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Matrixdeterminantdefinition

det(Y)=det(





y1,1...y1,n
y2,1...y2,n

......
yn,1...yn,n



)=

∑

σ∈Sn

(
sign(σ)

n∏

i=1

yi,σ(i)

)
,

whereyi,jarefromanarbitrarycommutativering,
andSnisthesetofallpermutationson{1,2,...,n}.

Interestingrings:Z,K[x1,...,xn],K[x]/(xn)
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Fastmatrixmultiplication

Strassen’s[1969]O(n2.81)matrixmultiplicationalgorithm

m1←(a1,2−a2,2)(b2,1−b2,2)
m2←(a1,1+a2,2)(b1,1+b2,2)
m3←(a1,1−a2,1)(b1,1+b1,2)
m4←(a1,1+a1,2)b2,2)a1,1b1,1+a1,2b2,1=m1+m2−m4+m6
m5←a1,1(b1,2−b2,2)a1,1b1,2+a1,2b2,2=m4+m5
m6←a2,2(b2,1−b1,1)a2,1b1,1+a2,2b2,1=m6+m7
m7←(a2,1+a2,2)b1,1)a2,1b1,2+a2,2b2,2=m2−m3+m5−m7

Problemsreducibletomatrixmultiplication:
linearsystemsolving,determinants[BunchandHopcroft1974],...

CoppersmithandWinograd[1990]:O(n2.38)
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Whythedeterminantcomplexityisimportant

Theorem[Giesbrecht1992]
SupposeyouhaveaMonteCarlorandomizedalgorithmona
randomaccessmachinethatcancomputethedeterminantof
ann×nmatrixinD(n)arithmeticoperations.

ThenyouhaveaMonteCarlorandomizedalgorithmonaran-
domaccessmachinethatcanmultiplytwon×nmatricesin
O(D(n))arithmeticoperations.

NoproofisknownforLasVegasordeterministicalgorithms.
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LifeafterStrassen:1.blackboxmatrixconcept

y∈Fn

−−−−−→
A·y∈Fn

−−−−−−−→

A∈Fn×nsingular
Fanarbitrary,e.g.,finitefield

Performlinearalgebraoperations,e.g.,A−1b[Wiedemann86]with

O(n)blackboxcallsand

n2(logn)O(1)arithmeticoperationsinFand
O(n)intermediatestorageforfieldelements
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Blackboxmodelisusefulfordense,structuredmatrices






1......1
n

...
1

i+j−1
...

1
n......1

2n−1











x1

...

xn






=






b1

...

bn






(Hilbertmatrix)

Savingsmaybeinspace,nottime:O(1)vs.O(n2).
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IdeaforWiedemann’salgorithm

A∈Fn×n,Fa(possiblyfinite)field

φA(λ)=c′
0+···+c′mλm∈F[λ]minimumpolynomialofA

∀u,v∈Fn:∀j≥0:

uTrAjφA(A)v=0
~w
�

c′
0·uTrAjv

︸︷︷︸ aj

+c′
1·uTrAj+1v

︸︷︷︸ aj+1

+···+c′
m·uTrAj+mv ︸︷︷︸ aj+m

=0

~w
�

{a0,a1,a2,...}isgeneratedbyalinearrecursion
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Theorem[Wiedemann1986]:Forrandomu,v∈Fn,
alineargeneratorfor{a0,a1,a2,...}isonefor{I,A,A2,...}.

∀j≥0:c0aj+c1aj+1+···+cdaj+d=0
ww
�(withhighprobability)

c0Ajv+c1Aj+1v+···+cdAj+dv=0
ww
�(withhighprobability)

c0Aj+c1Aj+1+···+cdAj+d=0

thatis,withhighprobabilityφA(λ)dividesc0+c1λ+···+cdλd
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AlgorithmhomogeneousWiedemann

Input:A∈Fn×nsingular
Output:w6=0suchthatAw=0

StepW1:Pickrandomu,v∈Fn;b←Av;
fori←0to2n−1doai←uTrAib.

