1
and thus we need to switch = n/2 — j — r1 + 1 indices from the second half to
the first. Then we can use the first subnetwork to place ., i, So they switch into
J, ..., j+r1—1,and we can use the second subnetwork to positjgn, .. ., i, in
a contiguous block which wraps around the outside of the subnetwork so they switch
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Fig. 2. Butterfly network case 1.

intoj +r1,...,j+r —1asinFig. 3. Once again, a symmetric argument holds for
ri1=>n/2—j+1.
The switch count is that for dnrdimensional butterfly. [

This means we can switch amyrows of ann x n matrix into any contiguous
block forn = 2. Now we are ready to consider our original goal of switching any
r rows into the first block of rows for anyrn. Whenn is not a power of 2, let us
decompose as

k
n:ZZli, wherely <l < --- < p; letn; = 2l. 4)
i=1

First we lay out butterfly networks for each of theblocks. Then we build a gener-
alized butterfly network by connecting these butterfly networks by butterfly switches
recursively such thal /—i n; is merged with the far right nodes of as in Fig. 4.

Theorem 6.2. The generalized butterfly network discussed above can switch any r
indicesl < i1 < --- < i, < n into the contiguous block, 2, . .., r. Furthermore it
has a depth oflog,(»)] and a total of not more tham[log,(n)7/2 butterfly switches.

ry r, r-r-r,

Fig. 3. Butterfly network case 2.

Fig. 4. Generalized butterfly network.
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Proof. If n = 2!, the proof follows directly from Lemma 6.1 and equality is obtained
in the number of switches. Otherwise, from (4) we know that- >"*—3 n;. We
prove the first part of this theorem by inductionkl&= 1, the proof is directly from
Lemma 6.1. Otherwise, suppose the theorem is tru@bzfll n;, and leti,, be the

lastindex in the left half of the network, that i, < ij n; < iq+1. Thenwe can

switch the indice$y, .. ., i), into the contiguous block,1. ., r1 using a generalized
butterfly network.
If » < Y*Z1n;, we can use Lemma 6.1 to position the indiégss, ..., i, SO

they switch into positions; + 1, ..., r asin Fig. 5. Otherwise, lep = (Zf;ll n;) —
r1, and then we can use the same lemma to position the indices as in Fig. 6.

The total number of butterfly switches is the number of switches for each of the
subnetworks plus anoth@f;ll n; switches to combine the two. Another way of
counting the switches is the sum of the number of switches for each of thlecks
plus the number of switches to connect these blocks:

14 p—1 /(i
n
S:ZEli—i_Z an . (5)
i=1 i=1 \j=1
From Eq. (4) we know that <!, — (p —i) fori < p and alsoz;=1 nj <nii1.
Thus, Eq. (5) gives us
P P
n; n; n n n
s < ; Sl + ; 5 < 5lp+5 = 5106001 (6)
Furthermore, the depth of the network js+ 1 = [log,(n)]. O

r b r-r-n,

r

Fig. 6. Generalized butterfly network case 2.
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6.2. Generic exchange matrices

Wiedemann [25] uses these switching networks (Bene§’ permutation networks in
his case; butterflies were shown to suffice in [20]) for the construction of left (and
right) preconditioners in the following manner. Each switch in the network imple-
ments a directed acyclic arithmetic circuit:

I e

Herea, b, ¢, d will be chosen appropriately later. The circuit performs the given
2 x 2 matrix operation. Here andy stand for rows (columns) that need to pass
through the switch. The & 2 matrix is embedded in anx n matrix in the fashion

of an elementary matrix that can exchange r@amd row;:

"y

EVa, b, c,d) =

1-
Similar to Wiedemann, one observes that by settingd = 1 andb = ¢ = 0 the
circuit passes the rows straight through, while by settingd =0andb =c =1
the circuit exchanges the rows. We consider the preconditioner

N
& =[] éxlax. Br- vi- 0.
k=1
whereé implements théth switch in the generalized butterfly networksa$witch-
es, and wherey, Bi, vk, x are symbols. Le#A be a fixedn x n matrix of rankr.
Then the first rows of Z A are linearly independent ovétay, ..., o, B1, ..., Bs,
Y1,..., s 01, ...,85) because one may evaluate the symbols in such a manner that
the generalized butterfly network switchelnearly independent rows to the top. In
[16] the exchange matrix is reduced to a single variable, namely,

1—a a
a 1—al’

Wiedemann actually gives a unimodular matrix, namely,

b 3l ls o)

where the row exchange is accomplishediby 1,5 = —1, ande = 1.
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The preconditioner matrix., where the symbols have been evaluated at fixed
random values, is used as a black box matrix and the expengetfores a vector
needs to be optimized. We will show that for symbolic matrices of the form

Y ! o x +ay
E(a) = [1 14 a} with actlonof(a) [y} [y St ay)} ©)
the firstr rows of ([T;_; (Z@k(ak))A are linearly independent ovéfasy, ..., o).