(Requires2nblackboxcalls.)

StepW2:Computealinearrecurrencegeneratorfor{ai},
c`λ`+c`+1λ`+1+···+cdλd,`≥0,d≤n,c`6=0.

StepW3:ŵ←c`v+c`+1Av+···+cdAd−`v;

(Withhighprobabilityŵ6=0andA`+1ŵ=0.)

ComputefirstkwithAkŵ=0;returnw←Ak−1ŵ.
(Requires≤nblackboxcalls.)
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StepW2detail

Coefficientsc0,...,cncanbefoundbycomputinganon-trivial
solutiontotheToeplitzsystem







anan−1...a1a0
an+1ana2a1

...an+1......a2
......

a2n−2...an−1
a2n−1a2n−2...anan−1






·







cn
cn−1
cn−2

...

c0







=0

orbytheBerlekamp/Masseyalgorithm.

Cost:O(n(logn)2loglogn)arithmeticops.
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Flurryofrecentresults

Lambert[96],Teitelbaum[98],relationshipofWiedemann
Eberly&Kaltofen[97]andLanczosapproach

Villard[97]analysisofblockWiedemann
algorithm

Giesbrecht[97]andcomputationofdiophantine

Mulders&Storjohann[99]solutions
Giesbrecht,Lobo&Saunders[98]certificatesforinconsistency
Chen,Eberly,Kaltofen,butterflynetwork,sparseand

Saunders,Villard&Turner[2K]diagonalpreconditioners
Villard[2K]&Storjohann[01]characteristicpolynomial
Kaltofen&Villard[2K]fastalgorithmfordeterminant

ofadenseintegermatrix
Turner[01]determinant-preserving

preconditioners
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LifeafterStrassen:2.bitcomplexity

Linearsystemsolvingx=A−1bwhereA∈Zn×nandb∈Zn:

WithStrassenandChineseremaindering[McClellan1973]:

Step1:Forprimenumbersp1,...,pkDo

SolveAx[j]≡b(modpj)wherex[j]∈Z/(pj)

Step2:Chineseremainderx[1],...,x[k]toAx≡b(modp1···pk)

Step3:Recoverdenominatorsofxibycontinuedfractionsof
xi

p1···pk
.

Lengthofintegers:k=(nmax{log‖A‖,log‖b‖})1+o(1)

Bitcomplexity:n3.38max{log‖A‖,log‖b‖}1+o(1)
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WithHensellifting[MoenckandCarter1979,Dixon1982]:

Step1:Forj=0,1,...,kandaprimepDo

Computex[j]=x[0]+px[1]+···+pjx[j]≡x(modpj+1)

1.a.b̂[j]=
b−Ax[j−1]

pj=
b̂[j−1]−Ax[j−1]

p

1.b.x[j]≡A−1b̂[j](modp)reusingA−1modp

Step2:Recoverdenominatorsofxibycontinuedfractionsof
x

[k]
i

pk.

Withclassicalmatrixarithmetic:

Bitcomplexityof1.a:n(nmax{log‖A‖,‖b‖})1+o(1)+n2(log‖A‖)1+o(1)

Totalbitcomplexity:(n3max{log‖A‖,log‖b‖})1+o(1)
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Diophantinesolutions
byGiesbrecht,Mulders&Storjohann:
Findseveralrationalsolutions.

A(1
2x[1])=b,x[1]∈Zn

A(1
3x[2])=b,x[2]∈Zn

gcd(2,3)=1=2·2−1·3
A(2x[1]−x[2])=4b−3b=b

=⇒Cancomputeintegralsolutionsofsparselinearsystems.
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Bitcomplexityofthedeterminant

WithChineseremaindering:(nlog‖A‖)1+o(1)timesmatrixmul-
tiplicationcomplexity.

Signofthedeterminant[Clarkson92]:n4+o(1)ifmatrixisill-
conditioned.

Usingdenominatorsoflinearsystemsolutions[Abbott,Bronstein,
Mulders1999]:fastwhenlargefirstinvariantfactor.