By (7), each switch requires two additions and one multiplication. For contrast,
Parker [20] uses an exchange matrix of the form

%)

which requires two additions and two multiplications, one more multiplication than
&(a).

The proof is by induction on the levels of the generalized butterfly network,
where we follow the routing of linearly independent rows. On each level, these
rows have been placed in certain row positions in the matrix. In Fig. 7 we depict
the route of rowx; through the network. We will set the switches by evaluating
the symbolsy; to certain values using the mixing DAG (7). The goal is to show
that along the route of the generalized butterfly network that brings threarly
independent rows to the front, the now arithmetically mixed rows, which originally
correspond to the routedlinearly independent rows, remain linearly independent.

We simply prove this from one level to the next, and denoteci[lﬂ/the row in the

position of the original row at level j. The induction hypothesis is that theows

x[”, [’] are linearly independent ovéKay, ..., ay). In the network, they are

]

placed at certam designated positions (at Ig\)eWhlch we have marked by squares
in Fig. 7.

Casel Case2 Case3 Case4d Xi[J'+1] LeveIJ+1

[1]
X Last level

Fig. 7. lllustration of proof.
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Each position at level + 1 that holds a designated row has a mixture of the rows
above. There are six cases, depicted from left to right in Fig. 7. Case 1 is where the
row is routed straight through without a switch. This may be done at the bottom of
the network ifn is not a power of 2. Nothing needs to be done, as the row remains
untouched. Case 2 is where the switch mixes two designated rows. This case is sur-
prisingly easy: we set the corresponding symigpk= 0. By (7) the new rows are
x andx + y. They span the same two-dimensional subspace and the overall linear
independence of the designated rows remains unaffected. In the remaining four
cases, a linearly independent row is mixed with a dependent one. In Cases 3 and 4,
the designated row is on the left side of the switch, and in Cases 5 and 6 on the
right side. The former is easier: in Case 3 we againoget 0 and in Case 4 we
setay = —1 with the effect that the designated row gets routed through the switch
unchanged. In both Cases 5 and 6 we retairas a symbol. We now have fresh
symbolic weights on these rows on the next level, where they appear in the linear
combinationx,y + x + y (Case 5) oty + x (Case 6).

The argument is concluded as follows. Seleatolumns in the linearly inde-
pendent rowsxl.[l’], cees xi[r]] on level j such that the x r submatrix formed by the
rows and these columns is nonsingular. Now consider the same column selection on
level j + 1. The coefficient of the terrﬁ[kr oy, in the corresponding minor, where
oy, are the retained new symbols of the Cases 5 and 6, is the minor (of the submatrix)
on levelj, hence nonzero. Thus, the new designated rows on jeyel are linearly
independent oveF(asy, . . ., ay).

Theorem 6.3. Let F be a field let A be ann x n matrix overF with r linearly
independent rowdet s be the number of butterfly switches in the generalized but-

terfly network from Theore®2, and letS be a finite subset df. If a1, ..., a, are
randomly chosen uniformly and independently fi®nthen the first r rows of

(H (E@k(ak)> A
k=1
are linearly independent with probability not less than

L TG - nlogy(n)]
H 5]

Proof. The matrixA is over the fieldF, so each row oA is a row vector of polyno-
mials inasy, ..., oy of degree 0. Each switch in the generalized butterfly network in-
creases the degree of the polynomials by 1, and the depth of the netviilardyig:) 1.

So the rows of [[;_; (;@k(ak))A are vectors of polynomials im1, ..., o of degree
[log,(n)]. Thus, the determinant of anx r submatrix of this preconditioned matrix
is a polynomial of degree[log,(n)].
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Given thatA hasr linearly independent rows, we can designate these rows to be
switched by the generalized butterfly network of Theorem 6.2 to the ficsts of the
preconditioned matrix[ [;_; &r(ax))A. The argument above shows at every level in
the network the designated rows remain linearly independent dves, . . ., ;).

In particular, the designated rows in the last level, namely, therfiretvs of the
preconditioned matrix, are linearly independent duery, . . ., o). This means that
there is an- x r submatrix of the first rows of ([];_; c«;@k((xk))A whose determi-
nant is not identically zero. Because this is a polynomial of degfk®y,(n)1, the
Schwartz—Zippel lemma tells us thaty, . .., ay) is a root of it with probability no
greater tham[log,(n)1/]S]. With probability not less than % r[log,(n)1/|S|, itis
not a root of the polynomial, and thus we haverax r submatrix of the first rows
of ([T;=1 (Sf”k(ak))A whose determinant is not zero. Therefore, the firsows of

Iy Ex(ap))A are linearly independent with probability not less than

rfloge(m)] _ , _ nflogy(m)]
S| S|

1- |

7. Sparse matrix preconditioners

For matrices over fields with a small number of elements compared to the matrix
dimensionn or to n?, the preconditioners of Sections 4 and 6 may not be usable
directly. Their proofs—based on the Schwartz—Zippel lemma—require a field exten-
sion with logarithmic degree ovér. An extra Qlogn) factor may be involved in
the costs of the resulting algorithms. We show here that a special probability distri-
bution on sparse matrices with entriesfinproposed in [25], also provides precon-
ditioners forp-PRECONDNIL. This avoids the need of field extensions, for instance
to solve LNSoLVE1L using the algorithm in [24], and may be useful for practical
implementations.