UsingfastSmithformmethodn3.5+o(1)(log‖A‖)2.5+o(1)[Eberly,
Giesbrecht,Villard2000]
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Babysteps/giantstepsalgorithm[Kaltofen1992/2000]

WiedemannpreconditionsAandchoosesrandomuandv;then
det(λI−A)=minimalrecurrencepolynomialof{ai}i=0,1,...2n−1.

Detailofsequenceai=uTAivcomputation

Letr=d
√

2neands=d2n/re.
Substep1.Forj=1,2,...,r−1Dov[j]←Ajv;

Substep2.Z←Ar;
[O(n3)operations;integerlength(√nlog‖A‖)1+o(1)]

Substep3.Fork=1,2,...,sDou[k]T
←uTZk;

[O(n2.5)operations;integerlength(nlog‖A‖)1+o(1)]

Substep4.Forj=0,1,...,r−1Do

Fork=0,1,...,sDoakr+j←〈u[k],v[j]〉.
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Thestate-of-the-art[Kaltofen&Villard2001]

Theorem1

Thedeterminantofanintegermatrixcanbecomputedin
O(n2.698(log‖A‖)1+o(1))bitoperations.

Theorem2

Thedeterminantandadjointofamatrixoveracommutative
ringcanbecomputedwithO(n2.698)ringadditions,subtrac-
tionsandmultiplications.

Problem1(frommy3ECM2000talk)
Improvethebitcomplexityofalgorithmsforthedeterminant,
resultant,linearsystemsolution,Toeplitzsystems,overthe
integers.
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Coppersmith’s1992blocking

Useoftheblockvectorsx∈Fn×βinplaceofu
z∈Fn×βinplaceofv

ai=xTrAi+1z∈Fβ×β,0≤i<2n/β+2.

Findavectorpolynomialc`λ`+···+cdλd∈Fβ[λ],d=dn/βe:

∀j≥0:

d∑

i=`

aj+ici=

d∑

i=`

xTrAi+jAzci=0∈Fβ×β

n

n

β

n
ββ

1

n

x

z

Then,analogouslytobefore,withhighprobability

ŵ=

d∑

i=`

Ai−`zc
i6=0,A`+1ŵ=

d∑

i=`

AiAzci=0∈Fn
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Advantagesofblocking

1.Parallelcoarse-andfine-grainimplementation

1

n

z

j

Ai+
x

n

ai

j

β

β

=

Thejthprocessorcomputesthejthcolumnofthesequence
of(small)matrices.

2.Fastersequentialrunningtime:
a.multiplesolutions[Coppersmith;Montgomery1994];
b.1+εmatrixtimesvectorops[Kaltofen1995];
c.determinant[Kaltofen&Villard2000];
d.charpolyofsparsematrix[Villard&Storjohann2001]
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Analysisofblocking

Allvectorpolynomialsthatgenerate{ai}formamoduleoverF[λ].

βvectorsofminimaldegreedeterminantformanF[λ]-basis

Amatrixcanonical(Popov,Hermite)versionofthebasisdefines
auniqueminimalpolynomialc0+c1λ+···+cdλd∈Fβ×β[λ]

From

(I−λA)−1=I+Aλ+A2λ2+···
xTr(I−λA)−1y(cd+···+c0λd)=R(λ)∈F[λ]β×β

weobtainamatrixPadéapproximation(“realization”)

xTr(I−λA)−1y=
∑

iaiλi=R(λ)(cd+···+c0λd)−1
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Theorem

LetA∈Fn×n,x∈Fn×β,y∈Fn×β

s1,...,sφdenoteallinvariantfactorsofλI−A.

Thenforalli,thei-thinvariantfactorsofcd+···+c0λd

dividesi.