In the following, for given parametens; ; < [0, 1], 1 < i, j < n, the precondi-
tioner distributions are defined by a randanx » matrix whose entryi, j) is a
uniform randomly chosen nonzero elemenkEdbr of a subset of ) with probability
w;, j and zero otherwise. Fgr = |F| andw; ; = w = 1 — 1/q itis well known that
such matrices are invertible with probability

7, (n) = (1—1/q)1—1/¢% ---(1—1/q") > V2/5> 1/4 (8)

(the boundy/2/5 is proven in [4]). Forw; ; = w, the expected rank considered as
a function ofw decreases monotonically in the range 1/g > w > 0, its value is

n —O() for w; ; = log(n)/n [1]. To get RECONDIND scalings withw; ; a func-
tion w; of j only, Remark 3.2 thus indicates that has to be greater thatog j)/j.

Definition 7.1 [25]. For any given subsest of F with o > 2 elements and containing
zero and fow > 1, the distribution defined by
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w; ; =wj =min{l—1/0, x(logn)/;}
is called thewiedemann distributian

Wiedemann has shown that his distribution givee@oNDIND p-precondition-
ers forS = F [25, Theorem 1]. Actually it also satisfies the additional assumption (1)
of Theorem 3.5.

Proposition 7.2. Let A € F**" be ofrankr and let Q be inF"~"*". Let W be
chosen from the Wiedemann distribution Wi and W, respectively denote the
firstr and the lastz — r columns of WthenW satisfieg1)

rank AW + W Q) = rank A
with probability at least

A—1/n) - []A-1/0). )

j=1

Proof. We follow the arguments in [25, pp. 56-57] and detail only what is needed to
show the additional property (1). The property is satisfied if and orily® + W Q
together with the right nullspace of generates all of”. Since the entries oW
are independent it is sufficient to prove that the column®&&? + C for anyn x r
matrix C together with any given subspaég_, of dimensionn — r generate all
of " with the announced probability.

Let V; be a subspace of dimensiénFor a given vectoc let a[i] be the number
of vectorsu havingi nonzero entries irf and such thak + ¢ € V;. With no loss
of generality, the set of restrictions of vectorsVip to thek first coordinates is of
dimensionk. Two different vectors:; + ¢ andus + ¢ in Vi have different restric-
tions to these coordinates and the same is true for the restrictionsaoidu,. Each
restriction is a vector of length with i nonzero coordinates chosen betweer 1
values thus

J . J X t
D alil< )] (l) (CE
i=0 i=0
This coincides with the bound used in [25] for the number of veaiorgith at most

j nonzero entries, which belong to a givép For any givenC, the probability that
the jth columnW; + C; of W) + C lies in a given subspace of dimensionr- j

is thus less thanl — w;)/ [25, p. 56]. The probability that it does not belong to the
subspace generated by_, and the column&; + C;,r > 1 > j + 1isthus greater
than1— (1 — wj)j. By doing the product, the probability th#t satisfies (1) is thus
at least

[Ja-a-wph.

j=1
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Let J = k(logn)(c — 1)/o. For 1< j < J, (1—w;)/ = 1/o/. Otherwise,(1 —
w;) = (1—«(logn)/j)/ < exp(—klogn) < 1/n*. The probability that¥ is good
is thus at least
min{J,r}
(1_1/nl()r7min{./,r} . 1_[ (1_ 1/0_])’

j=1
this gives the announced bound[

Let us natice that for > 2 and largez, bound (9) will be very close to bound (8)
with ¢ = 0. The expected number of nonzero entriesiiinis less tham 3 ; w;
which is less tharn(logn) (1 + logn).

Corollary 7.3. For any A € F"*", matrices R and L chosen from the Wiedemann
distribution and the transposed one give scaling preconditioners for the generic nil-
potency problendPRECONDNIL) (A’ = LAR orA’ = ARL as in SectioB.4)—each

with at most2n(logn)(1 + logn) + hn nonzero entries—with probability at least

(1 —2/n)t2(n) — 1/(2h?). The probability is thus bounded from below by a con-
stant even fof0, 1}-preconditioners.

Proof. Theorem 3.5 and Proposition 7.2 with= 2 give the first term of the proba-
bility bound. Following [25, Theorem 1], the variance of the total number of nonzero
entries in both preconditioners i&2/4. Therefore, by Chebyshev’s inequality, the
probability that the expected number of nonzero entries is exceedéd y/less
than 22/(4h%n?) = 1/(2h%). O

If the rankr of the matrix A to precondition is known, then preconditioners
over any field with an expected number of nonzero entri¢sl@n) instead of
O(n(logn)z) may be constructed using the distribution in [25, Theorem 1]. It may
be possible to show that it also satisfies (1).
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