Furthermore,forrandomprojectionmatricesx∈Sn×β,
y∈Sn×βforallithei-thinvariantfactorsofcd+···+c0λd

areequaltosiwithprobability≥1−
2n

|S|

Advantagesofblockingcontinued:
3.Capturesmultipleinvariantfactors

=⇒betterprobabilityofsuccess[Villard1997]
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Computationofthematrixlineargenerator

ExplicitlyinPopovformbyblockBerlekamp/Masseyalgorithm
[Coppersmith1994,Thomé2001]orimplicitlyinablockLanczos
version

ExplicitlybyapowerHermite-Padéapproximation
[Beckermann&Labahn1994]

ByablockToeplitzsolver[Kaltofen1995]
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Factorizationofnearbypolynomialsoverthecomplexnumbers

81x4+16y4−648z4+72x2y2−648x2−288y2+1296=0

(9x2+4y2+18
√

2z2−36)(9x2+4y2−18
√

2z2−36)=0

81x4+16y4−648.003z4+72x2y2+.002x2z2+.001y2z2

−648x2−288y2−.007z2+1296=0



23

Problem2[KaltofenLATIN’92]
Givenisapolynomialf(x,y)∈Q[x,y]andε∈Q.

Decideinpolynomialtimeinthedegreeandcoefficientsizeif
thereisafactorizablef̃(x,y)∈C[x,y]with

‖f−f̃‖≤εanddeg(f̃)≤deg(f),

forareasonablecoefficientvectornorm‖·‖.

Theorem[Hitz,Kaltofen,LakshmanISSAC’99]
Wecancomputeinpolynomialtimeinthedegreeandcoef-
ficientsizeifthereisanf̃(x,y)∈C[x,y]withafactorofa
constantdegreeand‖f−f̃‖2≤ε.



24

Numericalalgorithms

Conclusiononmyexactalgorithm[JSC1985]:

“D.IzraelevitzatMassachusettsInstituteofTechnologyhas
alreadyimplementedaversionofalgorithm1usingcomplex
floatingpointarithmetic.Earlyexperimentsindicatethatthe
linearsystemscomputedinstep(L)tendtobenumerically

ill-conditioned.Howtoovercomethisnumericalproblem
isanimportantquestionwhichwewillinvestigate.”

Sasakietal.[JapanJ.Indust.AppliedMath,1991]:Combine
sumsofpowersofrootstolowdegreepolys

Stetter,Huang,WuandZhi[ISSAC’2K]:Henselliftfactorcombi-
nationsnumericallyandeliminateextraneousfactorsearly

Corless,Giesbrecht,Kotsieras,vanHoeij,Watt[ISSAC’01]:sam-
plecurvebypointsandinterpolate
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Willoursystemsguaranteetheiranswers?

Maple6allowscallstoNAGnumericlibraryroutines

Basicpolynomialalgorithmswithfloatingpointcoefficientsare
underdevelopment
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>#ExamplebyCorlessandJeffrey

>f:=1/(sin(x)+2);

f:=
1

sin(x)+2

>g:=int(f,x);

g:=
2

3

√
3arctan(

1

3
(2tan(

1

2
x)+1)

√
3)

>plot(g,x=-5..5);
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–1
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–0.6
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0.6

0.8

1

1.2

1.4

1.6

1.8

–4–224
x
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Earlyterminationstrategies

EarlyterminationinNewtoninterpolation

Fori←1,2,...Do

Pickrandompiandfromf(pi)

compute

f[i](x)←c0+c1(x−p1)+c2(x−p1)(x−p2)+···
≡f(x)(mod(x−p1)···(x−pi+1))

Ifci=0stop.

EndFor

Thresholdη:
Inordertoobtainabetterprobability,werequireci=0more
thanoncebeforeterminating.
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KaltofenandWen-shinLee[2000]havedevelopedearlytermina-
tionstrategiesforsparseinterpolationalgorithm.

Wen-shinLeehasanewheuristictofindasparseshift,i.e.,a
numberasuchthatf(y−a)hastheminimumtermsoftheform
yei.

Problem3[frommy20003ECMtalk]
Providereasonablecorrectnessspecificationsforoursystems
inthepresenceoffloatingpointnumbers,randomizations,and
multivaluedfunctions.


